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Abstract

We consider the linear stochastic wave equation with spatially homoge-
neous Gaussian noise, which is fractional in time with index H > 1/2.
We show that the necessary and sufficient condition for the existence of
the solution is a relaxation of the condition obtained in [10], when the
noise is white in time. Under this condition, we show that the solution
is L?(f2)-continuous. Similar results are obtained for the heat equation.
Unlike the white noise case, the necessary and sufficient condition for the
existence of the solution in the case of the heat equation is different (and
more general) than the one obtained for the wave equation.

MSC 2000 subject classification: Primary 60H15; secondary 60H05
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1 Introduction

The random field approach to s.p.d.e.’s initiated in [48], has become increasingly
popular in the past few decades, as an alternative to the semigroup approach
developed in [13], or the analytic approach of [20].

Generally speaking, a random field solution of the (non-linear) equation:

Lu(t,z) = a(u(t,z))W(t, ) + B(u(t,z)), t>0,rcR? (1)
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(with vanishing initial conditions) is a collection {u(t,z),t > 0,z € R9} of
square integrable random variables, which satisfy the following integral equa-
tion:

uta) = [ [ Glt=sa—patuls)Wids.dyy+ [ [ Glemso=)Buts.)duds.

provided that both integrals above are well-defined (the first being a stochastic
integral). In this context, L is a second-order partial differential operator with
constant coefficients, G is the fundamental solution of Lu = 0, and W is a
formal way of denoting the random noise perturbing the equation.

When the equation is driven by a space-time white noise (i.e. a Gaussian
noise which has the covariance structure of a Brownian motion in space-time),
the random field solution exists only if the spatial dimension is d = 1. In
this case, the stochastic integral above is defined with respect to a martingale
measure, and the solution is well-understood for most operators L, in particular
for the heat and wave operators (see [48], [7] or [44]).

To obtain a random field solution in higher dimensions, one needs to consider
a different type of noise, which can be either Gaussian, but with a spatially
homogeneous covariance structure given formally by:

EW(t,z)W (s,y)] = o(t — 5)f(z — y),

or of Poisson type. Historically, the two approaches have been initiated at about
the same time (see [28], [11], [26] for the wave equation with Gaussian noise in
dimension d = 2, and [9], [42] for the Poisson case).

After the ingenious extension of the martingale measure stochastic integral
due to [10], it became clear that the random field approach can be pursued for
the study of general s.p.d.e.’s with spatially homogeneous Gaussian noise. Since
this extension allows for integrands which are non-negative measures (in space),
the theory developed in [10] covers instantly the case of the (non-linear) wave
equation in dimensions d € {1,2,3}, and the case of the heat equation in any
dimensions d. In the non-linear case, the existence of the solution is obtained
by a Picard’s iteration scheme, under the usual Lipschitz assumptions on «, (3,
and the following condition, linking the operator L and the spatial covariance
function f:

[, [ 1Fet@rans < . )

(Here p is a non-negative tempered measure, whose Fourier transform is f.)

Moreover, (2) is the necessary any sufficient condition for the stochastic in-
tegral f(f Jga G(t—s,z—y)W (ds,dy) to be well-defined, and hence the necessary
any sufficient condition for the existence of the solution in the linear case, when
a =1 and # =0. Since for both heat and wave operators,

¢
m_ 1 2 @ 1 4
ay TR S/O | FG(u,)(&)|*du < a; Tl for all ¢ € RY,  (3)



for some constants aﬁl), af’ > 0, condition (2) is equivalent to:

/]Rd T ee +1|£|2u(d§) < 0.

Subsequently, using the Malliavin calculus techniques, it was shown that
the random variable wu(t,z) has an absolutely continuous law with respect to
the Lebesgue measure on R, and this density is infinitely differentiable. These
results are valid for the heat equation in any dimension d, and for the wave
equation in dimension d € {1,2,3} (see [37], [38], [44]), under the additional
assumption (which was removed in [31]):

/ (1_i_1|€|2)aﬂ(d§) < 00, for some « € (0,1). (4)
Rd,

Under (4), one also obtains the Holder continuity of the solution for the heat
equation in any dimension d and the wave equation in dimensions d € {1, 2, 3}.
This is done using Kolmogorov’s criterion and some estimates for the p-th mo-
ments of the increments of the solution (see [40], [41], [12]).

The case of the wave equation in dimension d > 4 was solved in the recent
article [8], using an extension of the integral developed in [10]. The existence of
a random-field solution is obtained under the condition:

t

du sup / )| G, )€ + ) < oo

0 neRrd

In the affine case (i.e. a(u) = au+ b,a,b € R and § = 0), and under the
additional assumption (4), the solution is shown to be Hélder continuous.

In parallel with these developments, a new process began to be used inten-
sively in stochastic analysis: the fractional Brownian motion (fBm) with index
H € (0,1), a zero-mean Gaussian process (By):>o with covariance:

1
Ru(t,s) := 5(t2H + 82 — |t — s|?H).

The case H = 1/2 corresponds to the classical Brownian motion, while the
cases H > 1/2 and H < 1/2 have many contrasting properties. We refer the
reader to the survey article [29] and the monographs [6] and [27] for more details.
Most importantly, in the case H > 1/2,

t s
Ry(t,s) = aH/ / lu — o> 2 dudv, (5)
o Jo

where ay = H(2H —1). This shows that (B;):>0 has a homogeneous covariance
structure, similar to the spatial structure of the noise W considered above.
Returning to our discussion about s.p.d.e.’s with a Gaussian noise, it seems
natural to consider equation (1), when the covariance of the noise W is given
formally by:
W (t,2)W (s,9)] = alt — s 2 f(a — ). (6)



However, this simple modification changes the problem drastically, since
unless H = 1/2, the fBm is not a semimartingale, and therefore the previous
method, based on martingale measure stochastic integrals, cannot be applied.

Several methods have been proposed for developing a stochastic calculus with
respect to fBm: (i) the Malliavin calculus (see [14], [1], [2], [30]), which exploits
the fact that the fBm is Gaussian; (ii) the method of generalized Lebesgue-
Stieltjes integration (see [49]), which uses the Hélder continuity of the fBm
trajectories; (iii) the rough path analysis (see [22], [23]), which uses the fact
that the paths of the fBm have bounded p-variation, for p > 1/H; (iv) the
stochastic calculus via regularization based also in general on the properties of
the paths of the fBm (see [16]).

These methods have been applied to s.p.d.e.’s (see [24], [32], [43], [17], [39]),
but not using the random field approach. A notable exception is the heat
equation. The linear equation with noise (6) and H > 1/2 was examined in
[3], for particular functions f (e.g. for the Riesz kernels f(x) = |z|~(¢~) with
a € (0,d)). We also mention the works [33] and [46] for the case of the space
variable belonging to the unit circle. The quasi-linear equation (i.e. a = 1) was
treated in [34], and the equation with multiplicative noise (i.e. a(u) = u, = 0)
was studied in [18]; in these two references, the covariance structure of the noise
is a particular case of (6): for H, H; > 1/2

d
E[W(t7 J))W(S, y)] = aH|t - 8|2H_2 H(aHi Ixi - inQHi_Q)'

=1

(This type of noise is called fractional Brownian field.) The heat equation
with multiplicative noise (6) was studied in [4] (for particular functions f and
H > 1/2) and [19] (in the case H € (0,1) and f = dg). In the case when the
spatial dimension is d = 1, the non-linear equation has been treated in [39] using
a two-parameter Young integral based on the Holder continuity of fBm.

