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Abstract

For each n > 1, let {X;n}1<j<n be a sequence of strictly stationary random variables. In this article, we
give some asymptotic weak dependence conditions for the convergence in distribution of the point process
N, = Z;;l dx; , toan infinitely divisible point process. From the point process convergence, we obtain the
convergence in distribution of the partial sum sequence S, = le Xjn to an infinitely divisible random
variable, whose Lévy measure is related to the canonical measure of the limiting point process. As applica-
tions, we discuss the case of triangular arrays which possess known (row-wise) dependence structures, like
the strong mixing property, the association, or the dependence structure of a stochastic volatility model.
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1 Introduction

In this article we examine the convergence in distribution of the sequence {N,, = E?Zl dx;.,.,n > 1} of point
processes, whose points (X ,,)1<j<n,n>1 form a triangular array of strictly stationary weakly dependent random
variables, with values in a locally compact Polish space E. As it is well-known in the literature, by a mere
invocation of the continuous mapping theorem, the convergence of the point processes (N, ),>1 becomes a rich
source for numerous other limit theorems, which describe the asymptotic behavior of various functions of N,
provided these functions are continuous with respect to the vague topology (in the space of Radon measures in
which N,, lives). This turns out to be a very useful approach, provided that one has a handle on the limiting
point process N, which usually comes from its “cluster representation”, namely a representation of the form
N < > i j>1 0y, for some carefully chosen random points Tj;. In principle, one can obtain via this route the
convergence of the partial sum sequence {S,, = Z?Zl Xjn,n > 1} to the sum X := ZMN T;; of the points.
(However, as it is usually the case in mathematics, this works only “in principle”, meaning that the details are
not to be ignored.)

On the other hand, a classical result in probability theory says that the class of all limiting distributions for
the partial sum sequence (S,),>1 associated with a triangular array of independent random variables coincides
with the class of all infinitely divisible distributions (see e.g. Theorem 4.2, [16]). This result has been extended
recently in [10] and [11] to some similar results for arrays of weakly dependent random variables with finite
variances. One of the goals of the present article is to investigate if such a limit theorem can be obtained via
the more powerful approach of point process convergence, which does not require any moment assumptions.

Our work is a continuation of the line of research initiated by Davis and Hsing in their magistral article [6],
in which they consider an array of random variables with values in IR\{0}, of the form X;, = X;/a,, where
(X;);>1 is a strictly stationary sequence with heavy tails, and a,, is the (1 — 1/n)-quantile of X;. In this case,
there is no surprise that the limiting distribution of the sequence (S,),>1 coincides the stable law.

The main asymptotic dependence structure in our array (called (AD-1)) is inherited from condition A({a})
of [6] (see also [7]), but unlike these authors, we do not require that X , lie in the domain of attraction of
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the stable law. This relaxation will allow us later to obtain a general (possibly non-stable) limit distribution
for the partial sum sequence (S,)n>1. The asymptotic dependence structure (AD-1) is based on a simple
technique, which requires that we “split” each row of the array into k,, blocks of length r,, and then we
ask the newly produced block-vectors Y; ,, = (X(i,l)rnﬂ,n, ooy Xir, m), 1 < i <k, to behave asymptotically
as their independent copies ﬁn = (X(i_l)rnﬂ,n,...,)N(Z-Tmn), 1 < i < k,. Note that this procedure does
not impose any restrictions on the dependence structure within the blocks, it only specifies (asymptotically)
the dependence structure among the blocks. (Since each row of the array has length n, as a by-product, this
procedure necessarily yields a remainder number n —r,k,, of terms, which will be taken care of by an asymptotic
negligibility condition called (AN).) The origins of this technique can be traced back to Jakubowski’s thorough
investigation of the minimal asymptotic dependence conditions in the stable limit theorems (see [18], [19]).
However, in Jakubowski’s condition (B) the number of blocks is assumed to be 2, whereas in our condition
(AD-1), as well as in condition A({a,}), the number k,, of blocks explodes to infinity.

A fundamental result of [6] states that under A({ay}), if the sequence of point processes (IV,,),>1 converges,
then its limit NV admits a very nice cluster representation of the form N = Zl i>1 dp,Q.;» With independent
components (P;);>1 and (Q;;)i>1,j>1 (see Theorem 2.3, [6]). The key word in this statement is “if”. In
the present article, we complement Theorem 2.3, [6] by supplying a new asymptotic dependence condition
(called (AD-2)) which along with conditions (AD-1) and (AN), ensure that the convergence of (N,),>1 does
happen, for an arbitrary triangular array of random variables (not necessarily of the form X, = X,/a,, with
an ~ n/*L(n) for some a € (0,2) and a slowly varying function L). Under this new condition, we are able to
find a new formulation for Kallenberg’s necessary and sufficient condition for the convergence of (N, )n>1, in
terms of the incremental differences between the Laplace functionals of the processes Ny, ,, = Z;"Zl 0x;.,,m < n.

The new condition (AD-2) is an “anti-clustering” condition, which does not allow the jump times of the

partial sum process S, (t) = Zgnjl X n,t €0,1], whose size exceed in modulus an arbitrary fixed value n > 0
(and are located at a minimum distance of m/n of each other), to get condensed in a “small” interval of time
of length r,,/n ~ k. This happens with a probability which is asymptotically 1, when n gets large and m
either stabilizes around a finite value mg, or gets large as well. From the mathematical point of view, condition
(AD-2) treats the dependence structure within the blocks of length r,,, which was left open by condition (AD-
1). Condition (AD-2) is automatically satisfied when the rows of the array are m-depedent. The asymptotic
negligibility condition (AN) forces the rate of the convergence in probability to 0 of Xi,, to be at most n=1.

Of course, there are many instances in the literature in which the sequence (N, ),>1 converges. The most
notable example is probably the case of the moving average sequences X;, = a,, 1 Z;’;O Ci,jZi—j,1 > 1: the
classical Theorem 2.4.(i), [9] treats the case of constant coefficients C; ; = ¢;, whereas the recent Theorem 3.1,
[23] allows for random coefficients C; ;. Another important example is given by Theorem 3.1, [28], in which
X;n=n"12X; and (X;);>1 is a symmetric a-stable process.

