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Abstract

We consider a type of Markov property for set-indexed processes which
is satisfied by all processes with independent increments and which allows
us to introduce a transition system theory leading to the construction of
the process. A set-indexed generator is defined such that it completely
characterizes the distribution of the process.
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1 Introduction

The Markov property is without doubt one of the most appealing notions that
exists in the classical theory of stochastic processes and many processes mod-
elling physical phenomena enjoy it. Attempts have been made to generalize this
concept to processes where the index set is not totally ordered.

However, to define a Markov property for processes indexed by an uncount-
able partially ordered set is not a straightforward task for someone who has
as declared goals to prove that: (i) all processes with independent increments
possess this property; (ii) there exists a systematic procedure which allows us to
construct a general process which enjoys this property; and (iii) we can define a
generator which completely characterizes the finite dimensional distributions of
the process. (The case of Markov processes indexed by discrete partially ordered
sets was considered by various authors [6], [13] for solving stochastic optimal
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control problems; as our framework is different, we will not discuss this case
here.) In the present paper we will define a new type of Markov property for
processes indexed by a semilattice of sets, which will attain these three goals.

This paper represents a successful manner of approaching a problem to which
much effort has been dedicated in the literature to date. In fact it will be
seen that our definition is completely analogous to the classical definition of
the Markov property on R, and our approach avoids many of the technical
problems which arise with other definitions of Markov properties. We begin
now to describe the two levels of generality of this problem.

The first level deals with the case when the index set is the Euclidean space
[0,1]% (or, more generally [0,1]%) and therefore it inherits the extra structure
introduced by the total ordering of the coordinate axes. In this case, there are
at least three types of Markov properties which can be considered: the sharp
Markov property, the germ Markov property, and the ‘simultaneously vertical
and horizontal’ Markov property.

The basic idea behind the sharp Markov property (first introduced in 1948
by Lévy [14]) was to consider as the history of the process at location z in
the plane or space, all the information that we have about the values of the
process inside the rectangle [0, z] ; all the information about the values of the
process outside the rectangle was regarded as ‘future’; and the past and the
future should be independent given the values of the process on the boundary
of the rectangle. In 1984, Russo [19] proved that all processes with independent
increments are sharp Markov with respect to all finite unions of rectangles. The
next step was to see if we can replace the rectangles with more general sets;
in other words a two-parameter process (X.).co,1)2 is said to have the sharp
Markov property with respect to a set A if the o- fields F4 and Fa. are
conditionally independent given Fy4 where Fp = o(X,.;z € D) for any set
D C [0,1]>. The advantage of this definition is that it does not rely on the
partial order of the space. Unfortunately, it turned out that processes having
this property are difficult to handle. To attain goal (i) the following question
had to be answered: what is the largest class of sets for which all processes
with independent increments are sharp Markov? (To answer this question the
Gaussian and the jump parts have been treated separately.) Goals (ii) and (iii)
do not seem to be even specified anywhere in the literature.

(In 1976 Walsh [20] showed that the Brownian sheet fails to have the sharp
Markov property with respect to a very simple set, the triangle with vertices
(0,0),(0,1) and (1,0). This led to the conclusion that, instead of the sharp
o-field Fy4 one has to consider a larger one, called the germ o-field, which is
defined as Gg4 = NgFg where the intersection is taken over all open sets G con-
taining 0A. The new Markov property, for which F4 and F e are conditionally
independent given Gy4, was called the germ Markov property and it was
first introduced by McKean [16]. In 1980 Nualart [17] showed that the Brownian
sheet satisfies the germ Markov property with respect to all open sets.)

The complete answer was given in 1992 in the form of two thorough papers
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written by Dalang and Walsh: in [8] it is shown that the Brownian sheet satisfies
the sharp Markov property with respect to all domains whose boundaries are
singular curves of bounded variation; on the other hand, the main result of
[7] states that for jump proceses with independent increments which have only
positive jumps, the sharp Markov property holds with respect to all domains.

The third Markov property defined for two-parameter processes was intro-
duced in 1979 by Nualart and Sanz [18] and it was first studied in the Gaussian
case. Korezlioglu, Lefort and Mazziotto [12] generalized it and proved that any
process satisfying this property is sharp Markov with respect to any finite union
of rectangles and germ Markov with respect to any relatively convex domain.
The basic idea in this third Markov property is the separation of parameters,
that is, the simultaneous definition of a horizontal and vertical Markov property.
It is an easy exercise to show that any process with independent increments satis-
fies this property. The general construction of a process satisfying this property,
which corresponds to a certain transition semigroup, was made by Mazziotto
[15] (the trajectories of this process have also nice regularity properties).

The second level of generality deals with the case of processes indexed by
a collection A of closed connected subsets of a compact space. The collection
A is partially ordered by set-inclusion and has the additional structure of a
semilattice, being closed under arbitrary intersections. This new approach in
the modern theory of stochastic processes indexed by partially ordered sets
(which is known in the literature as the theory of set-indexed processes) was
initiated and developed by Ivanoff and Merzbach for the martingale case [11].
(Other authors [1],[5] were interested in processes indexed by Borel subsets of
[0,1]%, but the approach taken by Ivanoff and Merzbach introduces tools which
permit the development of a general theory.) If we identify this class with the
class of the rectangles [0,2],z € [0,1]? and we denote by X, the value of the
set-indexed process at the rectangle [0, z], then (X.), will be a d-dimensional
process; hence, we can view this theory as a generalization of the theory of
multiparameter processes.

In [10] both sharp Markov and (‘simultaneously vertical and horizontal’)
Markov properties have been introduced in the set-indexed framework, in such
a manner that they generalize the corresponding notions defined in the multipa-
rameter case. In fact, in this new set-up, the Markov property implies the sharp
Markov property and there are certain circumstances when they are actually
equivalent. Moreover, a highly non-trivial result of [10] shows that all processes
with independent increments are Markov (in the specified sense), so that goal
(i) is attained; however, the authors of [10] do not consider goals (ii) and (iii)
and they do not attempt to construct a general Markov process.

In this paper we will consider another type of Markov property for set-
indexed processes, which is less general than the Markov property introduced
by Ivanoff and Merzbach, but which has the merit of attaining the three goals (i),
(ii) and (iii). This Markov property will be called the set-Markov property
and we will show that it implies the sharp Markov property. The definition
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requires that the value X A\B = X aup — X of an additive set-indexed process
(X4)aea over the increment A\B be conditionally independent of the history
Fp:=0({Xa;A € A A’ C B}) given the present status Xp. We believe that
this is a natural definition because:

(a) it captures the essence of the Markov property in terms of the increments,
allowing us to have a perfect analogy with the classical case;

(b) all processes with independent increments are (trivially) set-Markov;

(c) a process is set-Markov if and only if it becomes Markov in the classical
sense when it is transported by a ‘flow’. (A ‘flow’ is an increasing function
mapping a bounded interval of the real line into the collection of all finite
unions of sets in A.) This property provides us with the means to define
a generator for a set-Markov process.

The paper is organized as follows:

In Section 2 we define the general framework which is used in the theory of
set-indexed processes. The main structure that we need is a semilattice of sets
which leads us to a semialgebra and an algebra of sets. All the processes that
we consider are assumed to be a.s. finitely additive on this algebra.

In Section 3 we define the set-Markov property in terms of the increments of
the process. We will prove that this property has two equivalent formulations.
The first one (Proposition 1) requires that the ‘future’ behaviour of the process
at a set B'(2 B) be conditionally independent of its history Fp knowing its
present status at the set B. The second formulation (Proposition 2) requires
that the (one-parameter) processes X7/ obtained as ‘traces’ of the original set-
indexed process X along the paths of all flows f be Markov in the classical sense;
this allows us to make use of the rich theory that exists for Markov processes
indexed by the real line.

In Section 4 we turn to the question of existence of a set-Markov process
and we prove that we can construct such a process if we specify the laws Qpp/
that characterize the transition from a set B to a set B'(D B). A set-Markov
process with a given transition system Q := (Qpp/)pcp’ is called ‘Q-Markov’
and can be constructed as soon as we specify its finite dimensional distributions
(by Kolmogorov’s existence theorem). However, the formula that we obtain for
the finite dimensional distribution over some k-tuple Aq,..., A of sets turns
out to be dependent on the ordering of the sets; hence we have to impose a nat-
ural consistency condition (Assumption 1) which makes the finite dimensional
distribution ‘invariant’ under permutations. An important consequence of this
condition is that the finite dimensional distributions of a @-Markov process are
also additive (Lemma 5).

In Section 5 we define the generator of a Q-Markov process X as the class
{G'; f € S}, where G7 is the generator of the (one-parameter) Markov process
X/ and S is a large enough (uncountable) collection of flows. In other words, at
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any set B there are infinitely many generators depending on which ‘direction’
we approach this set along the path of a flow f in S (note that in the classical
case, the class S of flows can be taken to have a single element).

In this section we address the question of existence of a Q-Markov process
given its generator. More precisely, we start with a collection {G; f € S}, each
G/ being the generator of a given semigroup 7f. To simplify the problem we will
assume that each T7 is the semigroup asociated to a transition system Q7F. The
consistency conditions that have to be imposed on the collection {Qf; f € S}
so that it leads to a set-indexed transition system Q (and hence to a Q-Markov
process) are given in Section 4 (Assumptions 2 and 3). Using an integral form
of the Kolomogorov-Feller equations, we prove that these conditions can be
expressed equivalently in terms of the generators G/ and the semigroups 77.
(We conjecture that the same formulas will be valid in the general case when
there is no transition system Qf associated to the semigroup T'.)

Throughout, we shall illustrate our results with three examples of set-Markov
processes: processes with independent increments, the empirical process, and
the Dirichlet process.