To the best of our knowledge, there is no study of the wave equation driven
by a noise W, whose covariance is given by (6). The goal of the present article
is to start filling this gap, by identifying the necessary and sufficient conditions
for the existence of a random field solution of the linear wave equation with
noise (6) and H > 1/2. We also treat the heat equation.

When H > 1/2, it turns out that under relatively mild assumptions on the
fundamental solution G of the operator L, the necessary and sufficient condition
for the existence of the random-field solution of the linear equation Lu = W is:

[ [ 7o Fat i@ o i o iy <o, 0

which is more general than (2). Note that the integrand of the u(d¢) integral in
(7) is the Hc(0,t)-norm of the function u — FG(u,-)(€) (see the next section
for the definition of the H¢(0, t)-norm). Quite surprisingly, and in contrast with
(3), the estimates that we obtain for this norm are different in the case of the



wave and heat operators: in the case of the wave equation, (7) is equivalent to

/. (lfw)m/z u(de) < oo, @)

whereas in the case of the heat equation, (7) is equivalent to:

[ () o< ®

The amazing fact is that for the wave operator, these estimates can be de-
duced using only the estimates of the L?(0,t)-norm (given by (3)), the trick be-
ing to pass to the spectral representation of the H¢ (0, t)-norm of u — FG(u, -)(§).
In the case of the heat operator, there is no need for this machinery, since
u — FG(u,-)(§) is a non-negative function, and its Hc(0,¢)-norm can be
bounded directly by the L'/H (0, t)-norm, which is easily computable.

This article is organized as follows. Section 2 contains some preliminaries,
and a basic result which ensures that under (7), the stochastic integral of the
fundamental solution G of the wave operator is well defined. In Section 3,
we show that the solution of the wave equation exists if and only if (8) holds
(Theorem 3.1). Moreover, the solution is L?(2)-continuous. Similar results are
obtained in Section 4 for the heat equation, using (9). Appendix A contains
some useful identities, which are needed in the sequel. Appendix B gives the
spectral representation of the H(0,¢)-norm of the function sin.

2 The Basics

We denote by C5°(R9*1) the space of infinitely differentiable functions on R4+!
with compact support, and S(R?) the Schwartz space of rapidly decreasing C'>
functions in R%. For ¢ € L'(R%), we let Fy be the Fourier transform of ¢:

Fo(©) = [ e pla)da.

We begin by introducing the framework of [10]. Let p be a non-negative
tempered measure on R?, i.e. a non-negative measure which satisfies:

1 !
/ <1+|§|2> p(d€) < oo, for some I > 0.
R4

Since the integrand is non-increasing in [, we may assume that [ > 1 is an
integer. Note that 1 + |[£]? behaves as a constant around 0, and as |£|? at oo,
and hence (10) is equivalent to:

1
/ w(d€) < oo, and / p(d§) 75 < 00, for some integer [ > 1.
j€1<1 lE1>1 &l
(10)



Let f:R% — R, be the Fourier transform of y in &'(R), i.e
Dis = [ Fe©lds). Ve e S@.
Simple properties of the Fourier transform show that for any ¢, € S(R%),

/Rd /Rd p()f(z — y)(y)dedy = » Foo(&)Fp(&)pu(de).

An approximation argument shows that the previous equality also holds for
indicator functions ¢ = 14,9 = 1p, with A, B € By(R%), where By(R?) is the
class of bounded Borel sets of R%:

/ / f(@ — y)dudy = / FLu(O FI@n(de). (11)
AJB R4

As in [3], [4], on a complete probability space (€2, F, P), we consider a zero-
mean Gaussian process W = {W;(A);t > 0, A € B,(R?)} with covariance:

E(W((A)W.(B)) = Ra(t,5) /A /B £z — y)dady = (Loaxa Lowixa) -

Let &€ be the set of linear combinations of elementary functions 1jg x4,
t >0, A € By(R?), and HP be the Hilbert space defined as the closure of £ with
respect to the inner product (-,-)yp. (Alternatively, HP can be defined as the
completion of C§°(R¥ 1), with respect to the inner product (-, -)3p; see [3].)

The map 1jg x4 — Wi(A) is an isometry between £ and the Gaussian space
HW of W, which can be extended to HP. We denote this extension by:

= Wi(p / / (t,x)W (dt,dx).
Rd

In the present work, we assume that H > 1/2. Hence, (5) holds. From (11)
and (5), it follows that for any ¢, € &,

e = an [ [ [ elwaloton s - plu—oP e dy du do
— an [ [T ] Fetw NOFR I - o () du o

Moreover, we can interchange the order of the integrals dudv and u(df),
since for indicator functions ¢ and 1, the integrand is a product of a function
of (u,v) and a function of £. Hence, for ¢, € £, we have:

R S— / / 0 " Folu, ) OFDw O — v 2du dv u(de).
(12)



The space HP may contain distributions, but contains the space |HP| of
measurable functions ¢ : R, x R? — R such that

el = [ [ [ [ letwalletv. )l e o2 dy dudo < .
0 0 Rd JRd

We recall now several facts related to the fBm (see e.g. [29]).

Let B = (By)t>0 be a fBm of index H > 1/2. For a fixed T' > 0, let H(0,T)
be the Hilbert space defined as the closure of £(0,7T) (the set of step functions
on [0,T]), with respect to the inner product:

(110,475 Ljo,s]) 20,7y = Ru(t, ).

One can prove that

tAs
Ru(t,s) = Ky (t,r)Kp(s,r)dr,
0

1/2
where Ky (t,r) = ¢ f:(u — r)H_?’/zuH_l/QdU and ¢ = (m) :

(Here B denotes the Beta function.) Therefore, the map K7, defined by:
(KLo,0)(s) = Kn(t,s)1j0,4(s)

is an isometry between £(0,T) and L2(0,7T). This isometry can be extended to
#(0,T), and is denoted by ¢ — B(¢) = [ ¢(s)dBs.

The transfer operator K7, can be expressed in terms of fractional integrals,
as follows: for any ¢ € £(0,T),

(K59)(s) = ¢y T(H — 1/2)s /2= H L2 (=12 g(u)) (s),

where

T
5(6) = g [ (=) )

(a
denotes the fractional integral of f € L'(0,T), of order a € (0, 1).
K73, can be extended to complex-valued functions, as follows. Let Ec(0,T)
be the set of all complex linear combinations of functions 1y, € [0,77], and
Hc(0,T) be the closure of £c(0,T") with respect to the inner product:

T T 7
(o, V) 1co01) = aH/O /0 o(u)(v)|u — v[* 2 dudv.

The operator Kj; is an isometry which maps Hc(0,7) onto LZ(0,T) (the
space of functions ¢ : [0,T] — C, with fOT lo(t)|?dt < o0): for any ¢ € Hc(0,T),

T T T
@ w) o (v) |u—v|* 2 dudv = A=1/2(H=1/2 )Y () 2 S
H/ / (1) B(0)|u—v[H2dud dH/O LAV (B =12 ) 5) AH(<1dg)>,



where dy = (c3;)?T'(H — 1/2)? and Ay (ds) = s'=2Hds.