With the convergence of the sequence (N,,),>1 in hand, we can prove a general (non-stable) limit theorem
for the partial sum sequence (S, )n>1, and the hypothesis of this new theorem are indeed verified by the moving
average sequences (even with random coefficients). The infinitely divisible law that we obtain as the limit of
(Sn)n>1 must have a Lévy measure p which satisfies the condition fol xp(dx) < oo. This is a limitation which
has to do with the method that we use, based on the Ferguson-Klass [15] representation of an infinitely divisible
law. It remains an open problem to see how one could recover a general infinitely divisible law as the limit of
(Sn)n>1, using point process techniques.

There is a large amount of literature dedicated to limit theorems for the partial sum sequence associated
to a triangular array, based on point process techniques. For a comprehensive account on this subject in the
independent case, we refer the reader to the expository article [25]. In the case of arrays which possess a row-wise
dependence structure, the first systematic application of point process techniques for obtaining limit theorems
for the sequence (S,)n>1, has been developed in [20]. The article [20] identifies the necessary conditions for the
general applicability of point process techniques, including cases which are not covered in the present article
(e.g. the case of the a-stable limit distribution, with « € [1,2)), and contains the first general limit theorem
for sums of m-dependent random variables with heavy tails. Without aiming at exhausting the entire list of
contributions to this area, we should also mention the article [22], which includes the necessary and sufficient
conditions for the convergence in distribution of sums of m-dependent random variables, to a generalized Poisson
distribution.

The present article is organized as follows. In Section 2, we introduce the asymptotic dependence conditions



and we prove the main theorem which gives the convergence of the sequence (N,,),>1 of point processes. Section
3 is dedicated to the convergence of the partial sum sequence (S, ),>1. In Section 4, we give a direct consequence
of the main theorem, which can be viewed as a complement of Theorem 2.3, [6], specifying some conditions which
guarantee that the limit N of the sequence (N, ), >1 exists (and admits a “product-type” cluster representation).
Section 5 is dedicated to the analysis of condition (AD-1) in the case of an array whose row-wise dependence
structure is given by the strong mixing property, the association, or is that of a stochastic volatility sequence.
Appendix A gives a necessary and sufficient condition for a product-type cluster representation of a Poisson
process. Appendix B gives a technical construction needed in the strongly mixing case.

2 Weak convergence of point processes

We begin by introducing the point process background. Our main references are [21], [26] and [27].

Let E be a locally compact Polish space, £ its Borel o-algebra and B the class of bounded Borel sets in £. A
measure p on E is called Radon if u(B) < oo for all B € B. If E = R\{0} or E = (0,0), the class B contains
the Borel sets in E which are bounded away from 0 and +oo, respectively from 0 and oc.

Let M,(E) be the class of all Radon measures on E such that u(B) € Z, = {0,1,2,...} for all B € B. The
space M, (FE) is endowed with the topology of vague convergence. The corresponding Borel o-field is denoted by
M,(E). (Recall that a sequence (fin)n>1 C Mp(E) converges vaguely to p if p, (B) — w(B) for any B € B with
1(dB) = 0.) For each By,..., By, € £, we define 7p,  p, : My(E) — Z~ by np, . 5, (1) = (u(B1), ..., u(Bg)).
We denote by §, the Dirac measure at € F, and by o the null measure in M,(E). For any p € M,(E) and
for any measurable non-negative function f on E, we let u(f) = [, f(x)u(dz).

A point process N is an M, (E)-valued random variable, defined on a probability space (2, F,P). Its Laplace
functional is defined by Ly (f) = E(eN)), for any measurable non-negative function f on E. If Ny and N,

are two point processes on the same probability space, we use the notation Ny 4 Ny if Po Nfl =Po N{l;
this is equivalent to the fact that Ly, (f) = Ln,(f), for any measurable non-negative function f on E.

If N,(N,)n>1 are point processes, we say that (N,),>1 converges in distribution to N (and we write
N, % N), if {P o N,/ *},>1 converges weakly to P o N~!. By the continuous mapping theorem, if N, < N,
then {h(N,)},>1 converges in distribution to A(NNV), for every continuous function b : M, (E) — IR. By Theorem
4.2, [21], (Ny)n>1 converges in distribution to N if and only if Ly, (f) — Ln(f),Vf € CE(E), where C}(E)
denotes the class of all continuous non-negative functions f on F, with compact support.

A point process NN is said to be infinitely divisible if for every n > 1, there exists some i.i.d. point processes
Ni,..., N, such that N 4 Ny + ...+ N,. By Theorem 6.1, [21], if N is an infinitely divisible process, then
there exists a unique measure A on M, (E)\{o} (called the canonical measure of N) such that

/ (1— e " BY\(dy) < 00, VB € B, (1)
My (E)\{o}

—lo = — e~k .
log L (/) /MP(E)\{O}u )\ (dp) (2)

We begin to introduce our framework. For each n > 1, let (X, )i1<j<n be a strictly stationary sequence of
E-valued random variables, defined on a probability space (2, F,P).
We introduce our first asymptotic dependence condition. A similar condition was considered in [6].

Definition 2.1 We say that the triangular array (Xj,)1<j<nn>1 satisfies condition (AD-1) if there exists
a sequence (ry)n C Zy with r, — 00 and k, = [n/r,] — 00 as n — oo, such that:

n . k.
E (e i=1 f(Xj’")) — {E (e ijl f(Xj,n))}

In Section 5, we will examine condition (AD-1) in the case of arrays which possess a well-known dependence
structure on each row.

lim =0, VfeCkE). (3)




To see the intuitive meaning of condition (AD-1), let us consider the point process Ny, , = Z;"Zl OX; >

whose Laplace functional is denoted by L, n, for each m < n. By convention, we let Ly, = 1. We denote
Ny = N Note that Ly a(f) = E(e=Nrn()) = B(e” 2 /o)),

For each n > 1, let (IV; »)1<i<k, be a sequence of i.i.d. point processes with the same distribution as N, ,,
and let N, Z L Ni. Then Ly (f) = {Lr, n(f)}* and (3) becomes: |Ly, (f)—Lg (f)| = 0,Yf € C(E).
This shows that under (AD-1), the asymptotic behavior of the sequence (N,), is the same as that of ( Nons
i.e. (IN,)n converges in distribution if and only if (N, ), does, and in this case, the limits are the same.