We note in passing that set-Markov processes satisfy a type of strong Markov
property which is studied in a separate paper [2].

2 The Set-Indexed Framework

This section introduces the general definitions, properties and assumptions that
are used in the theory of set-indexed processes, as presented in [11]. We will
also give several examples, in addition to the multiparameter case.

Let A be a semilattice of closed subsets of a compact Hausdorff topological
space T' (i.e. Ais closed under arbitrary intersections), which contains the empty
set and the space T itself, but does not contain disjoint (non-empty) sets. In
addition, we assume that the collection A is separable from above, in the
sense that any set A € A can be approximated from above as

A= Mgn(A); gnr1(A4) C gn(A), A C ga(A)° Yn

where the approximation set g, (A) can be written as a finite union of sets that
lie in a finite sub-semilattice A,, of A; moreover, A,, C A,11 Vn and g,, preserves
arbitrary intersections and finite unions i.e. g,(NaecarAa) = Nacagn(Aa), VAq
€ A; and Ui  A; = UTL A = U gn(Ai) = UL ga(A)), VA;, Af € A By
convention, g, () = 0.

There are many examples of classes of sets which have these properties.

Examples 1.
L. T=101%A={[0,z];2 € T}U{0}.

2. T =1[0,1]%, A = {4; A a compact lower layer in T} U {#}. (A is a lower
layer if z € A= [0,2] C A)
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3. T=a,b]%a<0<bA={0,z2];2€T}U{0}.
4. T =a,b]%a <0< b, A= {A; A a compact lower layer in T} U {0}.

5. T = B(0,to) (compact ball in R?), A = {Ag ;R := ‘[a,b] x [¢,d]',0 <
a<b<2m —7m<c<d<mte]l0,ty]}, where the set

Ap,y = {(rcos@cost,rsinfcost,rsinr);0 € [a,b],7 € [¢,d],r € [0,t]}
can be interpreted as the history of the region
R :=‘[a,b] x [¢,d]' = {(cos O cosT,sinfcosT,sinT);0 € [a,b],T € [c,d]}

of the Earth from the beginning until time ¢. (Here 6 represents the
longitude of the generic point in the region R, while 7 is the latitude.)
Hence, A can be identified with the history of the world until time #.

Let () := mAeA\{V)}A be the minimal set in A (" # @). The role played by
()" will be similar to the role played by 0 in the classical theory.
We will consider the following classes of sets generated by A:

o A(u) is the class of all finite unions of sets in A
o C is the class of all sets of the form C = A\B with A € A, B € A(u)
e C(u) is the class of all finite unions of sets in C

Note that A(u) is closed under finite intersections or finite unions, C is a
semialgebra and C(u) is the algebra generated by C. The value X¢ = Xaup—Xp
of an (additive) set-indexed process (X 4)aeca over the set C' = A\B = (AU
B)\B will play the role of the increment X; — X, s < ¢ of a one-dimensional
process (X¢)ie(o,a]-

Any set B € A(u) admits at least one extremal representation of the
form B = U, A;, A; € A with A; & Uj»;A; Vi. For a set C € C we will
say that the representation C' = A\B is extremal if the representation of B is
extremal.

Since the finite sub-semilattices of the indexing collection A play a very
important role in the theory of set-indexed processes, having an appropriate
ordering on the sets of a finite sub-semilattice proves to be a very useful tool
in handling these objects. The ordering that we have in mind will be defined
in such a manner that a set is never numbered before any of its subsets. We
will call such an ordering consistent (with the strong past). More precisely,
if A’ is a finite sub-semilattice of A we set Ag := 0 and A; := Naca A (note
that the sets Ag and A; are not necessarily distinct). Proceeding inductively,
assuming that the distinct sets A;,...,A4; € A’ have already been counted,
choose A;y1 € A\{A;...,A;} such that if there exists a set A € A’ with
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A C A1, A # Aiyq then A = Aj for some j < 4. It is clear that such an
ordering always exists although in general, it is not unique.

If {4g = 0, Ay,..., A, } is a consistent ordering of a finite sub-semilattice
A’ the set C; = A;\ U;;%) Aj € C is called the left neighbourhood of the set
A; (we make the convention that the left neighbourhood of Ag = @ is itself).
The definition of the left neighbourhood does not depend on the ordering since
one can show that C; = A;\(Uacar, a,g44).

Comments 1.

1. If By,...,B, € A(u) are such that By C --- C B, then there ex-
ists a finite sub-semilattice A" of A and a consistent ordering {4y =
W, Ay, ..., Ay} of A’ such that B, = U;‘ZOAj, for some 0 < i1 < ... <
Tty = M.

2. If A’, A" are two finite sub-semilattices of A such that A’ C A”, there
exists a consistent ordering {Ag = (', Ay, ..., A, } of A” such that if A’ =
{Aio = (2),7Ai1,...,Aim} with 0 = ig < i1 < ... < 4,, then Ulg:lAis =
Uj_ A forany I =1,...,m.

Let us consider now a complete probability space (Q,F, P) and let X :=
(X4)aea be an R-valued process defined on this space, indexed by the class A.
We say that the process X has an (almost surely) unique additive
extension to A(u) if whenever the set B € A(u) can be written as B =
A = U AL with Ay, A, AY L AL € A we have

ZXAZ- - Z XA, na, -+ (—1)""' X 4,04, =
=1

1<i1<ia<n
m
ZXA/’ — Z XA’_ NA’ +"'+(_1)m+1XA’lﬂ...ﬂA;n a.s.
=t igji<hesm

In this case, outside a set of measure 0, we can define Xp as being either one of
the members of the above almost sure equality. In order to verify that a process
has a unique additive extension to .4 (u) it is enough to prove the previous almost
sure equality only in the case when n = 1. The general case will follow since if
w1 Ai = UM, A%, then each of the sets A;, N A;, N...NA;, € A can be written
as the union UL, (A;; N A;, N... N A; N AY).
Similarly, the process X is said to have an (almost surely) unique
additive extension to C if whenever the set C' € C can be written as
C = A\B = A\B’ with A, A’ € A and B, B’ € A(u) we have

X4 —Xanp =Xa — Xynp as.

The additive extension to C(u) is defined in the obvious manner.
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A set-indexed process X := (X4)aeca with a unique additive extension to
C(u), for which X¢,, ..., X¢, are independent whenever the sets Cy,...,C, € C
are disjoint, is called a process with independent increments.

An example of a process which has a unique additive extension to C(u) is
the empirical process of size n, corresponding to a probability measure F' on
T, defined by X, := 22:1 Iiz,eay, A € A, where (Z;);>1 are i.i.d. T-valued
random variables with common distribution F'.

Another example is the Dirichlet process with parameter measure «,
where « is a finite positive measure on o(A) (see Ferguson [9]). This process is in
fact almost surely countably additive on o(.A) and takes values in [0, 1]; moreover
X7 =1 a.s. Its finite dimensional distribution of this process over any disjoint
sets Ay, ..., Ax with A; € o(A) is the (non-singular) Dirichlet distribution with
parameters (a(Ay),...,a(Ar); (UK A;)¢)) (see Ferguson [9]).

In what follows we will examine the information structure that can be asso-
ciated with a set-indexed process.

A collection (F4)aca of sub-o-fields of F is called a filtration if F4 C Fyu
whenever A, A’ € A, A C A’. We will consider only complete filtrations. An
A-indexed filtration (Fa)aeca can be extended to a filtration indexed by A(u)
by defining for each B € A(u),

Fe=\/ 7Fa (1)

A€EA,ACB

A set-indexed process X is adapted with respect to the filtration (Fa)aeca
if X4 is F4 -measurable for any A € A. If X is adapted and has a unique
additive extension to A(u) then Xp is Fp-measurable for any B € A(u). Given
a set-indexed process X, the minimal filtration with respect to which X is
adapted is given by Fp :=o0({Xa; A € A, A C B}).

Any map f : [0,a] — A(u) which is increasing with respect to the partial
order induced by the set-inclusion is called a flow.

Definition 1. A flow f:[0,a] — A(u) is

a) continuous if for any t € [0,a] and for any decreasing sequence (ty), with
lim,, o0 tn, = t we have f(t) = N, f(tn), and for any increasing sequence
(tn)n with lim,, o t, =t we have f(t) = Uy f(tn).

b) simple if it is continuous and there exists a partition 0 =t < t1 < ... <
t, = a and flows fi11: [ti,tiz1] — A, i =0,...n—1 such that f(0) =@
and f(t) = Uimy f5(t;) U fig1(t),t € [tistiza],i = 0,...,n — 1. (In other
words, a simple flow is piecewise A-valued.)

If A’ is a finite sub-semilattice and ord= {()/ = Ay, A1, ..., A, } is a consistent
ordering of A’, we say that a simple flow f connects the sets of the semilat-
tice A’, in the sense of the ordering ord, if f(t) = U;zlAj Ufiv1(8),t € [ti, tit],
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where tg =0 < t; < ... < t, = a is a partition of the domain of definition of
f and f7;+1 : [ti, ti+1] — A are continuous flows with fi+1(ti) = Ai, fz'+1(ti+1) =
Ai+1.

Lemma 1. (Lemma 5.1.7, [11]) For every finite sub-semilattice A" and for
each consistent ordering ord of A’, there exists a simple flow f which connects
the sets of the semilattice A, in the sense of the ordering ord.

Comment 2. A consequence of the previous lemma is the following: given
Bi,...,B, € A(u) such that By C ... C B, there exists a simple flow f and
tl S S tm such that Bz = f(tl),’L = 1,...,m.

3 Set-Markov Processes

In this section we will introduce the definition of the set-Markov property. Two
immediate consequences of the definition will be: (a) any process with indepen-
dent increments is set-Markov; and (b) the set-Markov property is equivalent
to the classical Markov property on every flow. Finally we will prove that any
set-Markov process is also sharp Markov.

