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Summary formulas for SRS and stratified sampling

Simple Random Sampling

N = Population size

n = Sample size

Number of sample of size n without replacement =

 N

n

.

Population: Y1, . . . , YN .

Sample: y1, . . . , yn.

Population mean (average)

Ȳ =
Y1 + · · ·+ YN

N
=

∑N
i=1 Yi
N

.

Sample mean (average)

ȳ =
y1 + · · ·+ yn

n
=

∑n
i=1 yi
n

Population variance

σ2 =
1

N

N∑
i=1

(Yi − Ȳ )2 =
1

N

N∑
i=1

Y 2
i − (

1

N

N∑
i=1

Yi)
2.

Sometimes we use

S2 =
1

N − 1

N∑
i=1

(Yi − Ȳ )2 =
1

N − 1

(
N∑
i=1

Y 2
i −

1

N
(
N∑
i=1

Yi)
2

)
.

We have
N

N − 1
σ2 = S2.

We have

E(yi) = Ȳ and V ar(yi) = σ2
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and for i 6= j,

Cov(yi, yj) = − σ2

N − 1
.

Estimation and Precision for the population mean Ȳ

Estimation:

µ̂ = ˆ̄Y = ȳ

The accurate formula for precision (need to know either S2 or σ2)

V ar(ȳ) =
S2

n

(
N − n
N

)
=
σ2

n

(
N − n
N − 1

)

An estimate for the precision is

var(ȳ) =
s2

n

(
N − n
N

)
.

A bound for estimating Ȳ is

B = 2
√
var(ȳ) = 2

√
s2

n

(
N − n
N

)

Estimation and Precision for the population proportion p

p = Proportion of units in a certain category in the population

Estimation:

p̂ = proportion of units in a certain category in the sample

The accurate formula for precision (need to know p)

V ar(p̂) =
pq

n

(
N − n
N − 1

)

An estimate for the precision of this estimate is

var(p̂) =
p̂q̂

n− 1

(
N − n
N

)
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A bound for estimating p is

B = 2
√
var(p̂) = 2

√
p̂q̂

n− 1

(
N − n
N

)

Estimation and Precision for A = Np

A = Np = Number of units in a certain category in the population.

Â = Np̂ = a = Number of units in a certain category in the sample.

The notations A and a are not in the textbook.

Estimates and their variances

Â = a = Np̂.

The accurate formula

V ar(Â) = V ar(a) = N2pq

n

(
N − n
N − 1

)
An estimate for V ar(Â) is

var(a) = N2 p̂q̂

n− 1

(
N − n
N

)
.

A bound for estimating a = Np̂ is

B = 2N
√
var(p̂) = 2N

√
p̂q̂

n− 1

(
N − n
N

)
.

Sample size.

To estimate µ and τ we use

n =
Nσ2

(N − 1)D + σ2

where D = B2

4
for µ and D = B2

4N2 for τ . If σ2 is not known use s2 if there is a prior

experimentation otherwise use σ ≈ R/4 where R is the range.

To estimate p or A = Np use

n =
Npq

(N − 1)D + pq

where D = B2

4
for p and D = B2

4N2 for A. If we have no idea about p then n < 1/(4D).
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Stratified sampling

Notations:

N = The population size

Ni = The size of the stratum i in the population

ni = The size of stratum i in the sample

Wi =
Ni

N
,wi =

ni
n

Ȳi = Mean of the stratum i in the population

ȳi = Mean of the stratum i in the sample

L = Number of strata

N = N1 + · · ·+NL

Estimation for mean and total

µ̂ =
L∑
i=1

Wiȳi and τ̂ = Nµ̂ =
L∑
i=1

Niȳi

Variance and bound on Error

Accurate formula:

V ar(µ̂) =
L∑
i=1

W 2
i

S2
i

ni

(
Ni − ni
Ni

)
=

L∑
i=1

W 2
i

σ2
i

ni

(
Ni − ni
Ni − 1

)

Estimate:

var(µ̂) =
L∑
i=1

W 2
i

s2
i

ni

(
Ni − ni
Ni

)
.

Accurate formula:

V ar(τ̂) = N2
L∑
i=1

W 2
i

S2
i

ni

(
Ni − ni
Ni

)
= N2

L∑
i=1

W 2
i

σ2
i

ni

(
Ni − ni
Ni − 1

)

Estimate:

var(τ̂) = N2
L∑
i=1

W 2
i

s2
i

ni

(
Ni − ni
Ni

)

Estimation for proportion (p) and total (a)
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p̂ =
L∑
i=1

Wip̂i and Â = Np̂

Variance and bound on Error

Accurate formula

V ar(p̂) =
L∑
i=1

W 2
i

piqi
ni

(
Ni − ni
Ni − 1

)

Estimate

var(p̂) =
L∑
i=1

W 2
i

piqi
ni − 1

(
Ni − ni
Ni

)

Sample size

n =

∑L
i=1N

2
i
S2

i

wi

N2D +
∑L
i=1NiS2

i

where

D =
B2

4

if our goal is to estimate µ and

D =
B2

4N2

if our goal is to estimate τ . wi must be calculated based on the allocation as follows:

Optimum allocation.