We now introduce an asymptotic negligibility condition, in probability.

Definition 2.2 We say that (X n)j<nn>1 satisfies condition (AN) iflimsup,,_, . nP(Xi, € B) < c0,VB €
B.

Under (AN), the triangular array (N; ,)1<i<k,. n>1 becomes a “null-array”, i.e. P(Ny,,(B) > 0) — 0 for all
B € B. To see this, note that P(N1,,(B) > 0) = P(U;~2{Xjn € B}) < (n/kn)P(X1,n € B) — 0. By invoking

Theorem 6.1, [21], we infer that the sequence (N, ),>1 (or equivalently, the sequence (N,),>1) converges in
distribution to some point process N if and only if there exists a measure A satisfying (1) such that

Fu(1— Lo, (/) — / LN, s € o) (4)

In this case, N is an infinitely divisible point process with canonical measure A, i.e. (2) holds. By writing

kn
Ly (f) = {Lopn(F)}" = {1 _ha(1- Zn,nm) }

and using the fact that (1+z,/n)" — e® iff 2, — z, we see that condition (4) requires that Lg (f) — Ln(f).
In conclusion, when dealing with triangular arrays which satisfy (AD-1) and (AN), the only possible limit
(if it exists) for the sequence (IN,,),>1 of point processes is an infinitely divisible point process.
As in [10], if (r,),, is an arbitrary sequence of positive integers with 7, — oo, we let S = S, ), be the set of
all positive integers m such that: limsup,,_, nzj 21 ELf(X1n)f(X;0)] =0, Vf € CE(E). Let mg be the

smallest integer in S. By convention, we let mg = oo if S = ). For an arbitrary function ¢, we denote
. | o(my), if mp < oo
mli{I?”an ¢(m) = { lim,, 00 (M), if mg = o0

We are now ready to introduce our second asymptotic dependence condition.

Definition 2.3 We say that the triangular array (Xj,)i1<j<nn>1 satisfies condition (AD-2) if there exists
a sequence (ry)n C Zy with r, — oo, such that

Tn

lim limsupn Z [f(X1.0)f(Xjn)] =0, VfeCL(E).

m—mg
n—o00 j=m+1

Specifying the row-wise dependence structure of the array does not guarantee that condition (AD-2) is
satisfied, but it may help to understand its meaning.

Example 2.4 (m-dependent random variables) Suppose that for every n > 1, (X;)1<;j<n are m-dependent,
ie. (X1, Xjn) and (Xjtrn: Xjirtin,- .-, Xnn) are independent, for all j,r < n with j +r < n and
r > m. Suppose that (X, ,)i<j<nn>1 satisfies condition (AN). Then for any sequence (r,), C Zy with
Tn — 00, S(r,),, = {l € Z;1 > m}, since for any | > m and for any f € Cj(E),

Tn

c
n Y Bl (Xua)f (X)) = nrd BIF ) < ka2 | £ P € K)? < £ — 0.
j=l+1 n

(Here K is the compact support of f.) Therefore my = m and condition (AD-2) is satisfied. In particular, if
(Xjn)1<j<n are 1-dependent (or i.i.d.), then S = Z, and mg = 1.



Remark 2.5 The following slightly stronger form of condition (AD-2) has a clearer intuitive meaning. We say
that the triangular array (X, .)i<j<nn>1 satisfies condition (AD-2’) if

lim limsupn »  P(Xi,€ B,X;,€B)=0, VBeB.

m—mgo
n=eo j=m+1

Note that, due to the stationarity of the array, we have:

P ( U Lj {Xi,n € Bvxk,n € B}) <Tn zn: P(len S B,Xj,n S B) (5)

=1 k=m+i j=m-+1
Therefore, if condition (AD-2’) holds, then

lim limsupk,P(3 i<k <r, with k —i > m such that X, ,, € B, X}, € B) = 0.

m—mo n—oco
In particular, if condition (AD-2’) holds with mg = 1, then
knP(N, n(B)>1) = k,P(3i <k < r, such that X,,, € B, Xj.n € B) — 0.

For each B € B and for each ¢ € [0,1], define M ([0,¢]) = Ny, (B). Condition (AD-2") with mg = 1 forces

lim -~ P (M,? ([o %"]) > 1) ~0.

n—00 Ty,

Intuitively, we can view this as an “asymptotic orderly” property of the sequence (MJ?),,. (According to p. 30,
[4], a point process N is called orderly if lim; o t~1P(N([0,t]) > 1) =0.)

The following theorem gives a necessary and sufficient condition for the convergence in distribution of the
sequence (N, ),. As mentioned earlier, the limit process must be an infinitely divisible point process.

As it was pointed out by an anonymous referee, our approach to identify the limit in the theorem below, is
closely related to the method used in the proof of Theorem 3.1 of [19].

Theorem 2.6 For each n > 1, let (X;,)1<j<n e a strictly stationary sequence of E-valued random variables.
Suppose that the triangular array (X;n)1<j<nn>1 satisfies condition (AN), as well as conditions (AD-1) and
(AD-2) (with the same sequence (ry)n)).

Then the sequence (Ny)n>1 converges in distribution to some point process N if and only if there exists a
measure X on My(E) \ {0} which satisfies (1), such that

lim limsup |n(Lm—1,n(f) = Lm.n(f)) — /M (E)\{O}(l—e’“(f)))\(du) =0, VYfeCL(E). (6)

m—mo np—oco
In this case, N is an infinitely divisible point process with canonical measure .