If F,G, H are three sub-o-fields of the same probabilistic space, we will use
the notation F L H | G if F and H are conditionally independent given G.

Definition 2. Let X := (Xa)aca be a set-indexed process with a unique
additive extension to C(u) and (Fa)aeca its minimal filtration. We say that the
process X is set-Markov if VA € A, VB € A(u), Fp L o(X 4\ ) | 0(Xp).

It is easy to see that in the classical case the set-Markov property is equivalent
to the usual Markov property.

Examples 2.

1. Any process X := (X4)aca with independent increments is set-Markov
since VA € A, VB € A(u), X 4\ p is independent of Fp.

2. The empirical process of size n (corresponding to F') is set-Markov since
VA € A, VB € A(u), for any partition B = U?_,C;,C; € C and for any
Lki,o...ky€{0,1,....n}k:=3" k withk+1<n

k; k

l i l
PIX —\ X, =—i=1,... = P|X =—|Xp=—
[ ’/l| C; ’I’L’z s JJ} [ A\B n' B n]

A\B —
both sides being equal to the value at [ of the binomial distribution with

n — k trials and Il’%\(g)) probability of success.

3. The Dirichlet process X := (Xa)4er(4) With parameter measure o is set-
Markov since VA € A, VB € A(u), for any partition B = UY_,C;,C; € C
and for any y,x1,...,2p € [0,1);2:=Y" 2, withz +y <1

P[XA\B §y|XC77 :xivz:]-a?p] :P[XA\B §y|XB :l’}
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both sides being equal to the value at 1% of the Beta distribution with

parameters (a(A\B);a((AU B)°)) (we use property 7.7.3, p. 180, [21] of
the Dirichlet distribution).

We shall make repeated use of the following elementary result.

Lemma 2. Let G’ C G be two o-fields in the same probability space and
X, Y two random vectors on this space such that 'Y is G-measurable. Suppose
that E[f(X)|G] = E[f(X)|G'] for every bounded measurable function f. Then
E[h(X,Y)|G] = E[hMX,Y)|G,Y] for every bounded measurable function h.

Proposition 1. Let X := (X4)aca be a set-indexed process with a unique
additive extension to C(u) and (Fa)aca its minimal filtration. The process X
is set-Markov if and only if VB,B' € A(u),BC B', Fg L o(Xp/) | o(XB).

Proof: Using Lemma 2 and the additivity of the process, it follows that X
is set-Markov if and only if VA € A VB € A(u), Fp L 0(Xaug) | 0(XB).
(Write X4 = XA\B + Xp and use the fact that Xp is Fp-measurable.) Let
B, B’ € A(u) be such that B C B’. Say B’ = U¥_| A;, A; € A is an arbitrary
representation. Then B’ = BU B’ = B UUY_| A; and the result follows by
induction on k. O

Comment 3. Using Proposition 1 and Lemma 2, we can say that a process
X = (Xa)aca is set-Markov if and only if VB, B’ € A(u),B C B, Fg L
U(XB’\B) | CT(XB).

The following result says that a process is set-Markov if and only if it is
Markov (in the usual sense) along any flow. Moreover, it suffices to restrict our
attention only to simple flows.

Proposition 2. Let X := (X4)aeca be a set-indexed process with a unique
additive extension to C(u) and (Fa)aca its minimal filtration. Then X is set-
Markov if and only if for every simple flow f : [0,a] — A(u) the process X :=
(Xf@))telo,a) 18 Markov with respect to the filtration (Fg))ie(0,q)- (For necessity,
we can consider any flow, not only the simple ones.)

Proof: The process X/ is Markov with respect to the filtration (Fpg))s if
and only if Vs,t € [0,a],s < t,Fpi) L o(Xpw)) | 0(Xps)). (We note that
the filtration (Fy())te[0,q) 18 DOt the minimal filtration associated to the process
X/.) This is equivalent to the set-Markov property since we know that whenever
the sets B, B’ € A(u) are such that B C B’ there exists a simple flow f and
some s < ¢ such that f(s) = B and f(¢t) = B’ (Comment 2). O

The preceding proposition, while simple, is crucial since (as noted in the
Introduction) it provides us with the means to define the generator of a set-
Markov process. This will be done in Section 5.

We now show that every set-Markov process satisfies the sharp-Markov prop-
erty defined in [10]. In analogy with the minimal filtration (Fg) pe () We define
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the following o-fields, for an arbitrary set B € A(u):
Fop =0({Xa;A€ A, AC B,A¢Z B%})
Fpe =o({(Xa:Ac A A BY)

Definition 3. Let X := (Xa)aca be a set-indexed process with a unique
additive extension to C(u) and (Fa)aca its minimal filtration. We say that the
process X is sharp-Markov if VB € A(u), Fp L Fpe | Fop-

The next lemma will be essential in proving that a set-Markov process is
sharp Markov.

Lemma 3. If X := (X a)aca 15 a set-Markov process, then VB € A(u) VA;
eAi=1,....n, Fp Lo(X  \p,--- Xy \p) | o(XB).

Proof: Let B € A(u),A1,...A, € Aand h : R® — R an arbitrary bounded
measurable function. Without loss of generality we can assume that A; ¢ B Vi,
say B = UjL, .1 A;, Aj € A Let A’ be the smallest finite sub-semilattice
which contains Ay, ... Ay, {4y = 0, A},..., A} a consistent ordering of A’,
and C7 the left neighborhood of A in A'. Say A; = A for j = 1...n; then
AJ\B = A;J\B = UiteCZf with [; C {1,... ,ij} and XAj\B = Zite XC’;
An\B) = hl(‘X’CZ’1 yoe 7XC,’/S )7 for
a certain bounded measurable function h; and some [; < ... < ZS,Cl’i Z B.
In order to simplify the notation, let us denote D, := Cl'i,i =1,...,s5. Let
Bl' = BU U;.c:le for i = 1,...,8. Then Dl = Bi\Bi—l and XDi = XBi —
Xp, ,; hence Xp,,...,Xp, , are }"Blkl—measurable. Because each D; is the
left neighbourhood of Aj , we also have B; = B U Ui:lAgk and therefore D; =
(A;i UB;—1)\B;_1 = A;i \B;_1. Using the equivalent definition of the set-Markov
property given by Comment 3, we have E[f(Xp,)|F5._,] = E[f(Xp.)| X5, _,]
for any bounded measurable function f. Now we are in the position to apply
Lemma 2 to get

Therefore we can say that h(XAl\B, o X

Ehi(Xp,,---,XD.)

FB.,] = EM(Xp,,...,Xp,)

XB. s XDyy-- XD._4]-

s—1
Hence E[h(XAl\B’ . 7XA,L\B)|‘7:B] = E[E[hl(XDI, . ,XDS) .7:3571]‘]:3] =
E[E[hl(XDI,. . ,XDS)|XBS,NXD1;- o ,XD571]|.7:B]. Writing X3571 = XB +
Yoa) Xp, we get E[(X 4 \gr---» X4 \p)IFB] = Elha(Xp,,...,Xp,_,, Xp)|
Fg]. Continuing in the same manner, reducing at each step another set D;, we
finally get E[h(X vXAn\B)|‘7:B] = E[h(X , X |Xp]. O

AN\BY AN\BY An\B)

Proposition 3. Any set-Markov process is sharp Markov.
Proof: Let B € A(u),A; € A,A; € B;i=1,...,nand h: R" — R an arbi-
trary bounded measurable function. Writing X4, = Xa,np + X A\B and using
Lemma 2 we can say that E[h(Xa,,...,Xa, )| FB] = E[R(Xa,,--.,Xa,)| X5,
Xa,nB,t =1,...n], which is Fyp-measurable, by Lemma 2.4, [10]. O
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In what follows we will give an important characterization of the set-Markov
processes that will be instrumental for the construction of these processes.
We will need the following elementary result.

Lemma 4. Let F;,i =1,...,4 be four o-fields in the same probability space.
Iffl 1 .7:3 | .7:2 and]—"l \/.7:2 1 .7:4 | .7:3, then .7:1 1 .7:3 \/F4 | .7:2.

Proposition 4. A set-indexed process X := (X a) ac.a with a unique additive
extension to C(u), is set-Markov if and only if for every finite sub-semilattice
A’ and for every consistent ordering {Ag =0, A1,..., An} of A’

A)Vi=1,...,n—1 (2)

=047

U(XA07XA0UA1’""Xu;;éAj) J‘U(XU?;%]AJ-)‘U(XU

Proof: We will use the characterization of the set-Markov property given by
Proposition 1. Necessity follows immediately.

For sufficiency note first that equation (2) implies a similar equation where
the union of the first 7 + 1 sets is replaced by the union of the first ¢ + p sets.
In fact it is easily shown by induction on p and using Lemma 4, that

G(XA07XA0UA1’""Xu;;(lej) J_ U(XujiﬁAj;k = 17""p)|0(XU§:0Aj) VZ (3)

Consider now arbitrary sets B, B’ € A(u) with B C B’. By a monotone
class argument it is enough to show that VA; € A, A C B;l = 1,...,m,
o(Xar,...,Xar) L o(Xp)|o(Xp). Without loss of generality we may as-
sume that {Aj = 0, A},..., Al } is a finite sub-semilattice and that the or-
dering {A{, = 0", A},...,Al,} is consistent. Because the process X has a
unique additive eXteanOH to A(u), there exists a bijective map ¢ such that
(Xar, Xag, s Xay) = v(Xayg, Xayuay, S Xum A/) a.s.. Consequently, we
have O’(XA/ XA/ XA/ )—O’(XA/ XA/UA’ XUm A’)

By Comment 1. 1 there exists a finite sub- Semllattlce A’ of A and a con-
sistent ordering {Ag = ', Ay,..., A} of A’, such that A j LA AU
Al = U?ZOAJ-,...,U{’LI = UJ oA, B = Z’"ElAj,B’ = U;’;J52AJ for some
i1 <idg < ... <o Usmg (3), it follows that U(XA/I,XA/ILJA/Z,...,XU;LA;) il
O'(XB/)|G'(XB). O

4 Construction of the Process

In this section we will introduce a special class of set-Markov processes for which
the mechanism of transition from one state to another is completely known, and
we will construct such a process. In light of Proposition 2, we will also determine
the necessary and sufficient conditions that have to be imposed on a family
of one-dimensional transition systems, indexed by a collection of simple flows,
such that on each simple flow f from the chosen collection, the corresponding
Markov process has the law of X/, where X is set-Markov (i.e., under what
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circumstances a class of one dimensional transition systems determines a set-
Markov process).