Let &7 be the class of elementary functions on [0,7] x R?. Note that for any
@ € &7, the function t — Fip(t,-)(€) belongs to He(0,T), for all £ € R, Using
(12) and (13), we obtain that for any ¢ € &Er,

T
H—1/2, H—
lelp =i [ [ 1@ o) ) (0) P (ds)ulde) = el
(14)
We are now ready to state our result. Note that, although the conclusion
of this result resembles that of Theorem 3 of [10] (for deterministic integrands),
the hypothesis are different, since the proof uses techniques specific to the fBm.

Theorem 2.1 Let [0,T] 3 t — ¢(t,-) € S'(R?) be a deterministic function such
that Fo(t,-) is a function for all t € [0,T]. Suppose that:
(i) the function t = Fop(t,-)(€) belongs to Hc(0,T) for all & € RY;
(i) the function (t,€) — Fo(t,-)(€) is measurable on (0,T) x RY;
) fsT uw=12(y — §)1=3/2| Fop(u, ) (€)|du < oo for all (s,&) € (0,T) x R (or
Fo(s,)(€) >0 for all (s,€) € (0,T) x RY).

If

T T
Ir = an / d / / Fiplu, Y& Fp(v, ) (©)u— vl ~2du dv p(d) < oo, (15)

then ¢ € HP and ||¢||3,p = Ir. In particular the stochastic integral of ¢ with
respect to the noise W is well-defined. (By convention, we set o(t,-) = 0 for
t>T.)

Remark 2.2 Conditions (i)-(iii) are satisfied by the fundamental solution G
of the wave (or heat) equation. In this case, |[FG(¢t,-)(§)] < 1 for all ¢ > 0,
and hence the map t — FG(t,-)(§) belongs to LZ(0,T), which is included in
Hc(0,T).

Proof: The argument is a modified version of the proof of Theorem 3.8 of [3].
For any ¢ € R? fixed, we apply (13) to the function ¢¢(t) = Fo(t,-)(€). We get:

T T
Folv. V() 2H—2 B
aH/O /0 Fo(u, ) () Fe(v,)(€)|u—v| dudv — (16)
T

dH/ 7P W 2 o (u, ) (6)) ()P (ds).
0
It will be shown later that:

(s,8) — a(s,§) = Ig__lm(uH*l/zfcp(u, 3(€))(s) is measurable on (0,7) x R%.
(17)
Hence, we can integrate with respect to u(d€) in (16). Using (15), we obtain:

T
IT:dH/ / L2 W2 Fp(u, ) (€))(5) P Am (ds) u(d€) = [l]|2 < o
R4 JO (18)



By the definition of HP and (14), it suffices to show that for any ¢ > 0,
there exists a function [ = [, € Er such that:

lle —1llo <e. (19)

Let € > 0 be arbitrary. By (17) and (18), it follows that a € L?((0,T) x
R?, A (ds) x u(d€)). Hence, there exists a simple function h(s, &) such that

/Rd/ O Am (ds)p(d) < e. (20)

Without loss of generality, we assume that h(s,§) = 1(cq(s)1a(§), with
c,d € [0,T),c < d and A € By(R%). By relation (8.1) of [36], we approximate
the function 1. g(s) in L2((0,T), Apz(ds)) by Lo~ /* (uf =121 (u))(s) with Iy €
£(0,T), ie

T
/o L e (8) = Ip— 2 (@21 (u)) (s) P Agr (ds) < e. (21)

By Lemma 3.7 of [3], we approximate the function 14(¢) in L2(R9, u(d€))
by Fl1(€) with I; € E(R?) (the set of elementary functions on R%), i.e

[ 1@ = Fu(©)Putde) <= (22)

We define I(u, ) = lo(u)l1(x). Clearly | € Ep and Fl(u,-)(§) = lo(u)Fl1(£).
Let

b(s, &) i= I P (W= Y2Fi(u, ) (€))(s) = i P (=1 200 (w) () - Fl (€).

Using (21) and (22), we obtain that:

[ [ 6.0 - b5, 0wttt

< 2{/Rd/ |1(cd H 1/2( H_l/QZO(u))(3)|21A(§)/\H(ds)u(d§)+

/Rd / 2712 (2 () () P11 (6) - le<g>|2AH<ds>u<df>}

< 2{en(A) + ellloli3 0.y /dir} = Cre. (23)

From (20) and (23), it follows that

o — 1% = dH/ / O)2An (ds)u(de) < 2dp (= + Cre) = Che.

This concludes the proof of (19).



We now return to the proof of (17), which uses assumptions (ii) and (iii). If
]:(u7 )(5) > 0, then (u7 575) = ¢(U, Saf) = 1{sgu}uH_l/z(’U’_S)H_:‘/Q}-@(/m )(5)
is measurable and non-negative, and a(s, &) = fOT o(u, s, &)du is measurable, by
Fubini’s theorem.

Suppose next that fST uT =12 (u — 8)A=3/2| Fp(u, ) (€)|du < co. If I(s,€) =
Lie,q)(5)14(€) is an elementary function with ¢,d € [0,T], A € By(R?), then

T
a(s, &) = ijf:l/Q(uH—lﬂl(u’g))(s) _ 1A(§)/ uH—1/21(C7d](u)(u . S)H_3/2du

S

is clearly measurable. In general, since (u, &) — Fp(u,-)(€) is measurable, there
exists a sequence (I,), of simple functions such that I, (u,§) — Fo(u,-)(§) for
all (u,€) and [l (u,§)] < |Felu,-)(&)] for all (u,&),n (see e.g. Theorem 13.5 of
[5]). By the dominated convergence theorem, for every (s, €)

T
la, (s,€) —als, €] < / w2 = )32 1, (5,€) = Foolu, ) (€)|du — 0.

S

Since ay,, (s, ) is measurable for every n, it follows that a(s,§) is measurable. OJ

3 The wave equation

We consider the linear wave equation:

0%u .

ﬁ(t,x) = Au(t,z) + W(t,z), t>0zcR? (24)
u(0,z) = 0, zeR?

ou d

Let G be the fundamental solution of uy —Awu = 0. It is known that G (¢, -)
is a distribution in &’(R%) with rapid decrease, and

sin(t
F6u(t)9) = (25)
for any ¢ € R% ¢ > 0,d > 1 (see e.g. [47]). In particular,
1 .
Gl(t,.’L‘) = 51{\x|<t}7 ifd=1
1 1 .
Gi(t,z) = = al<ty, Hd=2

21 /12— [a]?
1
Gi(t,z) = cdzat, ifd =23,

where oy denotes the surface measure on the 3-dimensional sphere of radius ¢.

10



The solution of (24) is a square-integrable process v = {u(t,z);t > 0,z €
R?} defined by:

u(t, z) = /O [ it —y)W(as.ay). (26)

By definition, u(t, ) exists if and only if the stochastic integral above is well-
defined, i.e. gy := G1(t — -,z — -) € HP. In this case, Elu(t,z)|* = ||giz||3p-
The following theorem is the main result of this article.

Theorem 3.1 The solution u = {u(t,z);t > 0,z € R} of (24) exists if and
only if the measure p satisfies (8). In this case, for allp>1 and T >0

sup sup Elu(t, z)|P < oo, (27)
t€[0,T] z€R?

and the map (t,z) — u(t,x) is continuous from Ry x R? into L2(12).