In view of (4), we see that the second term appearing in the limit of (6) is the limit of k(1 — L, »(f))-
Since n ~ r,ky, the intuition behind condition (6) is that we are forcing 7y, (Lym—1.n(f) — Lm.n(f)), to behave
asymptotically as 1 — Ly, »(f) = 2" (Lim—1,0(f) — Lmn(f)). In other words, the incremental differences
L—10(f) = Ly n(f) with 1 <m < r,, are forced to have the same asymptotic behavior as their average.

Proof: The proof of the theorem will follow from (4), once we show the following relation:

lim limsup |k, (1 = Ly, n(f) = n(Lin—1,0(f) = Linn(f))| =0, Vf € CL(E),

M—mo n—co

which can be expressed equivalently as follows, letting h(z) =1 —e™%:

lim limsup &, |E[h(Ny, 1 (f))] = 70 E[R( N (f)) = h(Nm—1,2(f)]| =0, Vf € CL(E). (7)

m—mo p—oco



In the remaining part of the proof we show that (7) holds. Note that only conditions (AD-2) and (AN), and
the stationarity of the array, will be needed for this. We have

E[h(Nr, ()] = Er(Nm-1.(f))] + i E[h(Nktmn(f)) = M(Nesm—1.n(f))]
k
"nE[W(Nimn(f)) = MNm-1n())] = (m = DERNmn(f) = M(Nm-1.n(f))] +

Typ—m

Y EhWNesma(f) = N (f)) = M(Nism—1,0(f) = N ()],
k=0

where the second equality is due to the strict stationarity of the sequence (X, )i1<j<n. Taking the difference
between the previous two equalities, we get:

E[h(Nrn,n(f))] - rnE[h(Nm,n(f)) - h(Nm—l,n(f))] - mE[h(Nm—l,n(f))} - (m - I)E[h(Nmn(f))]

Typ—m

+ > E{hWNisma () = BWetmn(f) = N ()] = (Nitm-1.0(5) = BWNetm-10(f) = Nea ()]} (8)
k=0
We now apply Taylor’s expansion formula: h(a) — h(a —b) = bfol B (a — zb)dz. We get
BNt () = BNt () = N (1) = Nin() [ W N () = i )

1
h(Nkerfl,n(f)) - h(Nker*l,n(f) - Nk,n(f)) = Nk,n(f)/ h/(Nkan*l,n(f) - ka,n(f))dx
0
Taking the difference of the previous two equalities and applying Taylor’s formula again, we obtain:
E|[n(Nitm,n(f)) = M(Ntmn(f) = Nin(£)] = (Nktm—1,0(f)) = M(Nkgm—1,0(f) = Nio ()]

1
=E Nk,n(f)/o [ (Nt (f) = 2Nkn () = B (Npgm—1,0(f) = 2Np o (f))ld

1 1
Nk,n(f)(Nk—‘rm,n(f) - Nk+m—1,n(f)) /0 h//(gk,m,n(f))dx Nk,n(f)f(Xk+m,n) /0 h”(gk,m,n(x))dx
< E[Nk,n(f)f(Xk+m,n)]v (9)

where 0 . (z) > 0 is a (random) value between Nyipm—1,n(f) — 2Ngn(f) and Niymn(f) — xNg o (f), and we
used the fact that [h”(0)| = e=? < 1 if # > 0. Coming back to (8), and using (9), we get:

=F =F

kn| E[R(Nr 0 ()] = rn EIM(Nm 0 (£)) = BN n (O] < mER E[R(Nm—1,0 ()] + (m = 1D kn E[R(Nim,n ()]

+kn Z E[Nkm(f)f(Xk#»m,n)} (10)
k=0
We claim that condition (AN) implies:
lim k,E[R(Npyn(f)] =0, VYm>1. (11)

To see this, we use the fact that h(z) < z if z > 0. If K is the (compact) support of f, then
> F(Xn)
j=1

knE[h(Nmn(f))] < ko E = mknE[f(Xln” < mkn”f”ooP(Xl,n € K)< C?Hf”oo — 0.




On the other hand, by the statlonarlty, ke S0 BNk (1) f Kemn)] = kn S0 s™ S8 Ef (X)) f (X ksmon) =
kn, ZJ m+1( -7+ 1)E[f(X17n)f( )] < nZ] N E[f(X1,n)f(X,n)]. Hence, (AD 2) implies that:

Tn—mMm

lim limsupk, Y E[Nkn(f)f(Xpmn)] = 0. (12)

m—mo n—oco
k=0

Relation (7) follows from (10), (11) and (12). O
The next result shows that if conditions (AD-2) and (6) hold with mg = 1, then N is a Poisson process.

Proposition 2.7 For each n > 1, let (X, n)1<j<n be a strictly stationary sequence of E-valued random vari-
ables. Suppose that the triangular array (X;n)i<j<nn>1 satisfies conditions (AN) and (AD-1), as well as
condition (AD-2) with mg =1, i.e. limsup,,_, . n Y 7", E[f(X1,,)f(X;n)] =0, Vf € CH(E).

If there exists a measure A on M,(E) \ {0} which satisfies (1), such that

n—oo

lim n(1 — E(e~ 1)) = / (1 — e *NN\(dp), Vfe L), (13)
E)\{0}

then (N,,)n>1 converges in distribution to a Poisson process with intensity v(B) := AM{u € M,(E); u(B) = 1}).