Let B(R) denote the Borel subsets of R. We begin with the definition of the
transition system.

Definition 4.

(a) For each B,B' € A(u),B C B’ let Qpp (z;T),xz € R, T € B(R), be a tran-
sition probability on R i.e., Qpp:(x;-) is a probability measure Vz, and
Qpp (1) is measurable VT'. The family Q := (Qpp’) of all these transi-
tion probabilities is called a transition system if VB € A(u), Qpp(z;-) =
8, and VB, B',B" € A(u), B C B' C B"

Qi (2:T) = /R Qi (5 D) Qi (: dy) Vo € R, VT € B(R)

(b) Let Q:= (QBp')B,BrcAw);BCE be a transition system. A set-indexed pro-
cess X = (Xa)aea with a unique additive extension to C(u) is called
O-Markov if VB,B' € A(u),B C B’

P[XB/ € F|.7:B] = QBB'(XB;F) vI' € B(R)

where (Fa)aca is the minimal filtration of the process X.

In other words, a Q-Markov process is a set-Markov process for which Qgp-
is a version of the conditional distribution of Xp: given Xpg, for every B, B’ €
A(u), B C B'.

Examples 3.

1. Any process X := (X4)aca with independent increments is Q-Markov
with Qpp/(2;T) := Fp\ g(I' =), where F¢ is the distribution of X¢, C €
C(u). The Poisson process and the Brownian motion are the particular
cases for which F¢ is a Poisson distribution with mean A¢, respectively,
a normal distribution with mean 0 and variance Ac.

2. The empirical process of size n, corresponding to a probability measure F',
is Q-Markov with QBB/(%; {2});k,m € {0,1,...,n},k < m given by the

F(B'\B)
1-F(B)

value at m — k of the binomial distribution with n — k trials and
probability of success.

3. The Dirichlet process with parameter measure « is Q-Markov with
Qpp(x;]0,2]); 2,2 € [0,1] given by the value at ¥== of the Beta dis-
tribution with parameters (a(B'\B); a(B’?)).

The following result gives equivalent characterizations of a Q-Markov process.
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Proposition 5. Let Q := (QBB’)B,B’EA(u);BgB’ be a transition system,
X = (X4a)aca a set-indexed process with a unique additive extension to C(u)
and initial distribution wu, and (Fa)aca the minimal filtration of the process X.
The following statements are equivalent:

(a) The process X is Q-Markov.

(b) For every simple flow f : [0,a] — A(u) the process X1 := (X y1))tej0,a] 5
Qf -Markov (with respect to (Ff))tel0,a))s where th = Q(s),f(t)-

(c) For every finite sub-semilattice A’, for every consistent ordering {Ag =
0 A, ..., An} of A and for everyi=1,...,n—1

U(XAO’XANXAlUAz?'"7Xuj;i,4j) LO‘(XUjillAj) | U(XU; Aj)

=1

and QU§:1Aj,U§J;11Aj s a version of the conditional distribution of Xu;ﬂflAj

given X i 4.
j=14%

(d) For every finite sub-semilattice A" and for every consistent ordering { Ag =

0/,A1,...,An} Of.A/

P(Xa, €T0, X4, €01, X004, €T, , Xn_ 4, €Ty) =

=1

/Rn-*-l IFO (CE()) H IFi (xi)QU;-zz_llAj7U?:1Aj (-Tnfﬂ dxn) e

i=1
Q4. 4,04, (715 dr2)Qpr A, (T0; 1) p(dT0)
for every 'y, T',..., T, € B(R).
(e) For every finite sub-semilattice A’, for every consistent ordering {Ag =

W, A, ..., An} of A, if we denote with C; the left neighbourhood of the
set A;, then

P(X¢c, €T, X, €T, Xe, €T9,...,Xc, €Ty) =

n
/Rn+1 IFO (xo)lrl (xl) il;[QIri (JZZ — xi_l)QU;:llAj7U?=1Aj (Jin_l; d.’l?n) .
QA 4,04, (215 d22)Qpr A, (w05 d1) p(dxg)
for every Ty, Tq,...,. T, € B(R).

Proof: The equivalences (a)-(b), (a)-(c) follow by arguments similar to those
used to prove Proposition 2, respectively, Proposition 4. The equivalence (c¢)-(d)
follows exactly as in the classical case. Finally, the equivalence (d)-(e) follows
by a change of variables, since X¢, = XU;:1AJ_ — Xuj.:}Aj a.s. O
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The general construction of a Q-Markov process will be made using incre-
ments: i.e., the sets in C. The following assumption is necessary. It requires
that the distribution of the process over the left-neighbourhoods Cy, C1,...,C),
of a finite sub-semilattice, does not depend on the consistent ordering of the
semilattice.

Assumption 1. If {4y = 0/, Ay,..., An} and {4y = W, AY,..., AL} are
two consistent orderings of the same finite sub-semilattice A" and m is the per-
mutation of {1,...,n} with w(1) =1 such that A; = A? ) Vi, then

n

/ Ity (x0)Ir, (x1) lei (i —xi—1)Q n-14 n 4 (Tn—13dTy) ...
Rn+1 j=1 g

i=2 =ty
Qa,, 4,04, (15 dx2)Qpr 4, (z0; davy ) pu(dao) =

/R X Iry (o) Ir, (y1) T [ I (9 = Yn()-1)Qur=tarun_ ar (Yn-1:dYn) -
n+1 i—2 1= J =

Qar,aruay (Y13 dy2) Qo ar (Yo dy1) u(dyo)
for every 'y, T'q,..., Ty, € BR).

The finite dimensional distributions of a Q-Markov process over the sets in C
have to be defined so that they ensure the (almost sure) additivity of the process.
The next result gives the definition of the finite dimensional distribution (of an
additive Q-Markov process) over an arbitrary k-tuple of sets in C and shows
that, if the transition system Q satisfies Assumption 1, then the definition will
not depend on the extremal representations of these sets.

Lemma 5. Let Q := (Qpp/)pcp be a transition system satisfying Assump-
tion 1. Let (Cy,...,Cy) be a k-tuple of distinct sets in C and suppose that each
set C; admits two extremal representations C; = A;\ U?;l Aj; = AN U]m:il Agj.
Let A, A" be the minimal finite sub-semilattices of A which contain the sets
Ai, Aij, respectively A}, Ay, {Bo = W', By,...,Bn},{By = V', By,...,B;,} two
consistent orderings of A', A" and Dj, D] the left neighbourhoods of the sets
B;,B] forj=1,...,n;l=1,...,m. If each set C;;i =1,...,k can be written
as C; = Ujeg,Dj = Uier, Dy for some J; C{1,...,n},L; C{1,...,m}, then

k
Ir, P T n— n
/R”“E FVL(Z(% Ly 1))Quj=113j,u,

B, (Tp—1;dxy) ...
J€J;

QB,,B,UB, (T1;dx2)Qp B, (x5 day ) p(dx) =

k
[ TIn S = 0 @up gy i)

i=1 leL;
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Qy,BiuB, (Y15 dy2) Qo By (y; dyr ) u(dy)
for every T'q,..., Ty € B(R), with the convention o = yo = 0.

Proof: Let A be the minimal finite sub-semilattice of A determined by the sets
in A’ and A”; clearly A’ C A, A” C A. Let ord' = {Ey = 9/7E13 ...,En} and
ord® = {E) = W', Eq,...,E\} be two consistent orderings of A such that, if
Bj = E;;;j=1,...,nand B] = E; ;1 = 1,...,m for some indices i; < iz <
.. < ip, respectively k1 < ko < ... <k, then
By =UL,E, BiUBy=UZ E,,...,U_ B;=U",E,
By =UM,\E!, BiUB)=U2,E),...,U B} = U E}
Let 7 be the permutation of {1,..., N} such that E, = E;(p);p =1,...,N.
Denote by Hp7H(’1 the left neighbourhoods of Ep,E; with respect to the or-
derings ord!, ord?; clearly H, = H Vp = 1,...,N. Note that D; =

m(p)’
- i1 P P ;. i
(U%:IBU)\(U{;:IBU) = (U;]:IEP)\(U;J:fEP) = U;]:ij_l-HHP;j =1,...,n and
. k Ll
similarly D] = UqL:k‘l_1+1H(l]7l =1,...,m. Hence
i; i p
Ci = UjesrDj=Ujes, Uy, 41 Hp = Ujes, Uy 11 Hpgy)
— /o k /
= Uer, D) =Uer, ULy, 11 Hy

and we can conclude that
{m(p);p € Ujes{ij—1+ 1i5-1+2,... 451} = Uer {1 + Lk +2,... ki }

This implies that

k ij
/RNH eSS Y @ — 2p-1))QuN 15, x| p, (EN-13dTN) -
i=1

je€Jip=ij—1+1

QE, BUE, (21;dr2)Qu g, (; dwy ) pu(dx)

k ki
:/ HIFl(Z Z (yq _yQ*l))QuNiflE/ uN By (nyl;dyN)"'
RN+1 7 q=1 q’~q=1"q
i=1 lEL; q=k;_1+1
Qr;,myury (Y13 dy2) Qo 1y (y; dy1) p(dy)
with the convention zy = yo = 0. This gives us the desired relationship, because
Z;j:ij_lﬂ(xp —Zp_1) = T, — T4,_,, the left-hand side integral collapses to
an integral with respect to QU}’;IijU;Zf B, (Ti, s dz;,)...Qp,.ByuB, (Tiy;dz;y)

Qu B, (x; dx;, )pu(dx), and a similar phenomenon happens in the right-hand side.
O
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We are now ready to prove the main result of this section, which says that in
fact the previous assumption is also sufficient to construct a Q-Markov process.