If the cost function is

C = c0 +
L∑
i=1

cini

then

wi =
ni
n

=
NiSi/

√
ci∑L

i=1NiSi/
√
ci

=
WiSi/

√
ci∑L

i=1WiSi/
√
ci
.

In this case we can write

n =

(∑L
i=1NiSi/

√
ci
) (∑L

i=1NiSi
√
ci
)

N2D +
∑L
i=1NiS2

i

Proportional allocation

wi = Wi.
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If the cost function is given and total cost is known we can use optimum allocation and

calculate n from

n =
(c− c0)

∑L
i=1NiSi/

√
ci∑L

i=1NiSi
√
ci

.

Stratification

If Density is givem need to have:∫ y1

y0

√
f(y)dy = · · · =

∫ yL

yL−1

√
f(y)dy.

If a table of frequencies are given Partition the population with multiples of

L∑
i=1

√
fi/L.

Ratio, Regression and Difference Estimation

1.Estimating population Ratio R = τX
τY

.

R̂ = r =
ȳ

x̄
=

∑n
i=1 yi∑n
i=1 xi

.

V̂r = var(r) =
1− f
nµ2

X

s2
r

where

s2
r =

1

n− 1

n∑
i=1

(yi − rxi)2 =
1

n− 1

n∑
i=1

y2
i −

2r

n− 1

n∑
i=1

xiyi +
r2

n− 1

n∑
i=1

x2
i .

Ratio estimator of total τ̂y.

τ̂y = rτX .

var(τ̂y) = V̂ (τ̂Y ) =
N(N − n)

n
s2
r.

Ratio estimator of total µ̂y.

µ̂y = rµX .
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var(µ̂y) = V̂ (µ̂Y ) =
(
N − n
Nn

)
s2
r.

Sample size. Take

n =
nS2

ND + S2

where (i) D = B2µ2
x

4
when we want to estimate R,

(ii) D = B2

4
when we want to estimate µy

and

(iii) D = B2

4N2 when we want to estimate τy

Systematic Sample.

n = sample size, k = number of possible systematic samples, N = nk.

Yij = jthunit in ithsample.

Ȳi. =
1

n

n∑
i=1

Yij, i = 1, 2, . . . , k.

E(ȳsys) = Ȳ.. =
1

N

n∑
i=1

Yij.

V ar(ȳsys) =
1

k

k∑
i=1

(Ȳi. − Ȳ..).

SST =
k∑
i=1

n∑
j=1

(Yij − Ȳ..)2.

SSB = n
k∑
i=1

(Ȳi. − Ȳ..)2.

SSW =
k∑
i=1

n∑
j=1

(Yij − Ȳi.)2.

SST = SSB + SSW

MSB = SSB/(k − 1), S2 = MST = SST/(N − 1),MSW = SSW/k(n− 1) = S2
WSY S.

V ar(ȳsys) =
N − 1

N
S2 − k(n− 1)

N
S2
WSY S

V ar(ȳsys) =
S2

n

(
N − 1

N

)
[1 + ρW (n− 1)].

ρW =
2
∑k
i=1

∑
j<u(Yij − Ȳ..)(Yiu − Ȳ..)

(n− 1)(N − 1)S2
.
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ρW =
nSSB − SST
SST (n− 1)

=
n(k − 1)MSB − (kn− 1)MST

(kn− 1)(n− 1)MST
≈ MSB −MST

(n− 1)MST
.

Estimating the variance of ȳsys by the successive differences.

V̂ (ȳsys) =
N − n
Nn

1

2nd

nd∑
i=1

d2
i

where nd = n− 1.

Repeated systematic sampling. If we have ns repeated systematic samples then

µ̂ =
1

ns

ns∑
i=1

ȳi,

and

V̂ (µ̂) =
N − n
N

1

ns(ns − 1)

ns∑
i=1

(ȳi − µ̂)2.

singkle stage cluster sampling.

µ̂ =

∑n
i=1 yi.∑n
i=1mi

where

yi. = total of the ith cluster in the sample

mi = number of units in the ithcluster iun the sample.

We have

V̂ (µ̂) =
1− f
nM̄2

1

n− 1

n∑
i=1

(yi. − ȳ..mi)
2

where

M̄ =

∑N
i=1Mi

N
.
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