Proof: By Theorem 2.6, N,, 4N , where N is an infinitely divisible process N with canonical measure .
For each n > 1, let (X;n)lgjgn be an ii.d. sequence with the same distribution as X;,. Let N;; =

Z] \ N7, where N7, = 5Xf,n' Then (N7, )1<j<nn>1 is a null-array, since P(N7,,(B) > 0) = P(X1,, € B) — 0
for all B € B. Note that (N, )i<j<n are i.i.d. point processes. By (13), we have:

7
lim » (1 - E(e” i) = / (1 —e *NN\(dp), Vfe CL(B).
n—oo —) M, (E \{O}

Therefore, by Theorem 6.1, [21], it follows that N} <, N, and {nP o [N}, (B1),...,N{,(Bx)]"'}n converges
weakly to Aowg! g VBi,..., By € B. In particular, nP(X1, € B) = nP(N} ,(B) = 1) — (Aorz")({1}) =
v(B), VB € B, and hence the sequence {nPo X 11,51 converges vaguely to v. Since \ satisfies (1), the measure

v is Radon. By Proposition 3.21, [26], it follows that N <, N*, where N* is a Poisson process of intensity v.
We conclude that N < N*. O

3 Partial Sum Convergence

In this section we suppose that £ = (0,00). Let N,, = >>7_ dx; , and S, =377, X,

In Section 2, we have seen various asymptotic dependence conditions which guarantee the convergence in
distribution of the sequence (N,,),>1 to an infinitely divisible point process N. In the present section, we show
that if the limit process N is “nice” (in a sense that will be specified below), this convergence, together with
an asymptotic negligibility condition in the mean, implies the convergence in distribution of the partial sum
sequence (Sy, ), to an infinitely divisible random variable. In the literature, this has been a well-known recipe for
obtaining the convergence in distribution of (.S,),, to the stable law (see e.g. [5], [12], [3], [6]). Our contribution
consists in allowing the class of limiting distributions to include more general infinitely divisible laws.

Let N be an infinitely divisible point process on F, with canonical measure A. By Lemma 6.5, [21], the
distribution of N coincides with that of fMp(E) pé(dp), where € is a Poisson process on M, (E) with intensity A.
Let us denote by N; = > >107,;,1 > 1 the points of {, i.e. { = > i>10n;, Then the distribution of N coincides
with that of 3, Ny =37, iy 5T (This is called the “cluster representation” of N.)

The following assumption explalns what we meant earlier by a “nice” point process N.

Assumption 3.1 The canonical measure X has the support contained in the set M, (E), consisting of all mea-

sures p € M,(E) whose points are summable, i.e. all measures p = 221 O¢; with 221 t; < oo.



We define the map T': M (E) — (0,00) by T'(p) =351t i p=23",5, ;.
Assumption 3.1 is equivalent to saying that N; € M, (E) a.s. In turn, this is equivalent to saying that the
random variables U; := ) i>1 T;j,1 > 1 are finite a.s. Moreover, we have the following result.

Lemma 3.2 Let N be a point process on (0,00) with canonical measure X, and the cluster representation:
N fMp(E) pé(dp) =3 5y Ni =3 151 0m;. (Here =3 7,5, O, is a Poisson process on M,(E) with intensity
A, and N; = Zj>1 dr,;,1 > 1 are the points of €.)

Suppose that X satisfies Assumption 3.1, and set U; := Zj>1 Tij,i > 1. Then N* :=)" .., du, is a Poisson
process with intensity p:= Ao T, i.e. p(A) = A{p=,5, 0, € My(E); 2,5, t; € A}), VA € B((0,00)).

Proof: The lemma will be proved, once we show that for any measurable f : E — (0, 00), we have

E (e_ 2z f<Ui’> = exp {_ /000(1 - e_f(w))p(dx)} :

Since § = > ;5 dn, is a Poisson process with intensity A, for any 9 : M,(E) — (0,00) measurable, we
have L¢(¢) = E (e ZDlw(Ni)) = exp {— fM*(E)(l - e‘w(“)))\(d,u)}. Let 1y : My (E) — (0,00) be given by
Vy(p) = f(T'(w). Then ¢ (N;) = f(T'(N;)) = f(32;51 Tij) = f(U;) and

Note that p = XA o T~!. By the definitions of ¢; and p, we have X o 1/1]71 =XoTloft =pof~'. Hence

E(e 2 fw”) =exp{— [7T(L—e ) (po f)(dy)} = exp{— [y (1 — e /®)p(dw)}. O

The next lemma is of general interest and shows that the random variable X defined as the sum of the
points of a Poisson process on (0,00) has an infinitely divisible distribution. To ensure that X is finite a.s.,
some restrictions apply to the intensity p of the Poisson process. Recall that a measure p on (0,00) is called a
Lévy measure if f(O,l] 2?p(dr) < oo and p((1,00)) < oc.

Lemma 3.3 Let N* =)",., 0y, be a Poisson process on (0,00), whose intensity p is a Lévy measure and

/ zp(dx) < oo. (14)
(0,1]

Then the random variable X = 2121 U; is finite a.s. and has an infinitely divisible distribution and

E(e™X) = exp {/Ooo(e“”” - 1)p(dm)} , Vuel. (15)

Proof: Without loss of generality, we can assume that U; = Hp_l(Fi), where T'; = Z;:l E;, (E;)j>1 are
i.i.d. Exponential(1) random variables, H,(z) = p(z,00), and H, ' (y) = inf{x > 0; H,(z) < y}.

Note that H, is a non-increasing function and Hp_l(y) < z if and only if y > H,(z). Then U; < U;_1,Vi
and

PU; <zi|Ur = 21,..., U1 = x-1) = P(I; > Hp(2) |1 = Hy(21), ..., Tic1 = Hp(z-1))

= ]D(E‘Z Z Hp(.’L‘Z') - Hp(wifl)‘rl = Hp(xl), RN 7Fi71 = Hp(xifl))

=P(E; > Hy(z;) — Hp(zi-1)) = e~ (Hp(@i)=Ho(w:i1))  forall gy < wj_q < ...< a1 (16)
Relation (16) allows us to invoke a powerful (and highly non-trivial) construction, due to Ferguson and Klass (see
[15]). More precisely, let (V;);>1 be a sequence of i.i.d. random variables with values in [0, 1] and common distri-
bution G, which is independent of (U;);>1, and define Y; = 3 7., Uilv, <4y, t € [0,1]. Then, Ferguson and Klass

showed that (Y;)se[0,1) is a Lévy process with characteristic function E(e™¥*) = exp {G(t) [;~ (e™* — 1)p(dx)},
Vu € IR. The proof is complete by observing that X =Y; = 2721 U;. O



Example 3.4 p(dx) = ax™ e "1, 0yde with o > 0. In this case, X has a Gamma(a) distribution.
Example 3.5 p(dx) = Ca.%'_a_ll{z>0}d$ with a € (0,1). In this case, X has a stable distribution of index a.