Example 3.2 Let f(2) = va.4/z|~(*~®) be the Riesz kernel of order o € (0, d).
Then p(d€) = |£|~“d€ and (8) is equivalent to a > d —2H — 1.

Example 3.3 Let f(z) = vaf we—d)/2=1g=we—|2*/(4w) gy be the Bessel
kernel of order o > 0. Then u(d€) = (1 + |£]*)~*/? and (8) is equivalent to
a>d—2H -1

Example 3.4 Let f(z) = [[%, (am, |z:|>#i~2) be the covariance function of a
fractional Brownian field with H; > 1/2 for all ¢ = 1,...,d. Then pu(d§) =
H?Zl(cHi|£i|_(2Hf‘_1)) and (8) is equivalent to Zle(QHi -1)>d-2H - 1.
(This can be seen using the change of variables to the polar coordinates.)

Remark 3.5 Condition (8) is equivalent to

1
€2+ T H(dE) <

Q.

/ u(d€) < oo and
|€1<1

1€]1>1

Proof of Theorem 3.1: Note that g;, = G1(t — -, & — -) satisfies conditions
(i)-(iii) of Theorem 2.1. Hence, g1, € HP (i.e. the solution u of (24) exists) if
and only if I; < oo for all ¢ > 0, where

I, :=ay /Rd/ / F (1, ) () Fgrz (v, ) () |u — v ~2du dv p(dE),
and Elu(t, z)*> = ||gie||3,p = I Since Fgp(u,-)(£) = e " FG1(t —u,-)(),

It—ozH/Rd/ / FGy(u, ) (O FC (0. )@ — o2 2du dv u(de).

Using (25), we obtain:

) [t . -
It:aH/Rd u|(§|2)/0 /0 sin(ulé]) sin(v[€])|u — v|*7 ~2dudv.

11



We split the integral p(d€) into two parts, which correspond to the regions
{J¢] < 1} and {|¢] > 1}. We denote the respective integrals by It(l) and It(Z).
Since the integrand is non-negative I; < oo if and only if It(l) < oo and It(z) < 0.

The fact that condition (8) is sufficient for I; < co follows by Proposition
3.7 below. The necessity follows by Proposition 3.8 (using Remark 3.5).

Relation (27) with p = 2 follows from the estimates obtained for I, =
El|u(t,z)|?, using Proposition 3.7. For arbitrary p > 2, we use the fact that
Elu(t,z)[P < Cy(Elu(t,z)|?)P/2, since u(t,r) is a Gaussian random variable.
The L?(Q)-continuity is proved in Proposition 3.10. (I

We begin with an auxiliary result. To simplify the notation, we introduce
the following functions: for A > 0,7 > 0, let

fi(A, 1) =sinTAt — 7sin At,  gi(\, 7) = cos TAL — cos At. (28)

Lemma 3.6 For any A >0 andt >0,

3
(1)_A 1 2 2 ()
5 < | O+ gl <o) 2,

14+ A2~
where c( ) = ¢ (tAt3) and c( ) = ¢ (t +t3), for some positive constants cy, cs.

Proof: From the proof of Lemma B.1, we see that:
_
(71

where ¢p(z) = sinz. Using the Plancharel’s identity (51), we obtain:

L2 T) + g 7)) = [Foee(T),

1
/R m[ftz(/\”') +gi (N, 7)ldr = /R | Foaee(r)Pdr =
At . L )
27T/ |sinz|dz = 27")\/ |sin As|*ds = 271'/\3/ wds
0 o Y

The result follows using (3): (see e.g. Lemma 6.1.2) of [44])

t : 2
1) 1 |s1n )\8| (2) 1
c 71+/\2§/07)\2 ds < ¢ T

We denote by Ny(€) the H(0,t)-norm of u — FG1(u,-)(£), i.e.

Ni( |§|2/ / sin(u|¢]) sin(v[§])|u 7)|2H_2dudv.

We also recall that (see [25]) it exists a constant by > 0 such that

O

[ b%IHQOHil/H(O,t) < bithH_l||80||2L2(o,t) (29)

for any ¢ € L?(0,t).
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Proposition 3.7 For anyt > 0,¢ € R?

N(E) < cHt2H+2( ! )HW i <1
. ) .

, 1 H+1/2
N(§) < CEI)J <1+|§|g> »if 1l >1

where Cy = b%,27%1/2/3 and ct H =cu(:% + c£2))23H’1/2. Here c£2) is the
constant given by Lemma 3.6 and cy is the constant from Lemma A.1.

Proof: a) Suppose that |£] < 1. We use (29) and |sinz| < z for any = > 0.
Hence,

Ny(€) < b4t |§1|2 /t sin? (u|€|)du < b3 t*H 1 /t u?du
/3 1 : H+1/2
_ b%,tQH*lg < gb%ﬂfQHHQHH/z (1 - |£2) 7
where for the last inequality we used the fact that % < ﬁ if |€] < 1.

b) Suppose that || > 1. Using the change of variable v’ = ul€|, v' = v|¢|,

gl ptlgl
Ne(§) = |€|2H+2/ / sin(u’) sin(v')[u’ — o' [~ 2du/ dv’

= |€|27H+2H sin(-)[|30,4/¢))-

Using the expression of the H(0,¢|¢|)-norm of sin(-) given by Lemma B.1,
we obtain:

(2H-1)

Ni6) = rgenss [ 7 T el ) + g2ellar. (30)

We split the integral into the regions || < 1/2 and |7| > 1/2, and we denote

the two integrals by Nt(l)(g) and Nt(2)(§).
Since |fi (A, 7)] < 1+ |7] and |g:(\, 7)] < 2 for any A > 0,7 > 0, we have:

1) 1 ‘T| (2H-1)
N < CH|§‘2H+2 /|T|§1/2 (1—12)2 [(1+|7'|) 4]dr

1
< CHi/ Clr|=CH-Vqr
HEE APl

CH 1 2—2H 1
- % (3)
We used the fact that [¢[*7 > [("+1 i ¢] 2 1, and fraps[(1+ I7])? +4] <
(3/4 =[(3/2)2 +4] =: C if |7] < 1/2.
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Using the fact that |7|~Z#=D < (1)=CH=D if |7| > 1 Temma 3.6, and the
fact that [£]2/(1 + |€]?) < 1, we obtain:

(2) CcH 1 1 2 2
N7 < 9—(2H-1) |¢[2H+2 /lel/2 (T2 1)2 L€l ) + gi (1], 7)ldr
cyg 1 1 ) 2
S 2,(2]_],1) |§|2H+2 ./]R (7_2 _ 1)2 [ft (|£|7T) + 9t (‘£|a T)]dT
cp 2 1 €
S o—(2H-1) “t €[22 €] 1+ €2
< CcH 2) 1

9-CH-Dt [¢2H+1"
0

Proposition 3.8 a) Ifltl) < oo fort=1, then f5\<1“ (d€) < o0.
b) Let 1 > 1 be the integer from (10) and m = 2l — 2. For any t > 0,

pds 3 m p(de
Jeo |£|§H+)l—““zb M [

€1>1

where ap,; = 22H/(CHC,E1)) by = QC/CEU, cgl) is the constant of Lemma 3.6 and
cy 18 the constant of Lemma A.1.
In particular, if 1,5(2) < oo for some t > 0, then f\&\>1 €|~ CGHHD u(de) < oo

Proof: a) Using the fact that sinz/x > sin1 for all € [0, 1], we have:

Il(l) = / 5 //s1nu|§| sin(v|€])u — v|*H 2 dudv
le|<1 |§|

> sin21/ u(dﬁ)/ / wv|u — v*# 2 dudv.
€l<1 o Jo

b) According to (30),

V

dg 77(2H71)
e | i [ e e (@)

For any k € {—1,0,...,m}, let

1
I(k) = /£|>1 Wﬂ(dﬁ)

By (10), 1(m) = flgo €] CH¥+™ pu(dg) < [l €172 1(de) < 0.