Theorem 1. If u is a probability measure on R and Q := (Qpp')pcp’ is a
transition system which satisfies the consistency Assumption 1, then there exists
a Q-Markov process X := (X a)aca with initial distribution p.

Proof: Let (R®,R¢) := [[occ(Re, Re) where (Re,R¢),C € C represent C
copies of the real space R with its Borel subsets. For each k-tuple (Cy,...,C%)
of distinct sets in C we will define a probability measure uc, ., on (R*, RF)
such that the system of all these probability measures satisfy the following two
consistency conditions:

(C1) If (C1...C}) is another ordering of the k-tuple (Cy ... C), say C; = C7 ;y,
7 is a permutation of {1,...,k}, then

HCy...C (Fl X ... X Fk) = ,uCi“_C;c (Fﬂ-—l(l) X ... X Fﬂ-—l(k.))
for every T'y,..., Ty € B(R).
(C2) If C4,...,Ck,Ciyq are k + 1 distinet sets in C, then

Hey...Cx (Fl X ... X Fk) = /"LC1~~Cka+1 (Fl X ... X Fk X R)
for every T'y,..., Ty € B(R).

By Kolmogorov’s extension theorem there exists a probability measure P
on (R, RC) such that the coordinate-variable process X := (X¢)cec defined
by Xc(z) := x¢ has the measures puc,..c, as its finite dimensional distribu-
tions. We will prove that the process X has an (almost surely) unique additive
extension to C(u). The Q-Markov property of this process will follow from
the way we choose its finite dimensional distributions pc,c,...c, over the left
neighbourhoods of a finite sub-semilattice, according to Proposition 5, (e).

Step 1 (Construction of the finite dimensional distributions)

We define pg := 0g. Let (C1,...,C)) be a k-tuple of distinct nonempty sets
in C and C; = A;\ U;.zl Aijit = 1,...,k some extremal representations. Let
A’ be the minimal finite sub-semilattice of A which contains the sets A;, A;;,
{By =0, Bu,...,B,} aconsistent ordering of A" and D; the left neighbourhood
of the set B; for j =1,...,n. Define

ipopy...0, (o X Ty X ... X Ty) o= / Iry (o) Ir, (z0) [ [ I, (@ — 2i1)
Rn+1 i—2
ng};fBj’u;}lej (xn—l; dl’n) s QB1-,31UBQ (1'1; de)Q(B’B1 (x0§ dxl)ﬂ(dxo)

for every T'g,T'y,..., T, € B(R).
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Say C; = Ujes,Dj for some J; C {1,...,n};i=1,...,k let a : R"™ —

RE a(zo, 21,...,2,) i= (Xjes Tjs---s 2 ey, ©j) and define
HCy...Cy *= UDoD,...D,, © ot

The fact that pe, .., does not depend on the ordering of the semilattice A’ is
a consequence of Assumption 1. The fact that pc,...c, does not depend on the
extremal representations of the sets C; is also a consequence of Assumption 1,
using Lemma 5. Finally, we observe that the finite dimensional distributions
are additive.

Step 2 (Consistency condition (C1))
Let (C1...C}) be another ordering of the k-tuple (C1 ... Cy), with C; = C7 ),
7 being a permutation of {1,...,k}. Let C; = A\ USL, Ajj3i = 1,...,k be
extremal representations, A’ the minimal finite sub-semilattice of A which con-
tains the sets A;, A;;, {Bo = 0, By,...,B,} a consistent ordering of A" and
Dj the left neighbourhood of the set B; for each j = 1,...,n. Say C; =
Ujes, Dy, Cf = Uje Dy and let a(zo, @1, @n) = (Xjey, Tjs- s D jes, Ti)s
B(xo, x1,. .. xy) = (ZjeJ{ Tj,... 7Zj€% ;). We have J; = J/ ;). Hence

NCl...Ck(Fl X ... X Fk) = ;LDODI_”D”(Ofl(Fl X ... X Fk))
110Dy .0, (B Trm11y X .. X Drmagy)
poq..op(Tamray X oo X ooty

for every T'y,..., Ty € B(R).
Step 3 (Consistency Condition (C2))
Let C1,...,Ck, Cry1 be k + 1 distinct sets in C and C; = A;\ U?;l Ajjii =
1,...,k + 1 some extremal representations. Let A’, A” be the minimal finite
sub-semilattices of A which contain the sets A;, A;;;i=1,...,k;j=1,...,n,,
respectively A;, Aij;i = 1,...,k+1;5 = 1,...,n; Clearly A" C A”. Using
Comment 1.2 there exists a consistent ordering {By = 0, By,...,B,} of A”
such that, if A" = {B;, =0, By,,...,B;,,} with 0 =i9 < i1 < ... < i, then
Ul_,B;, = U;llej foralll=1,...,m. Foreach j=1,...,n;l=1,...,m, let
Dj, Ey be the left neighbourhoods of B; in A", respectively of B;, in A" and
note that £, = UY_, . D; for each I = 1,...,m. Let y(zo,21,...,2,) =
)

i o im
(205 D251 Tjs D iy 41 Tjs - -+ 2ojmi, 41 %5) and for the moment suppose that

WEGE,...E, = MDoDy...D,, © y1 (4)
Say C; = Ujes, Dyt =1,...,k+1 for some J; C {1,...,n} and define a(zo, z1,
ey X)) = (EjeJl xj""’zjeJkH xj). On the other hand, if we say that
for each i = 1,...,k we have C; = Ujep, E; for some L; C {1,...,m}, then
Ji = Uer{ii-1 + L1 + 2,...,0i}; define B(yo,y1,--,Ym) == Olier, Uis
""ZleLk y1). Then

pcy..c,T1 x oo xTy) = ppep..e, (31T x ... xTy))
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oDy, (Y H(BTHT L X . x Tg)))
= ppyp,..n, (@ 1 x ... x Ty x R))
= /‘Lcl...C;ch+1 (Fl X ..o X Fk X R)

for every I'y,..., Ty € B(R).
In order to prove (4) let I'g,I'y, ..., 'y, € B(R) be arbitrary. Then

,UDoDl...Dn('Y_l(FO X Pl X ... X Fm)) =

/ ) Irgxryx...xt, (V(Zo, 21,2 — T1,. .., T — Tn—1))
R+

Qur-ip,ur, B (Tn—1;dwy) ... QB, B,UB, (T1; dT2)Qp B, (To; dz1)p(dT0)

Note that y(xg, z1, T2 —T1, .., Tn —Tn—1) = (L0, Tiys Tiy — Tiys-- s Ti,, —Tip, 1)
and hence the integrand does not depend on the variables x;, j & {io,1,...,%m }.
By the definition of the transition system, the above integral collapses to

m
/Rm+1 Ir, (xo)Ir, (xi,) H I, (2, — $il_1)QU;:;1Bj7U§lej (@i, ,;dx;,). ..
1=2

QU;; B; U2, B, (@i, di, )Q@/’Ui‘llej (wo; ds, ) o)

which is exactly the definition of g, g, . g, (ToxI'1x...xI'y,) because U;IZIB]- =
UL_, B, for every [ = 1,...,m. This concludes the proof of (4).
Step 4 (Almost Sure Additivity of the Canonical Process)

We will show that the canonical process X on the space (R¢,R¢) has an (al-
most surely) unique additive extension to C(u) (with respect to the probability
measure P given by Kolmogorov’s extension theorem). Let C,C4,...,Cy € C be
such that C' = U¥_, C;, and suppose that C; = A;\ U?;l Aijii=1,...,k are ex-
tremal representations. Let A’ be the minimal finite sub-semilattice of A which
contains the sets A;, A;;, {Bo =0, B1,..., By} a consistent ordering of A" and
D; the left neighbourhood of B;. Assume that each C; = Ujej, D; for some

J; €{1,...,n}. Because the finite dimensional distributions of X were chosen
in an additive way, we have X¢, = ZjeJi Xp, a.s., Xc, ne,, = Zjelilﬁlz»z Xp,
as, ..., Xoro o, = Zjemjf:lli Xp, as., Xg = ZjeuleJi Xp, a.s. Hence

Zi}:‘l Xo, — Z¢1<12 Xe,ne, +-- o+ (_1)ka§:1CJi = Zjeu,’;:lJi Xp; = X¢ as.

Finally we will translate the preceding result in terms of flows. Let u be an
arbitrary probability measure on R.