As a by-product of the previous lemma, we obtain a representation of an infinitely divisible distribution,
similar to the LePage-Woodroofe-Zinn representation of the stable law (Theorem 2, [24]). The proof of this
corollary is based on a representation of a Poisson process, which is included in Appendix A.

Corollary 3.6 Let p be a measure on (0,00), which is given by the following “product-convolution” type formula:

p(4) = / h / T La(wy) Fldw)(dy), YA € B((0,00)), (17)

where v is an arbitrary Radon measure v on (0,00) and F' is an arbitrary probability measure on (0, 00).
If the measure p is Lévy and satisfies (14), then any infinitely divisible random variable X with characteristic

function (15) admits the representation X 4 > is1 PiWi, where (P;);>1 are the points of a Poisson process of
intensity v, and (W;);>1 is an independent i.i.d. sequence with distribution F.
Proof: Let N* be a Poisson process on (0, 00), of intensity p. Using the definition (17) of p, and by invoking

Proposition A.1 (Appendix A) , it follows that N* admits the representation N* 4 > i1 0p,w,, where (P)i>1
and (W;);>1 are as in the statement of the corollary. By Lemma 3.3, it follows that the random variable
X =) ,5; P;W; has an infinitely divisible distribution with characteristic function (15). O

Remark 3.7 If we let v(dz) = ax’o‘*ll{xw}dx and F be an arbitrary probability measure F on (0, c0), then
the measure p given by (17) satisfies:

ple.c0) = [ [T 1mtenrauntan = [ 7o (200) Fldw) = [T wtPlau) =007

where 7, = [~ w*F(dw). Hence p(dz) = avaz™* 1~ 0ydz.
To obtain the convergence of the partial sum sequence, we introduce a new asymptotic negligibility condition.
Definition 3.8 (Xj,)i1<j<nn>1 satisfies condition (AN’) if lim. ¢ limsup,, . nE[X1,1{x, <] = 0.

The next theorem is a generalization of Theorem 3.1, [6], to the case of an arbitrary infinitely divisible law
(without Gaussian component, and whose Lévy measure p satisfies (14)), as the limiting distribution of (Sy, ).

Theorem 3.9 For each n > 1, let (X, n)i1<j<n be a strictly stationary sequence of positive random variables.
Suppose that the array (X;n)i<j<nn>1 satisfies condition (AN’). Let N, = Z?:l 0x,, and S, = Z;.lzl Xjn-
If
(i) Ny, 4, N, where N is an infinitely divisible point process, whose canonical measure A satisfies Assumption
3.1; and
(ii) p = Xo T~ is a Lévy measure and satisfies (14),
then (Sp)n converges in distribution to an infinitely divisible random variable with characteristic function (15).

Proof: For each € > 0 arbitrary, we write
Sn = Sn(g,00) + S5,(0,¢). (18)

where S, (g, 00) = Z?:l Xjnlix, >y and S, (0,¢) = Z?:l Xjnl{x; . <e}-
Define 7. : M* — (0,00) by T( = >>;5,6t;) = D51 i1, >} Note that T: is continuous P o N las.
By the continuous mapping theorem, we get T.(N,,) = Sp(e, 00) KA T.(N) = Zi,jzl Tijl(r,;>c}, a8 n — oo.

Since X =37, i~ Tj; converges a.s., it follows that Y2, .~ Tijlir, sep = X =3, i, Tyj as e — 0. Hence

Sn(e,00) 4 x as n — 00, — 0. (19)



By Markov’s inequality and condition (AN’), we see that for any § > 0, P(S,(0,¢) > §) < 6 1E[S,(0,¢)] =
6 'nE[X1 5 1ix,, <] — 0, a8 n — 00,e — 0. Hence

Sn(0,5)£>0 as n — 00,e — 0. (20)

From (18), (19) and (20), we conclude that S, <X,
By Lemma 3.3, X = Zmzl Tij = ZiZl U; has an infinitely divisible distribution and (15) holds. O

Remark 3.10 Lemma 3.3 can be extended to a Poisson process whose intensity p is an arbitrary Lévy measure
pon (0,00). More precisely, using the Theorem of [15], one can prove that if N* = 3", 0y, is a Poisson process
on (0,00), whose intensity p is a Lévy measure (i.e. it satisfies the condition [ x%/(1 + 22)p(dx) < 0c), then
the random variable Y = >"._, (U; — ¢;) is finite a.s. and has an infinitely divisible distribution with

E(eiuy) = exp {/0 (eiuw _1— 12_:_”;2) p(dx)} , YuelR,

—1(_ 00 .
where the constants c; are defined by: ¢; = fé{fl(i) Y z/(L+a?)p(de). My =30 ¢ = [y «/(1+2%)p(dx) is
finite, then one can conclude that the random variable X = %"._, U; =Y + ~ (which appears in Theorem 3.9)
has an infinitely divisible distribution with characteristic function

E(e™X) = exp {iu*y + / (e““” -1 e > p(dx)} , YuelR.
0

1422

Unfortunately, requiring that ~ is finite is equivalent to saying that [ ( xp(dx) < oo, which is precisely the

0,1]
restriction imposed on p in Lemma 3.3. In other words, condition (14) cannot be removed from Theorem 3.9,

using the Ferguson and Klass approach.

We finish this section with an example for which the hypothesis of Theorem 3.9 are verified. This example is
based on the recent work [23], generalizing the moving average model MA(c0) to the case of random coefficients.