We will prove that the integrals I(k) satisfy a certain recursive relation. By
reverse induction, this will imply that all integrals I(k) with k¥ € {—1,0,...,m}
are finite. For this, for k € {0,1...,m}, we let

[ e e e e e
A= [ e [ gl okl @

14



We consider separately the regions {|7| < 2} and {|r| > 2} and we denote
the corresponding integrals by Aj(k) and A} (k). For the region {|7] < 2}, we
use the expression (32) of I'). Using the fact that |¢[2H+2+k > |¢2H+2 (since
k> 0), and |7|~H-1) > 2-CH=1) if |7| < 2 we obtain:

d 1
Aj(k) = /|£|>1Kﬁéi)ﬂc/hq(72_1)2[ft2(|€|,7')+gt2(|§|77')]d7'
d 7_7(2H71)
< wn [ ks [ e e + ai el e

1
< 22 py(32).
CH

For the region {|7| > 2}, we use the fact | f;(A,7)| < 14|7]| and |g: (A, 7)| < 2
for all A > 0,7 > 0. Hence,

" o ﬂ(dg) 1 2 T 2 T T
Alk) = /Ql i /le? ralfRl ) + gl

/5>1 5|§g@+k / >z (T2 i 12 [(1 4 |7)? + 4]dr = CI(k).

Hence, for any k € {0,1,...,m}

1
Ay (k) < 22H—171§2> + CI(k).
H

Using Lemma 3.6, and the fact that I Y |€] > 1, we obtain:

1+[¢? =
dg) £ 1
Ak>c(1)/ AL : > —eMk—1),
k) = e lej>1 [E2HF2TR 14 [¢)2 2 e A )
for all k € {0,1,...,m}. From the last two relations, we conclude that:
LY om-1 1 1(2)
3¢ Ik—1)<2 ;It +CI(k), Vke{0,1,...,m}, (34)

or equivalently, I(k — 1) < aH,tIt(Z) + b I(k), for all k € {0,1,...,m}. Relation
(31) follows by recursion. [

Remark 3.9 In the previous argument, the recursion relation (34) uses the fact
that k is non-negative (see the estimate of A}(k)). Therefore, the “last” index
k for which this relation remains true (counting downwards from m) is k = 0,
leading us to the conclusion that fl§|21 €]~ FHFD y(dg) < oo, if It(Q) < 00.

The next result shows that the map (¢,7) — u(t,x) from R, x R% into L?(Q)
is continuous.
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Proposition 3.10 Suppose that (8) holds, and let u = {u(t,r),t > 0,2 € R4}
be the solution of (24). For anyt >0,

Elu(t + h,x) —u(t,x)|>* = 0 as|h| =0, uniformly in x € R? (35)
and
Blu(t,z) —u(t,y)* =0 as |z—y|— 0. (36)

Proof: We use the same argument as in Lemma 19 of [10] (see also the erratum
to [10]). We first show (35).

Suppose that h > 0. Splitting the interval [0,¢ 4 k] into the intervals [0, ¢]
and [t,t + h], and using the inequality |a + b|? < 2(a® + b?), we obtain:

Elu(t+h,z) —ult,2)]* < 2{|(9t+n2 — gra) Lo, ll5ep + I 9e4nalipeen 5p
. 2[Er(h) + Ea(h)).

Since F(gi+hn.a—gra) (1, ) () = e 7T FGr(t + h —u,)(§) — FG1(t — u,-)(8),

Bro) = [ uae) [ [ dudl = o Fgre — ) )0
Flavsre =507
= an [ utae) [ [ dudotu —oPEG w1 (E) — FG () €]
FGr o+ h. )€~ 70, @)

((dg)
| B hn e,

where

ki(h,[€]) = am /0 /0 (sin((u + h)[E]) — sin(ul¢])) (sin((v + h)[E]) — sin(v[¢]))
u — " 2dudv = || sin((- + )[¢]) — sin(- [€D)1F0.0)-

By the Bounded Convergence Theorem, limy, g k¢ (b, |£]) = 0, for any ¢ € R%.
The fact that E4 (k) — 0 as h | 0 will follow from the Dominated Conver-
gence Theorem, once we prove that:

d
b6 < ke, he o veery and [ A k(e) <o (31

When [¢] < 1, using the same argument as in Proposition 3.7, we get:
ke(hl€]) < b3 sin((- + R)[E]) —sin(- [€])[Z2(0)

t t
o2 12H -1 ( /0 sin? ((u + h)|€|)du + /O sin2(u|§|)du>
t t
o2 1211 g2 </ 2(u2+1)du+/ u2du) . ha(j€)).
0 0

IN

IN
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Suppose that || > 1. We use the fact that:

ke(h, l€]) < 2([sin((- + R)IEDIFy0,e) + IIsin(- [ED13y0,0))-

Using the change of variables u' = (u + h)[¢],v" = (v + h)[¢], and (52)
(Appendix A) we obtain:

Isin((- +WED 2oy = aH/’/sm«u+mmnsm«w+mm>m—vW*%mm

(t+h)El p+R)IE]
= g [ [ s P
|£‘ hl€] €|

= |£‘2H / \Fniel, ernyje o (7)1~ BV dr,

where ¢(t) = sint. Note that the square of the real part of Fp¢|, (t+n)g|2(T) is

(t+h)le] 2 (t+h)le] hle|
/ cos Tt sin tdt / cos Tt sin tdt / cos Tt sin tdt
h|€| 0 0

2
+ 2

2
<2

3

and the square of the imaginary part of Fp¢| 14-n)j¢|2(7) is

(t+h)le] (t+h)le] 2 hle|
/ sin 7t sin tdt / sin 7t sin tdt / sin 7¢ sin tdt
hl€| 0 0

2 2

<2 +2

We now use the following fact (see Appendix B): for any 7' > 0

2 2

= sin 77 —7 sin T')?+(cos 7T —cos T)?).