For each finite sub-semilattice A’ and for each consistent ordering ord=
{4o =0, Ay,..., A} of A’ pick one simple flow f := fa ora which connects
the sets of A’ in the sense of the ordering ord. Let S be the collection of all the
simple flows fs ora and {Q7 := (Qi;)sq; f € S} a collection of one-dimensional
transition systems indexed by S.
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The next assumption will provide a necessary and sufficient condition which
will allow us to reconstruct a set-indexed transition system Q from a class of
one-dimensional transition systems {Q/}. It requires that whenever we have two
simple flows f,g € S such that f(s) = g(u), f(t) = g(v) for some s < t,u < v,
we must have th =9

uv-*

Assumption 2. If ordl= {Ag = V', A1,..., A} and ord2= {Ay = IV, A,
ALY are two consistent orderings of some finite semilattices A', A" such
that U?_; A; = U;”ZlA;, U;?:lAj = _Ué':lA;‘ for some k< n,l <m, and we
denote f = furord1, 9= far oraz with f(t;) = Ui_ A}, g(u;) = Uj_; A}, then

o _ o
QOtl - qul and thtn - ’lg”um
The following assumption is easily seen to be equivalent to Assumption 1.

Assumption 3. If ordl = {Ag =0, Ay,..., An} and ord2 = {Ay = ', A],
..., AL} are two consistent orderings of the same finite semilattice A" with A; =
A;(i), where w is a permutation of {1,...,n} with (1) = 1, and we denote

f= farordr, 9= faroraz with f(t;) = Ui Ay, g(ui) = Ui, A, then

|ttt e T o= ae0@f, o, @neiiden) .. (9)

=2

Q{ltz (w13 dxz)Qgtl(xo; dx1)p(dxy) =

/R+1 Iro (o) Ir, (1) [ [ Ir, (Umiy = Um-1)Q, 1w, W15 dym) -

i=2
s (W15 dy2) Q0 (o3 dy1) (dyo)
for every Ty, T'1,..., T, € B(R).
The following result is immediate.

Corollary 1. If p is a probability measure on R and {Qf := (QQ)SQ;
f € 8} is a collection of one-dimensional transition systems which satisfies the
matching Assumption 2 and the consistency Assumption 3, then there exist a
set-indezxed transition system Q := (Qpp/)pcp’ and a Q-Markov process X :=
(X A)aca with initial distribution p, such that Vf € S, XT := (Xpe))e is of-
Markov.

Proof: Let B, B’ € A(u) be such that B C B'. Let B = UL, A}, B' = Uj_, A7
be some extremal representations, A’ the minimal finite sub-semilattice of A
which contains the sets A}, A7 and ord={Ay = 0, A1,...,A,} a consistent

ordering of A’ such that B = U;?:lAj and B’ = UJ_; A;. Denote f := fur oa
with f(t;) = Ui_ A;. We define Qppr == Q] , .
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The definition of Qs does not depend on the extremal representations of
B, B’, because of Assumption 2.

Finally it is not hard to see that the family Q := (Qpp/)pcp is a transition
system which satisfies Assumption 1. O

5 The Generator

In this section we will make use of flows to introduce the generator of a Q-Markov
process. Corollary 1 allows us to characterize a Q-Markov process by a class
{Qf; f € 8} of one-dimensional transition systems. These transition sytems
in turn are characterized by their corresponding generators. This observation
permits us to define a generator for a Q-Markov process as a class of generators
indexed by a suitable class of flows. The generator completely characterizes
the distribution of a Q-Markov process. We will also determine necessary and
sufficient conditions that will ensure that a family of one-dimensional generators,
indexed by a collection of simple flows, is the generator of a Q-Markov process.

Let B(R) be the Banach space of all bounded measurable functions h : R —
R with the supremum norm.

Let Q := (QBp’)pcp be a transition system and X := (X4)aeca a O-
Markov process with initial distribution p. For each finite sub-semilattice A’
and for each consistent ordering ord= {4y = (', Ay,...,A,} of A’ pick one
simple flow f := fas ora Which connects the sets of A" in the sense of the ordering
ord. Let S be the collection of all the simple flows fas ora.

For each f € S, let T/ := (TSJ;)Kt be the semigroup associated to the transi-
tion system Qf and Gf,G*f the backward, respectively the forward generator of
the process X7 at time s, with domains D(G{), D(G:/). We will make the usual
assumption that all the domains D(G/) and D(G}¥) have a common subspace
D, which is dense in B(R), such that for every s < t, TZ,(D) C D and for every
h € D, the function TSJ;h is strongly continuously differentiable with respect to
s and t with . ot

—(ETﬂlh)h:s = (ETsfth”t:s Vs

The operator GI = G*/ defined on D, will be called the generator of the process
X7 at time s. A consequence of Kolmogorov-Feller equations is that

t
Tih—h= / GIT!h dv, Vh € D (6)

Definition 5. The collection {G' := (GI)s; f € S}, where GI is the genera-
tor of the one-dimensional process X! at time s, is called the generator of the
set-indexed process X .

Corollary 2. The generator of a Q-Markov process determines its distribu-
tion.
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Proof: Since G/ determines 77/ and Qf, the result is an immediate consequence
of Corollary 1. O

Examples 4.

1. The generator of a process with independent increments, which is stochas-
tically continuous and weakly differentiable on every simple flow f € S, is
given by

(gzh)(x) = (’75)/h/(x) 4 %(Ag)/h//(x)—s-
/{ |>1}(h(31J +y) — h(z)) (1) (dz) +

/{ |<1}(h(x +y) — h(z) — yh'(2)) (1)’ (dz)

where %f , A‘f , H{ (dy) are respectively, the translation function, the vari-
ance measure, and the Lévy measure of the process on the flow f and
(v1), (ALY, (TIf)(dy) denote the derivatives at s of these functions. The
domain of gg contains the dense subspace C? of twice continuously differ-
entiable functions h : R — R such that h, k', h” are bounded.

2. The generator of the empirical process of size n, corresponding to a proba-
bility measure F' which has the property that Vf € S Fo f is differentiable,
is given by

k k+1 k (Fof)(s)
! ) =(n— _ e
an () =o=n (1 (57) () 5w+
where (F o f)'(s) denotes the derivative at s of F'o f. The domain of G/

is the space of all finite arrays h := (h(k))k=o,... n-

3. The generator of the Dirichlet process with parameter measure o which
has the property that Vf € S ao f is differentiable, is given by

7 hx ty) — h(z) (1—a—y\ O
11—z dy

(GI1)(x) = (aro £)(s) /

0 Yy

where (o f)'(s) denotes the derivative at s of a o f. The domain of Gf
contains the dense subspace C} of continuously differentiable functions
h : R — R such that h, h’ are bounded.

The goal is to find the conditions that have to be satisfied by the collection
{Gf .= (G)s; f € S} of generators such that the associated collection {Q; f €
S} of one-parameter transition systems satisfies the matching Assumption 2
and the consistency Assumption 3. By invoking Corollary 1, we will be able
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to conclude next that there exists a set-indexed transition system Q and a O-
Markov process X := (X4)aca with initial distribution u, whose generator is
exactly the collection {G/ := (GI)s; f € S}.

Using the integral equation (6), we will first give the equivalent form in terms
of generators of the matching Assumption 2.

Assumption 4. If ordl = {Ag =0, Ay,..., Ay} and ord2 = {Ag = (/, A,
ALY are two consistent orderings of some finite semilattices A', A", such
that U7_; A; = U}”zlAg,Uf:lAj = L%:lA; for some k< nl< m, and we
denote f:= farordr, 9 := far orae with f(t;) = i1 A4, g(u;) = U;-zlA;, then
for every h € D

Um

t1 Uy tn
/ GIT), hdv = / GITY, hdv and / GIT], hdv= / GITI, hdv
0 0 tr u

1

We will need the following notational convention.
If Q1(x1;dxs), Qa(xa;drs),. .., Qn_1(xn_1;dx,) are transition probabilities on
R, T:,T5,...,T,_1 are their associated bounded linear operators, and h : R™ —
R is a bounded measurable function, then

ef
T1T2 ce Tn—l [h(l‘l, Loy .. ,$n)]($1) Zd:

/ W1, s, 20)Qnt (Tnrs den) - Qa(wa; ds) Q1 (1 daro)
Rn—l

If in addition, G is a linear operator on B(R) with domain D(G), and the
function A is chosen such that for every x1,...,x; € R, the function

/ . h(xy, @2, .., 20)Qn-1(Tn_1;dTy) . .. Qug1(Tpt1; dTp12)Qr (- drpyr)
Rn—

is in D(G), then

def
T1T2 . ~Tk71ng .. .Tn,1 [h(xl,xg, N ,l‘n)]<.’171) L=

/k (G kh(mla-TZa'--7In>Qn—1(xn—1§d$n)"'Qk+1(xk+1;dzk+2)
RE-1 JRn-

Q- drgs1))(@r)Qr—1(Tr—1; dxg) . .. Q2(x2; dx3)Q1(x1; dx2).

In order to understand the consistency Assumption 3 and to see how we can
express it in terms of the generators, we consider a simple example. Let A’ be a
finite semilattice consisting of 6 sets, ordl = {Ay = ', Ay, ..., Ag} and ord2 =
{40 =W, AL, ..., A;} two consistent orderings of A’ with A; = A;(i), where T
is the permutation (1)(24)(36)(5). Denote with C;, C! the left neighbourhoods
of A; respectively A;.
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A A7,
A A AL AL
A, Ay A3 A7l A Ay

Set f = farorats 9 = faroraz With f(t;) = Ui_ A;j, g(u;) = Ui_ A}
for i = 1,...,6. Suppose that a Q-Markov process (X4)aca exists; denote
X := X/ and Y := X9. We have

th - Xt1 = Y’LL4 - Yu3; Xta - Xt2 = Y’LLG - Yus; Xt4 - Xt?, = Yuz - Yu

Xt5 - Xt4 = YU5 - Y’U,4; Xte - Xt5 = YU3 - Y’U,Q
Using these equalities we will first find the relationship between Tf 1, and

and then between the generators (GI))wept, , .+, and (GY )ve[

U (i) =15 U (i) U (i) 11U ()]

fori=2,...,6.
For i = 2 we have P[Xy, — Xy, € T'| Xy, = 21] = P[Yu, — Yu, € TV, = 1]
which leads us to the equation: Vh € B(R)

/ h(xz)Qfltz (x1;dxe) = h(ml +ys —y3)Q%, ., (y3: dya) QY . (215 dy3)
R
Using the above notational convention, this can be written as

(T, 1) (@1) = Tl oy Ty [ + ya = y3)] (1) (7)
Let h € D and subtract h(x1) from both sides of this equation. Using (6) and

Fubini’s theorem, we get

/ (GLT!, 1) () dwo = / T GITS, [h(zs +yi — yo)l(@)dv  (8)
t1 u

3

Note that (7) and (8) are equivalent (since D is dense in B(R)).