Example 3.11 (Linear processes with random coefficients) Let X; ,, = X;/a, for all 1 < i <n, where
oo
Xi = ZCL]'ZZ‘_j for all 4 > 1.
§=0

The objects (Zy)kez, (an)n>1 and (C; j)i>1,;>0 are defined as follows:

o (Zi)kez is a sequence of i.i.d. positive random variables such that Zy < Z, where Z has heavy tails, i.e.
P(Z > z) =2"*L(x) for a € (0,2) and L a slowly varying function.

e (an)n>1 is a non-decreasing sequence of positive numbers such that P(Z > a,,) ~n~%.

e (C;j)i>1,j>0 is an array of positive random variables, which are independent of (Zx)rez. We suppose that
the rows (C4 ;);>0,(C2,j)j>0, ... of this array are i.i.d. copies of a sequence (C;);>o of positive random
variables. Moreover, we suppose that the sequence (C});>¢ satisfies certain moment conditions, which
imply that ¢ := 3772, E[C§] < oo. (We refer the reader to condition (D) of [23] for the exact moment
conditions. In fact, we may allow for a mixing-type dependence structure between the rows.)

Proposition 2.1, [23] shows that P(X; > z) ~ ¢P(Z > x) as * — oo. Since Z has heavy tails, it follows that
X1 has heavy tails too. Assume that o € (0,1). In this case, one can prove that: (see e.g. (3.6) in [6])

lim lim sup ﬁE[Xl Lix, . <ane}] = 0,

e—=0 nooco Qp

i.e. the array (X, ,)1<j<n,n>1 satisfies condition (AN’).
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Let N, =" | 0x,,. By Theorem 3.1, [23], N, . N, where N is an infinitely divisible point process with
the cluster representation N 4 > oi>1 2 5500P,c; ;- Here (P;);>1 are the points of a Poisson process of intensity
v(de) = ax=* '1{;50ydx, which is independent of the array (Cj;)i>1,;>0. Since v € (0,1), it follows that
W, : Z]>0 C;; < oo as. foralli > 1. Hence, the random variables U : Z >0 P,C; ;5 = P;W;,1 > 1 are finite
a.s. and Assumption 3.1 is verified. This proves that condition (i) in Theorem 3.9 is satisfied.

By Lemma 3.2, the process N* := Yo 0y, = >_,~, 0p,w; is a Poisson process of intensity p := Ao T~ 1,
where ) is the canonical measure of N. From Proposition A.1 (Appendix A), it follows that p satisfies (17).
By Remark 3.7, it follows that p(dx) = a’yax’o‘*ll{ww}, where vy, = fooo w*F(dw). Clearly, this measure p is
Lévy; it satisfies condition (14) since av < 1. This proves that condition (ii) in Theorem 3.9 is satisfied.

By applying Theorem 3.9, it follows that (S,)n>1 converges in distribution to an infinitely divisible law with
characteristic function (15), which is in fact the stable law of index a.

4 Real Valued Observations

In this section, we assume that E = IR\{0}. By Lemma 2.1, [6], the support of the canonical measure A of an
infinitely divisible point process on F, is contained in the set My(E), defined by:

={n= Z(S’% € M,(E); 3z, € (0,00) such that [t;] < x,Vj > 1}
j>1

Let M(E) = {u € My(E); |t;] < 1,Vj > 1}. The following result gives the necessary and sufficient condition for
a “product-type” cluster representation of an infinitely divisible process, as in Corollary 2.4, [6].

Proposition 4.1 Let N be an infinitely divisible point process on E = IR\{0}, with canonical measure \.
Then N 2 Zij>1 0p,Q.;, where (P;);>1 are the points of a Poisson process on (0,00) of intensity v and
(Q1)j>1, (Q25)j>1,... are i.i.d. sequences, independent of (P;)i>1, if and only if there exists a probability
measure O on M(E) such that, for every measurable non-negative function f on E, we have

— e H( = ~ — e~ S (y)) )
/MO(E)u )\ (d) / /m)‘ YO(dp)(dy)

In this case, O is the distribution of }_ ., 6q,; -

Proof: Let N' =37, .o, 0p,q,;- Clearly, Ly(f) = exp {—fMO(E)(l — e‘”(f)))\(d,u)}. Following the same
lines as for the proof of (41) (Appendix A), one can show that Ly (f) = exp {— I fM(E)(l - e_”(f(y')))O(d,u)V(dy)}.
The result follows since N < N” if and only if Ly(f) = Ln/(f) for every measurable function f. O

In the light of Proposition 4.1, the following result becomes an immediate consequence of Theorem 2.6.

Corollary 4.2 Foreachn > 1, let (X ,)1<j<n be a strictly stationary sequence of random variables with values
in E =1TR\{0}. Suppose that the array (X;,)i<j<nn>1 satisfies conditions (AD-1), (AD-2), and (AN).

If there exists a Radon measure v on (0,00) and a probability measure © on M(E), such that

lim limsup |1 (Ly—1,0(f) = Lia(f)) — /0 h /N ) (1— e MUNO(dp)v(dy)| =0, VfeCh(E), (21)

mMm—mo oo

then N, 4, N, where N = Zij>1 0p,Q.;» (Pi)i>1 are the points of a Poisson process on (0,00) of intensity v,
and (Q1;);>1, (Q25)j>1, - . are i.i.d. sequences with distribution O, independent of (P;)i>1.

Remark 4.3 In particular, one may restate Corollary 4.2, in the case X, = X /a,, where (X;);>1 is a strictly
stationary sequence of random variables with values in IR\{0} such that X; has heavy tails, and (a,,),>1 satisfies
P(X1 > ay,) ~n~1. The result obtained in this manner can be viewed as a complement to Theorem 2.3, [6].