T T
/ cosTtsintdt| + / sin 7t sin tdt
0 0

1
VR

From here, it follows that k;(h, |£]|) is bounded by:

2cH |7|~H-D 2 2 2 2 2
|§|2H./R (7_2 ) [ft+h(|§| )+gt+h(|£|7T)+fh(|£|77—)+gh(|§|vT)+ft (‘£|3T)+gt(‘£|77_)]d7-

where fi(A,7) and g¢(A\, 7) are defined by (28). The argument of Proposition
3.7 shows that for any ¢ > 0 and |{| > 1

I 5208, + a2l e < 2 ST < e
r (T2 -1)2 ’ tH1+|§\2_ i
where CE‘I){ = 2= (%)2 2 : —(2H-1) ( . Since c§41){ is non-decreasing in t

H
and h € [0,1], ke (h,

&|) is bounded by

2cy 4 4 2cy 4
Wﬁ(cgﬁmﬁ'c() +C,(sz){) |£|2H,1(C§+)1H+C§}J+C 1) = k(&)
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This concludes the proof of (37).
A similar argument shows that E2(h) — 0 as h | 0, since

Es(h)

t+h h
2H-2

— ozH/Rd €2 / / sin(ul&|) sin(v |£D|U*U|2H 2 dudv.

The case h < 0 is treated similarly. Using the same argument as above, it
follows that for any h > 0, El|u(t — h, z) — u(t,z)|* < 2(E} ;(h) + Ex(h)), where

B = [ S0 eD, and ki) = lsinG € —sin((- ~WIED B

To prove (36), note that
Elu(t, x) = u(t,y)]* = l|giz — 9oy ll3rp =

o /Rd/ / F(gtx = ge) (1, )€ F (e — g1)) (v, ) (€)1 — v* ™ du dv p(dE) =

o / T i€y / / FGi(u, )€ FCr (0, ) @) |u— o ~2du do p(de),
R4 0 0

which converges to 0 as | — y| — 0, by the Dominated Convergence Theorem.
O

Example 3.11 There exists an interesting connection between the solution of

the wave equation with fractional noise in time and Riesz covariance in space

and the odd and even parts of the fBm. Indeed, if f be the Riesz kernel of order
€ (0,d), then

A (2H-1)
an [ g2 [ (T'>[ft<|£ ) + g3l 7))dr

QOéHCd/ |’7'| (2H-1) (/"O (sinTAt — 7 sin \t)? AP+ /OO (cos TAt — cos At)? )\Gd)\> 7
0 0

I

A2 A2

where 0 = a+1—d+ 2H > 0 under (8). If # < 1, the two integrals d\ can be
expressed in terms of the covariance functions of the odd and even parts of the
fBm (see [15]).

In the remaining part of this section, we examine the distribution-valued
solution of (24).
For any ¢ € C5°(Ry x RY), let

p(t,z) = (9xG1)(t,2) = (9% G1)(~t, —a) = /too[cﬁ(s, ) xGi(s—t,-)|(—x)ds

with the notation ¢(t, ) = ¢(—t, —z) (see also the last line on p. 19 of [10], for
the case ¢(s,z) = A(s)¥(x)).
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Since G1(s —t,-) € O4(R?) (the space of distributions with rapid decrease)
and ¢(—s,-) € C§°(RY),

o(—s,- ) xGi(s—t,- ) € S(RY)

(see p. 245 of [45]).
Suppose that supp(¢) C [0,7] x K for some T > 0 and a compact set
K c R Then ¢(—s,—y) = ¢(s,y) = 0 for any s > T and y € R¢, and

p(t,x) = /t [(—s,- ) % Gi(s —t,- )](—z)ds.

In particular, ¢(¢,z) = 0 for any t > T and = € R%. Note that

T_ T
Fo(t,) (&) = /tf[d)(*Sw)*Gl(sftw)Ké)ds:/t Fo(=s,-)(€) - FGi(s =1, )(§)ds

[ Fols, JOFCi(s 1, )(@)ds (38)

(see also p. 20 of [10], for the case ¢(s,x) = A(s)¢(x)).
Theorem 3.12 Suppose that (8) holds. Then, for any ¢ € C°(Ry x R?),
¢xGy € HP,

and hence, the process {u(¢) := W (¢ * G1),d € O (R, x RY)} is well-defined.
Moreover, for any ¢ € C°(R; x R?),

u(®) :/ X(t,x)p(t, x)dxdt  a.s. (39)
0 Jrd
where X = {X(t,x);(t,x) € Ry x R4} is a jointly measurable modification of
the solution {u(t,x); (t,z) € Ry x R} of (24), defined by (26).

Remark: The process {u(¢) = W (¢*G1), ¢ € C°(Ry xR%)} is the distribution-
valued solution of (24).

Proof: Let ¢ € C5°(Ry x R?) with supp(¢) C [0,7] x K, and ¢ = ¢ x G1. To
prove that ¢ € HP, we use Theorem 2.1. We first check conditions (i)-(iii) of

this theorem.
Note that [Fo(s,- )(€)| < [ |0(s,y)|dy < C|K| for some constant C' > 0.
Using (38) and the fact that [FG1(s —t,- )(§)| < 1, it follows that

T
[ Fe(t,-)(©)] S/t [Fo(s,- )& [FGi(s —t,- )(§)lds < C|K[T, Vite(0,T)

This shows that the map ¢ — F(t, -)(£) belongs to LZ(0,T) C Hc(0,T). Hence,
condition (i) is satisfied.
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Since (s,t,&) — FG1(s —t,-)(§) is measurable, there exists a sequence (I,,)n,
of simple functions such that I,,(s,¢,§) — FGi(s —t,-)(§) and [l,,(s,t,§)| <

|FG1(s—t,-)(€)| for all n. One can show directly that (¢,&) — fST Fo(s,- )(E)ln(s,t,&)ds
is measurable for all n. Since fST Fo(s, Y ENn(s,t,&) —FGi(s—t,-)(&)|ds — 0,

it follows that (¢,&) — fST Fo(s,- )(&)FGi(s —t,-)(£)ds is measurable, i.e. (ii)
holds.
Condition (iii) is clearly satisfied, since

T T
/ W2 () H =312  Fop(, ) (6)du < C|K|T/ =12 () H=3/2y, < oo,
It remains to show that

Ir = an /R d /0 /0 Foo(u, )€ F (0, ) ©u — v 2du dv p(de) < oo.

Using (38), and Fubini’s theorem, we obtain that

T T
= —ig-(y—2)
Ir /R . /0 /0 /R . o(s,y)p(r, z)e N, s(&)dydzdrdsu(d€), (40)

where

N, (&) CYH/ / FGi(s—u,- )J()FG1(r—v,- )(&)|u— v|2H_2dudv
0o Jo
= (lp,gFGi(s —*,- )(&), Lo FG1(r—*,- ) (€))7

By the Cauchy-Schwartz inequality, |N;. ()] < N,.(£)/2N,(€)'/?, where

N(€) = an /0 /O FCr(t— u, Y FCr =0, |u — v 2dudy.

By Proposition 3.7, Ny(€) < Cy g (1+€]?)~H+1Y/2) where C; y is a positive
function, which is increasing in ¢. Hence,

1

H+1/2
1-’—|§|2> for all r,s S (O,T) (41)

IN,(©)] < O <

Using (40) and (41),

1 H41/2
e < o [ (z) uiag) [ 16(5, 9)6(r, 2) dsdydrds < 0.
re \1+[{] ([0.T]xR%)2

This concludes the proof of ¢ € HP. In particular, ||¢||%,, = Ir.
To prove (39), we will show that:

2

E =0.

/OO X (t, z)o(t, v)dzdt — u(P)
0 Rd
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For this, it suffices to prove that:

2

X(t,z)p(t, z)dxdt
R

=Elu(®))? =E (u(gb) X(t,x)(;S(t,x)dzdt) .