FOI' 7 = 3, P[)(t2 — th & Fl,Xt3 — Xt2 c F2|Xt1 = 1'1] = P[Y;M — Yu3 S
I'1, Yy, — Yu, € I'2|Y,, = 1] which leads us to the equation: Vhy, he € B(R)

T8 T80 [ha(ys — y3) (T, he) (@1 + ya — y3)](21) 9)

= T51U3T53U4T54U5 usUe [hl (y4 - y3)h2(l‘1 + y4 - y?’ + yG - y5)]( )
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Let hy,he € D and subtract T , T9 . [h1(ys — y3)ho(z1 + ya4 — y3)](z1) from

UTU3 ™ U3 U4

both sides of this equation. On the left-hand side we get

t3
| T T s = )@ ha) o s = g0
ta
On the right-hand side we have

T31u3T53u4T54u5[(Tgsugh/(xh Y3,Y4,Ys, ))(y5) - h'(xlv Ys, y4)]($1)

with b/ (21, Y3, Y4, Y5, Y6) := h1(ya—y3)ha(v1+ya—ys+ye—ys) and h(x1,y3, ya) =
hi(ys — y3)ho(x1 + y4 — y3), which becomes

ug
/ TS\ T\ T8 GITS, [h(ya — y)ho(ws + ya — s + s — us)) (1)

5

because h'(z1,Y3,ya, Y5, Ys) = h(21, Y3, Ya)-
Therefore, the equivalent form of (9) in terms of the generators is

t3
/ T9 T (s — ys)(GLTS ho)@s +ys — ws)l(21)  (10)
to

Ue

5

Continuing in the same manner for ¢ = 4 we will get the necessary rela-
tionship between TtJ;t ,and T¢ . (When we write down this relationship we
have to specify the ordering of w(2) — 1, 7(2),7(3) —1,7(3), m(4) — 1,7(4).) This
relationship will have an equivalent form in terms of the generators (Q{;)we[t&t 4]
and (gv)ve[u1,u2]'

At the end of this procedure we discover a collection of 5 necessary relation-
ships that have to be satisfied by the generators G/ and GY of the process. A
very important fact is that these relationships are also sufficient, i.e. if they
hold then the finite dimensional distribution of the process over the semilattice

A’ is ‘invariant’ under the two orderings ord! and ord2.

We return now to the general context. Let “1{1 be the probability measure
defined by ufl @) =[x Q{;tl (z;T)p(dx). The following result is crucial and its
non-trivial proof can be found in the appendix.

Lemma 6. Let ordl = {Ag = I/, Ay,..., An} and ord2 = {Ag = I/, A],
..., AL} be two consistent orderings of the same finite semilattice A" with A; =
A;(i), where 7 is a permutation of {1,...,n} with (1) = 1, and set f :=
fA’,m“dl; g = fA/,ordZ with .f(tl) = U;‘:lA]ﬁ g(uz) = U;‘:IA;"

Suppose that Qgtl = gul, The following statements are equivalent:

(a) the integral condition (5) of the consistency Assumption 8 holds;
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(b) foreachi=2,...,n, if we denote with Iy <l < ... <ly;_1y the increasing
ordering of the values m(2) — 1,7w(2),m(3) — 1,7(3),...,7(i) — 1,7 (i), and
with p the index for which w(i) —1 = l,_1,7(i) = l,, then for every
ha,...,h; € D and for ,u{1 -almost all x;

(b1) if p=2(i — 1) we have

t;
g g g
/t T, Ty -+ Tho v,
i—1

i—1

i—1
T 75 Wei) = () -)GATE L b (@1 + > (Wn(s) — Yn()—1)) (1) dw
=2

ug,

— g9 g9 £ 9 ke o)

- / Tulull Tullulz e Tul uy Tulp_ ut,, gvTvulp
u

p—3%p—2 2y

T 7 Wei) = ey -0 hi(@1 + > (Wn(s) = Yn(y—1)) (1) dv;

=2 =2

(b2) if p < 2(i — 1) we have

t;

9 g 9 g g
/t‘—l T’““’l Y “lp—3“’p—2T“lp—2“’p+1T“lp+1“lp+2 IR YO PR L TER
i—1 i—1
T 75 Weiy = () -)(GATE b (@1 + > (Wn(s) — Yn()—1)) (1) dw
j=2 j=2

ulp
= / T’ug,1u11 T’ug.llulz M Tglp_3ulp_2T’ug.lp_2ulp_1 gngULp
Ui,y
i—1

g g 9 . L — . .
Tuz,,ulp+1 T"lp+1“lp+2 e Tul2(i—1)71ul2(i—1) {H h; (y”(]) y"r(])_l)

[hi(x1 + Z(yw(j) = Yr(j)-1)) — hi(z1 + i(yﬂ(j) = Yr(j)—1)]} (z1)dv.

The following assumption is the equivalent form in terms of generators of
the consistency Assumption 3.

Assumption 5. If ordl = {Ag =0, Ay,..., A,} and ord2 = {Ay = (V, A,
..., AL} are two consistent orderings of the same finite semilattice A" with A; =
A;(i), where 7 is a permutation of {1,... ,n} with w(1) = 1,4 and we denote
f = farorar, 9 = faroraz with f(t;) = Uj_1A;, g(u;) = U_ A}, then the
generators G and G9 satisfy condition (b) stated in Lemma 6.
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Clearly Assumptions 4 and 5 are necessary conditions satisfied by the gener-
ator of any set-indexed Q-Markov process. The following result is an immediate
consequence of Corollary 1 which says that in fact, these two assumptions are
also sufficient for the construction of the process.

Theorem 2. Let p be a probability measure on R and {GT := (G])s; f € S}
a collection of families of linear operators on B(R) such that each operator
Gf is defined on a dense subspace D of B(R) and is the generator at time
s of a semigroup T/ = (Tsft)s<t associated with a transition system Qf =
(Qf:t)s<t. If the family {G; f € S} satisfies the matching Assumption 4 and
the consistency Assumption 5, then there exist a set-indexed transition system
Q:= (QBB')B,B'cA);BcB and a Q-Markov process X := (X a)ac.a with initial
distribution p1, whose generator is exactly the collection {GI; f € S}.

Acknowledgement. The authors greatly appreciate the thoughtful comments and sugges-

tions of Professor Donald. A. Dawson regarding the use of the integral equation (6) for proving
the equivalence of statements (a) and (b) in Lemma 6.

A Proof of Lemma 6

We will prove the desired equivalence by means of an intermediate condition
(b?). We will show that (a) < (b’) and (b’) < (b). Here is this condition.

(b’) For each i = 2,...,n, if we denote with Iy < Iy < ... < Iy _q) the
increasing ordering of the values 7(2) —1,7(2),m(3) — 1,7 (3),...,w(i) — 1,7 (i),
and with p the index for which w(i) — 1 = l,_1,w(i) = lp, then for every
ha,...,h; € B(R) and for ,u{l -almost all x4

g g g g g g
Tulull Tullulz T T“l;>—3ulp—2T"lp—2“lp+1 T“lp+1“lp+2 T T“b(ifl)flulz(ifl) (11)
i—1 i—1
T 75 niiy = v DT e hi) @1+ W) = Yn(iy—1)) (1)
j=2 j=2
— g g g9
- TuluH Tullu’Z T T Wy —1 Wagioty
i—1 [
T 2wy = vei =) Piler + D> (W) = Um(—1))(@1);
j=2 j=2

Proof of (a) = (b’): Let X be a Q/-Markov process and Y a Q9-Markov
process with the same initial distribution p. Since Qgtl = qul, both X;, and
Y., have the same distribution utfl. The integral condition (5) of the consistency

Assumption 6 is equivalent to saying that for u{l—almost all 1, the conditional
distribution of (X, — Xt,,..., Xy, — Xt,_,) given Xy, = 1 coincide with the
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Y,

Ur(2)—17 """

Y,

Ur(n)

Y,

Ur(n)—1

conditional distribution of (Y, ) given Y, =
Z1.