(42)

g
By the isometry property,
E(X(t,r)X(s,y)) = = E(W(912)W (gsy)) = (Gtw> Gsy) 1P
. /R / / Foua(t, ) (&) Fgea ity VE)|u — v 2du dv p(de).

Hence, using Fubini’s theorem, it follows that

—QH/ u(df)/ dudv|u — v|*H 2
d 0

(/Rd]?gfr () o(t x)dxdt) (/OOO » ]M¢(s,y)dyd5> =

aH/ f(dg) /OO dudvlu — v*" 2 Fop(u, - )(€)Fp(v, )(€) = ll¢lFp- (43)
Rd 0

X(t,z)p(t, x)dxdt i

For the second last equality above, we used the fact that:

0o T
/0 R fgtz(uv ’ )(f)qb(t, :E)dl‘dt = / f¢(t7 : )(E)]:Gl(t — U, )(f)dt = fcp(u, ’ )(g)v

which can be checked directly using the fact that F g, (u, - )(§) = e S *FG1(t — u,- )(£).
Clearly,

Blu(@)? = EIW (o) = ol (449)
Finally
B@(@X(ta) = Blul@)ult, ) = EOW W (g)) = (9, giaur
- an / / Filu, )€ F g, )@ — o2 dv (),

and therefore, by Fubini’s theorem,

£ (ulo) [ K x)dxdt)zaH [ontae) [ [ = o ret )
( / F (v, ) (©)d(t x)dwdt)

o / (d) / / P2 F(u, ) () Fp (o, )(E)

= [lell3.p- (45)

Relation (42) follows from (43), (44) and (45). O
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Theorem 3.13 Suppose that there exists a jointly measurable locally mean-
square bounded process X = {X(t,z);(t,z) € Ry x R} such that, for any
6 € C5(Ry x RY),

¢ G1 € HP and relation (39) holds,
with w(¢) := W (¢ * G1). Then (8) holds.

Proof: We follow the lines of the proof of Theorem 11 of [10]. Let A € C§°(R)
be such that A > 0, supp(\) fR t)dt = 1, and v € C$°(R?) be such
that 1 > 0, supp(¢)) C B1(0 fRd dx = 1

Let ¢, (t,x) = Ap(t — to)wn(x - xo) where A\, (t) = nA(nt) and ¥, (z) =
ndyp(nx). We calculate E|u(é,)|? in two different ways.

First, by (39) and Fubini’s theorem,

2

Blu(on)* = X (t, )b, (t, z)dzdt

Rd
[ [ B xsmont.aonts, psdayas.
0 R4 JO R4

Note that g(t,z, s,y) = E(X (t,z)X (s,y)) is locally integrable. By Lebesque’s
Differentiation Theorem,

lim Elu(¢n)|* = E|X (to,x0)|* for a.a. (tg,x0). (46)
n—oo

Secondly, by the isometry property,
Elu(¢n)? = E|W(dn*G1)I> = |on * G1||m>

= « * 1 n*~1 v, - u— v 2du dv

= [ [ [ F ) OF < o) )@~ o do )
= c T_(QH_I) * ~1 * - )|2dr .

= en [, [ 17 IE P (0 Gr) e O Pdr(ae)

Note that
ForelFlbnx G, )OI(r) = / e E (g )L ()t

R / €T F Gt (- NE)dE = Fome[Fargmo (+ - ) ())(7)
By Fatou’s lemma
timinf Elu(0n)f = en [ [ 171G D1 [Pt (1 JOIT) ()
R4 JR

= lgtoo l3:7- (47)
From (46) and (47), we conclude that
Ito = Hgt(ﬂco”g—t?’ < E|X(t07$0)|2 < 00,

which implies that (8) holds, by Proposition 3.8. O
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4 The heat equation

In this section, we consider the the heat equation with additive noise:

1 )
%(t,x) = §Au(t,x) +Wi(t,z), t>0,zecR? (48)
u(0,z) = 0, zcR%

Equation (48) was treated in [3], in the case of particular covariance kernels
f. We give here an unitary approach which covers the case of any covariance
kernel f, which satisfies (9).

The case of the heat equation is actually much simpler than the case of the
wave equation, since both the fundamental solution G and its Fourier transform
are non-negative functions.

More precisely, let Go be the fundamental solution of u; — 2 Au = 0. Then

2

1 el?

and

HEN2
FGilt, )(€) = exp (-'g') . t>06cRY (19)
We will prove the following result.

Theorem 4.1 The solution u = {u(t,z),t > 0,7 € R?} of (48) exists if and
only if the measure p satisfies (9). In this case, (27) holds for allp > 1 and
T >0, and the solution is L?(Q)-continuous.

Remark 4.2 (i) When f is the Riesz kernel of order a, or the Bessel kernel of
order «, condition (9) is equivalent to & > d — 4H. When f is the covariance
function of the fractional Brownian field with H; > 1/2 for all i = 1,...,d,
condition (9) is equivalent to Z 1(2H; —1) > d—4H. Note that this condition
is weaker than the condition given in [34].

(ii) In Theorem 2.1 of the Erratum to [3] it has been proven that condition
(9) implies that ||gs. [P < oo for any t > 0 and z € R%.

Proof of Theorem 4.1: Note that g;, = Ga(t — -,& — -) is non-negative.
Hence, g¢, € HP if and only if g¢, € |HP|. This is equivalent to saying that
IRES ”gtr”\sz < oo for all t > 0. Note that

Jy = aH///Rd/Rdgm(u,y)gm(v,z)f(y—z)|u—v|2H_2dydzdudv
= an [ [ [ Fowln NOFao @ — o2 pae e

aH/ / Rd]:G2 (t — u, )(5)]“6’2(1&—@ YE)u — |2H 2(d€)dudv.
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Using (49) and Fubini’s theorem (whose application is justified since the
integrand is non-negative), we obtain:

Jy = aH/ / / exp < |§|2> exp (—U|§|2> lu — v|*"2du dv p(dE).
R4

The existence of the solution follows from Proposition 4.3 below, which also
gives estimates for J; = FE|u(t,z)|? (and hence for Elu(t,z)[P). The L?*()-
continuity is given by Proposition 4.4. [

Let

N{(¢ —aH/ / exp( |§|2) p(—v|§2) lu — v|* 2 dudv.

The next result is similar to Lemma 6.1.1 of [44].

Proposition 4.3 For anyt > 0,¢ € R?,
1 1 2H 1 2H
(A | —— < N/(& < t2H+1() ,
1) () < MO < e+ (1
where Cly = b2 (4H)*H

Proof Suppose that [£] < 1. Using (29), the fact that e=* < 1 for any x > 0,

and 1 < 1+|5|2 if €] <1,

t 1 2H
Ni© < e [ explalean < e <ien (L)
0

Suppose that |¢| > 1. Using the fact that ||<,0||H(0 " S b? H‘F’HLl/H(o,t) for any

we LYH(0,t),1—e* <1 for all z >0, and |£|2 < H_mg, we obtain:
2 2H 2 2H
2H tl¢]
N/ < b2 ‘§| d — b2 1 _ -2
(e < [/O XP( i ) e P\ e
1 2H
< b (4H) () :
< by(4H) 1+ €]

This proves the upper bound.
Next, we show the lower bound. Suppose that t|¢|? < 1. For any u € [0,1],

%HZ < % < % Using the fact that e™ > 1 — x for all x > 0, we conclude
that:
2 2
1
exp( ulé] ) >1— “'gl > 2, Vue[od]
Hence
N{(§) =z a ; 2/t tlu o 2 dudv = —t*7 > Lo A
Be =T 2 o Jo 4 L+ ¢



For the last inequality, we used the fact that 1 > 5 +|£|2

Suppose that t|¢|> > 1. Using the change of variables v/ = u|¢|?/2,v" =
v|€]?/2, we obtain:

g2H  (HER/2 ilel?/2
N/( =ay |€|4H/ / 7u 71) u/—v/\2H72du’d1}’.

Since the integrand is non-negative,

22H

N/(f) a 1/ 1/2 —u —U| _ 2H—2d d
¢ > HF‘MI | | e e u — v udv

1 1 2H+2 1 2H
22H||€—u||2 > 22H -
HO.1/2) |¢|4H = 2 1+ ’

Whe;;e{ f(;r the last inequality we used the fact that ﬁ > 1+|§|2 ,and [le” ||g-z(0,1/2) 2
(3) + (This follows since e > 1 —u > 3 for all u € [0, £].)
U

V

Proposition 4.4 Suppose that (9) holds, and let v = {u(t,z),t > 0,z € R4}
be the mild-sense solution of (48). Then the map (t,x) — u(t,z) from Ry x R?
into L2(2) is continuous.

Proof: The argument is similar to that of Proposition 3.10. In this case, if
h >0,

Bualh) = [ ulde)ba(h )

o (-L4) (1)

H(0,t)

where

ki(h, [€]) =

b

and

Es(h) =ay /Rd (d€) / / exp( |§|2> exp (UEF) lu — o272 dudv.

We omit the details. (I
Remark: Results similar to Theorem 3.12 and Theorem 3.13 continue to hold
in the case of the heat equation, with condition (8) replaced by (9).

Remark 4.5 We consider the operator Lu = (“)tu—ZfJ 1 @ij Oy, U~ Zl N
Let Gs(t, x; s,y) be the fundamental solution of Lu = 0. We assume that:

(i) The functions a;j,b; : [0,7] x RY — R, i,j = 1,...,d are o/2-Holder
continuous in ¢ and «-Hélder continuous in z, for some « € (0, 1).

(ii) There exist some k, K > 0 such that for all (¢,z) € [0,T] x R%, ¢ € RY,

d

KIEP < D ag(ta)6g < K¢

1,j=1
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Under these assumptions, G is a positive function defined on [0, 7] x R? x
[0,T] x REN{(s,t);0 < s <t < T}, which satisfies: (see p. 376 of [21])

lz —y|?

Gs(t,x;5,y) < cr(t —s) "% exp (_C2 > =Gyt —s,x—y). (50)

t—s

Since G4(t, ) is essentially the same as the heat kernel G (t, ), the solution

of Lu(t, ) = W(t,z) (with vanishing initial conditions) exists, if the measure y
satisfies condition (9).
A Some useful identities
Recall that the Fourier transform of a function ¢ € L'(R) is defined by:
Fo(r) = / e p(x)d.
R

For an interval (a,b) C R, we define the restricted Fourier transform of a function
¢ € L'(a,b):

b .
Funo(r) = / (@) dz = Flpliay) (7).

One can prove that Fo € L%(R), for any ¢ € L*(R) N L%(R). By the Plan-
charel’s identity, for any ¢,v € L'(R) N L?(R), we have:

/ p(@)()ds = (2m) ) / Foo(r) Fo(r)de.
R R

In particular, for any ¢, € L?(a,b), we have:

b
/ ga(x)w(x)dx:(27r)*1/faw(T)fa,bw(T)dg. (51)
a R

(Consider ¢ = ¢l{,;). Then ¢ € LYR) N L*(R) and F@(€) = Fapp(€).)

The proof of Theorem 3.1 uses, in an essential way, a formula for the
Hc (0, T)-norm of sin (developed in Appendix B), which is in turn based on
the following result. This result essentially states that the Fourier transform of
||~ is c|¢|7(@=*) with a € (0,d) (here d = 1), and can be derived, for instance,
using the results of [35]: see their Proposition 3.1, Theorem 3.1 and p. 270.

Lemma A.1 Let H € (3,1). For any ¢, € L'(R) N L*(R),

an / / () ()1 — v PP 2dudy = ey / Fo(r)Fo(@) 7|~ Vdr,

where agp = H(2H — 1) and cg =T(2H + 1) sin(rH)/(27).
In particular, for any ¢, € L*(a,b),

bob
ozH/a /a SO(UW(UMU_UPH_MMU:CH/RFG’W(T)WT|_(2H_1)‘z;)
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B The H(0,T)-norm of sin

Lemma B.1 Let o(t) =sint, t € [0,T]. Then

(sintT — 7sinT)2 + (cos 7T —cos T)? | op_
||<,0||§{(0 "= CH/ (12 -1)2 7|~ CH=Dr,

where cyg = T'(2H + 1) sin(wH)/(27).

Proof: By (52),

I l340,7) *O‘H/ / v)[u—v[*#~ 2dudvch/ |\ Fo,ro(r)Pr|~ 3 Ddr.
, 2

Note that |Fo ro(7)> = ‘fOT e~ To(t)dt| = I} + J?, where

T T
I = Re[Fore(r)] = / costtsint dt, Jy =Im[Forp(r)] = / sin T¢sint dt.
0 0

We calculate I first. Using integration by parts, we obtain:
I =1—costT cosT — 715,
where I, = fo sin 7t costdt. On the other hand,

1 — cos[(T 4+ 1)T]
T+1

T
Il —+ IQ = / Sin[(’r —+ 1)t}dt =
0

Solving for I; and Is, we obtain:

1

11:1—72

(1 —costT cosT — Tsin7T sinT).

Similarly, letting Jo = fo cos Tt cos tdt, obtain:

T7Jo—Jy =sintTcosT and Jy—J =

1
1 sin[(7 + 1)T7.
Solving for J;, we obtain:

J = (tcosTTsinT — sin7T cosT).

1—72
An elementary calculation shows that:

7+ J? sintT — 7sinT)? + (cos 7T — cos T)?].

1
BT
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Remark B.2 Let B = (B;)icr a fBm of index H (on the whole real line). Let
B° = (B?)ter and B¢ = (B{)tcr be the odd and even parts of B (see [15]). B°
and B¢ are independent centered Gaussian processes with B; = By + By, and

sinTtsinTs
B(BIEY) = (LoaLowo = e | ST s
R
1-— t)(1 —
E(B{BY) = (o4, Liow)e ;:CH/( cos7)(2 COSTS)\T|‘(2H‘1>dT.
R T

In general, for ¢ € L'(R) N L*(R), we have:

BUB°(@] = 12 := cn [ [RelFe(r)Firl~ @ Var

BB (o) = 2= cn [ [mlF ()l Var

In the proof of Lemma B.1, Iy = I1(7) and J; = J;i(7) are the real and
imaginary parts of F (¢l 1)(7), where o(t) = sint. Hence

2
T
E(/ sintdBf) = lsinConl? = e [ n@F T Var
0 R

2

T
E (/ sintdBf) = HSin(')l[o,T]Hi
0
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