For ¢ = 2 we will use the following relationship: for every I's € B(R)) and for

w(2)

ufl -almost all z;

Y,

P[Xt2 — th S F2|Xt1 = £81] = P[Yu Ur(2)—1 S F2|Yu1 = 1'1]

n(2)

Using the Markov property, the left-hand side is [g Ip2+x1(x2)Q{1t2 (z1; dz2),
whereas on the right-hand side we have

/ I, (yu,r@) - yuﬁ(z),l)QZﬂ(z),luﬂ(z) (yﬂ'(2)—1;dy7r(2))Q;Zluﬂ,(2)7l(x1;dyﬂ'(Q)—l)
R2

By a monotone class argument we can conclude that for every hy € B(R) and
for u{ ,-almost all z;

/Rh2($2)Q{1t2 (z1;dr2) = /R2 ho(T1 + Yur ) = Yuipga)—r) (12)

%ﬂ(g),luﬂ@) (yﬂ'(z)—l; dy7r(2))Q‘Z1u7r<2)7l (x17 dyﬂ-(Q)—l)

which is the desired relationship for ¢ = 2.
For ¢ = 3 we will use the following relationship: for every I'y,I's € B(R) and
for utfl—almost all z;

P[Xt2 — th e FQ,Xt3 — Xt2 S F3|Xt1 = .’El] =
P[Y, Y, €Ty, Y, Y, €3V, =21

w(2) T Um(2)-1 x(3)  TUr(3)—1

The left-hand side can be written as
Az IF2+I1 (x2)IF3+;v2 (xS)Q{2t3 (-TQ, dms)Q[ﬂfz (xl; de)

which becomes

/R3 Ity (Yn(2) = Yr(2) 1) s ta1 41 2 —m 2y 1 (€3) QL 1, (T1 + Ym(2) — Ym(2)—13 )
g

Zw(z)—luﬂ'(Q) (y‘“’(Q)—l; dyﬂ'(2))gQu1u7r(2)f1 (xl; dyﬂ'(Q)—l)

using equation (12).
The right-hand side can be written as

L4 IFQ (y‘n'(Q) - yﬂ'(?)—l)IF3 (yT((3) - yﬂ(3)—1)Qil3,ul4 (yl:;; dyh)Qilz,ulg (yl2§ dylg)

QU ur, W13 Ay, ) Q3 (15 dyi,)
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where [; < Iy <3 <l is the increasing ordering of the values 7(2)—1, w(2), 7(3)
—1,7(3).

By a monotone class argument we can conclude that for every ho, hs € B(R)
and for u{l—almost all zq

/R3 ha(Yn(2) — Yn(2)-1)ha(23) QL 0, (X1 + Y (2) — Ym(2)—15 d3) (13)
Q1 2 run gy W)~ 13 W (2)) Qi o), (213 AYr(2)-1)

= /R4 ha(Yr(2)=Yr(2)-1)P3(T1+Yr(2) = Yr(2) -1 HYr(3) ~Yn(3)-1) QU ur, (Uia3 AYL)

gy W23 A1, ) QY (W05 dyiy ) QS L, (w13 dyry)

which is the desired relationship for i = 3.

The inductive argument will be omitted since it is identical, but notationally
complex.

Proof of (b’) = (a): Let I'y,I'y,..., T, € B(R) be arbitrary. Using the fact
that Qgtl = qul and equation (12), the left-hand side of the integral condition
(5) becomes

/R o IFO (yO)IFI (yl)IFQ (yTr(2) - yﬂ(z)—l)IF3+y1+y1r(2)7y7-;(2)71 (x3)IF4+$3 (£C4) s

Ity tan o (@0)QF o (Tao13dan) ... QL (233d2a) Q)0 (U1 +Yn(2) — Ym(2)—13 d3)
a1 timiay U (2) =15 W (2)) Q0 ), (V13 QY (2)-1) @, (Y03 dyn) p(dyo)

which in turn can be written as

/ » Iry (yo)Ir, (Y1) Ity (Yr(2) — Yr2)—1)Irs (Yr(3) — Yr(3)—1)
Rﬂ,

f .
IF4+y1+Zj:2(yﬂ(j)fy,,(j)_l)(x4) N (xn)Qtn_ltn (Tp—1;dzy) ...

3
Qlyes (W1 + D Wri) = Y1) d2) @, Wia3 A ) QS (0125 At

j=2
ey, (Y3 AY,) Q8 (13 Ay ) Q3. (yo3 dyr)p(dyo)

using equation (13), where [ < Iy < I3 < Iy is the increasing ordering of the
values 7(2) — 1,7(2),7(3) — 1,7(3).

Continuing in the same manner at the last step we will get exactly the
desired right-hand side of equation (5), since the increasing ordering of the
values (2) — 1,7(2),...,m(n) — 1,7(n) isexactly 1 <2< ... <n.

Proof of (b’) < (b): The basic ingredient will be equation (6), which gives
the integral expression of a semigroup in terms of its generator.
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Since D is dense we can assume that the functions hs, ..., h; are in D in the
expression given by (b’). Subtract

s .. T3 77 T 79 .19

ULty = ULy Uiy Uiy gUlp o™ Wy oWl ™ Wipyp Wpyn Ulgtim1y—1%agi—1)

Hh Yr(j) = Yn(j)—1) $1+Z Yr(j) — Yn()—1)))(@1)

from both sides of this expression.
On the left-hand side we will have

g g g g g
Tulu’l Tu’lu’Q Y Tulp73u’p7 Tu’p72u’p+1 Tu"p+1ulp+2 o Tul2(i—1)—1u12(i—1)
i—1
T 7 W) = vmi -T2 (@1 + Z Yn(j) — Yn(i)—1)](@1)
j=2

which can be written as

123
TI ~T9Y R TY T9 R
/t ) ULy = ULy Uiy Ulp _gWlp o™ Wiy o Uip iy = Wiy Uiy o Ulyi_1y—1%a(i—1)
i

1—1
H hi(Un(i) = Yn()=)(GETL hi) (@1 + Y (Wn(h) = Yn(i)=1))] (1) dw
j=2 j=2

using the integral expression (6) and Fubini’s theorem.
On the right-hand side we have

g g LT T9
Uruy UL UL, U, g, UL, UL, 4
g g g g
{Tul Tul w +1T"lp+1“lp+2 o Tul2(i—1)—1ul2(i—1)
i—1 %
(T 1 (rsy = ey hiler + Y- W) = Y1) (1, m0) =
Jj=2 j=2
—T{Z 1%y glp+lulp+2 U Tng(i—l)—lul2(i—l)
i—1 i—1
T i ni) = veiy-Dbiler + D (Wn(sy = Yn)-1)] W) H 1)
j=2 j=2

If we denote
h/(xhylp s 7ylp71’ylp) =
i—1

/ v H R (Yr () — Yn(i)—1)hilz1 + Z(yﬂ(j) — Yn(j)-1))
R2(i—1)—p

=2 =2
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g . g .
ul2(i—1)—1ul2(i—1) (yZQ(i,l),l ’ dylw,l)) tte ulp+1u1p+2 (ylp+1 ’ dl/lp+2)
g .
Uiy UL,y (ylpa dylerl)

and
h(.Tl, Yiys- oo ylp—l) =

i—1 i—1
/R H hi (Y () = Yn(i)—1)hi(w1 + Z(yw(j) — Yn(j)-1))

26-1-p 5y =
g . g .
Uiy gy _qWlppq) (yl2(i—1)—1 ) dyl2(i—1)) g, wg (ylp+1 ) dylp+2)

g
u u
lp—1"%lpt1

(ylp—l ; dylp+1)
then the right-hand side becomes

g g g g
Tulull Tuzl Uy "7 Tulp,guzP,QTuzP,2uzp,1

[(ngp_luzp h/(xla Yty Yl,_qs '))(ylp_l) - h(xlv Yiys- - 7ylp_1)](x1)
—T9 T9 g 9

wruy UL U, Up, gUL, 5T UL, o UL,

[hl(xla Yiyy--- 7ylp—17ylp71) - h(xlvyh?' s ylp71)+

ulp
[ @ W ey D o, el )

lp—1

since A’ (w1, Y1, -, Y1, ") € D for every x1,uy1,,...,4,_,. We have two cases:
Case 1) If p = 2(i — 1), then all the integrals with respect to QY ,, .
P 'p
9 9 . . . .
Uy QulQ(i—l)—lulZ(i—l) disappear in the preceding expressions. Hence

P (1,915 Y, s Y,—y) = R(x1, 910, -+ 91, ) and the result follows.
Case 2) If p < 2(i — 1), then

h/(xhylu s 7ylp—17ylp—1) = (Tg H(‘Tlvyhr s ylp_17'))(ylp—1)

UipUipyq

h(xlv Yiys - 7ylp71) = (Tglpilulp lH(xlvylu s ’ylp—17.))(ylp—l)

.
where

H(-rlyyllw LR ylp717ylp+1) =

i—1 i—1
/ _ H b (Yr(j) = Yn(i)—1)hi(@1 + Z(yw(j) = Yn(j)-1))
R2(i—1)—p—1 i e

g
Ulgj_1y—1%lai—1

) (yl2(i—1)—1;dyl2(i—1)) s Qg

Ulpp1Wlpto

Wtpers Ay, )
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To simplify the notation we will omit the arguments of the function H.
Hence

h/(xlayllﬂ s aylp_1,ylp_1) - h(mla Yty ’ylp—l)
= (Tq H)(ylp71) - [T’fl,p,lulp (Tq H)](ylp71)

Uip Uiyt Wip Uiyt

— [ @, (T, ), )

UipUip iy
ly1

since H(z1,y1,,---,Y1,_,,") € D, for every x1,y1,,...,41,_,-
Using Fubini’s theorem, the right-hand side becomes

ug
P
T9I T9I g g
ULULy “ ULy Uiy "7 T UL, g UL, o T UL, o UL, g
u;,p71

[(gngulpU(xla Yios o Ylp_1 '))(ylpa)](xl)dv

where
U('Tla Ylis- - Ylp_1s ylp) =

- h/(xlaylu s aylp_uylp) - (Tglpulp+lH<xlayl1ayl2a e Yl,_q ))(ylp)

i—1

= / , H h(Yr () = Yr(j)—1)
R2Gi-1)—p iz
i 1—1
[hi(z1 + Z(yw(j) = Yr(j)-1)) — hi(x1 + Z(yﬂ(j) = Yn(i)—1))]
j=2 j=2
il2(i71)71ul2(i—1) (yl2(i—1)—1 ; dylz(ifm) s Q%lpulp+1 (yl(); dylp+1)

This concludes the proof. O
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