11



Recall that a bounded Borel set in IR\{0} is bounded away from 0. Therefore, condition (AN) holds if
limsup,, o nP(|X1,n| > n) < 00, ¥n > 0. Note also that condition (AD-2") holds if

lim limsupn Z P(|X1n| > n,Xjn|>n) =0, ¥n>0. (22)

m—mo n—-co 3
Jj=m+1

Condition (22) can be viewed as an asymptotic “anti-clustering” condition for the process Sy, (t) = Zgnzt]l Xjn,t €
[0,1]. To see this, note that this cadlag process jumps at times ¢; = j/n with 1 < j < n, the respective jump
heights being AS,(t;) = X; . By (5), we have

P(3i < k <7, with k —i > m such that |AS, (&) > n, |[ASu(te)] > n) <7y Z P(| X1 0l 2 n0,1X50] >n).
j=m+1

Therefore, we can explain intuitively condition (22) by saying that the chance that the process (S, (t))¢efo,1]
has at least two jumps that exceed 7 in the time interval [0,7,/n] (and are located at a minimum distance of
m/n of each other) is asymptotically zero. (See also p. 213, [13].)

5 Examples of arrays satisfying (AD-1)

In this section, we examine condition (AD-1) in the case of arrays which possess a known dependence structure
on each row.

5.1 m-dependent or strongly mixing sequences

Recall that the m-th order mixing coefficient of a sequence (X;);>1 of random variables is defined by:
a(m) = ilill)supﬂP(A NB)— P(A)PB)|;A€a(Xy,...,Xk), B € 0(Xgtm> Xttmt1,---)}-

The random variables (X;),;>1 are called strongly mizing if lim,, .., a(m) = 0.
If X isa o(Xy,...,X)-measurable bounded random variable and Y is a 0(Xgtm, Xk+m+1, - - -)-measurable
bounded random variable, then: (see e.g. [17])

[E(XY) = E(X)EY)] < da(m)[[ X |loo|[Y oo (23)

Lemma 5.1 For each n > 1, let (X n)i1<j<n be a strictly stationary sequence of random variables and om,(m)
be its m-th order mixing coefficient, for m < n. Suppose that either

(i) an(m’) =0 for allm’ >m, n>1; or

(ii) an(m) = a(m) Yn>m,Ym > 1 and lim,,_.. a(m) = 0.
If the triangular array (X n)i<j<nn>1 Satisfies condition (AN), then it also satisfies condition (AD-1).

Remark 5.2 a) Condition (i) requires that the sequence (X )1<j<n is m-dependent, for any n > 1.
b) Condition (ii) is satisfied if X, = X;/a, and (X;);>1 a strictly stationary strongly mixing sequence.

Proof: We want to prove that there exists a sequence (r,),, — oo with k,, = [n/r,] — oo such that

E(e™ Ny — {B(eNran D)V 0, Vf € CF(E). (24)

Note that e~ Nenrn.n(Ff) — e=NolF) = e=Ninrnn(H) (1 — ¢ DD - f(Xj"‘)) < Z?:knrnﬂ f(Xjn), using the fact
that 1 —e™* < z for any x > 0. By stationarity and condition (AN), we obtain that:

1
E(eiN"(f)) - E(eiNk"T"’n(f)) < (n=rkn) E[f(X10)] < ol flloc P(X10 € K) < kf”f”ooc — 0,
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where K is the compact support of f. Therefore, in order to prove (24), it is enough to show that
E(e_Nk"r-,L,n(f)) _ {E(e—Nrn,n(f))}kn - 0. (25)

To prove (25), we will implement Jakubowski’s “block separation” technique (see the proof of Proposition
5.2, [18], for a variant of this technique). Let (my,), be a sequence of positive integers such that

My — 00, My/r, — 0, and kpa(m,) — 0. (26)

(The construction of sequences (r,,), and (m, ), which satisfy (26) is given in Appendix B.)
For each n > 1, we consider k,, blocks of consecutive integers of length r,, — m,,, separated by “small” blocks
of length m,,:

L 1 1 1

0 Ty — MpTn 21, — My 21y, ... knrn — my, knra

More precisely, for each 1 < i < k,,, let H; ,, be the (big) block of consecutive integers between (i — 1)r, +1
and ir, —m, and I; , be the (small) block of size m,,, consisting of the integers between ir, —m,, and ir,. Let

Z f j,n = mn rnn,n(f) - N(ifl)rn,n(f)'

JEH; n

By the stationarity of the array, (U;,)1<i<k, are identically distributed. Clearly, Ui, = Ny, —m,, n(f)-
On the other hand, since the separation blocks have size m,,, which is “relatively small” compared to 7,

kn
lim |B(eNenrnn(Dy = Ble™ 2l Vim)| = 0 (27)
i, [{B (e Vo) — (B O] = 0. (29
kn kn _\ "k X,
(To prove (27), note that em il Vi e Newram(D) = 7 200 Uin(1 — e Zi:lZ]’E’fhn 106, )) <
kn (m)
ZZ 12 jer,,, f(Xjn), using the fact that 1—e™® < x for any « > 0. Hence [E(e N’“nrn"(f))—E(efz Vi) <

)
Mk E[f (X1.0)] < mpkn || flleoP(X1n € K) < (my/70)]|fllocC — 0, where we used condition (AN) and (26).
Relation (28) follows by a similar argument, using the fact that |x* — y*| < k| — y| for any z,y > 0.)
Therefore, in order to prove (25), it suffices to show that:

lim [B(e” 25 Vin) — {B(e~Vi)}or| = 0. (20)

n—oo
In case (i), this follows immediately since the random variables (U; ,)1<i<k, are independent, for n large.

In case (ii), we claim that, for any 1 < k < k,, we have

[B(e™ T Vim) - {B(e~Um) 1) < 4k - Da(m,). (30)

(Relation (30) can be proved by induction on the number k of terms. If & = 2, then (30) follows from
k k
inequality (23) If relation (30) holds for k — 1, then |E(e” 2 Ui ™) — {E(e”Vrn)}F| < |E(e” Zilei'”) -

k— k—
E(e” > U YE(emYrn) | +|E(e -2 U ) —{E(e~Y1n)}*E~1|. For the first term we use (23), since Z;:ll Uin
and Uy, ,, are separated by a block of length m,,. For the second term we use the induction hypothesis.)
From (30) and (26), we get:

B(e™ 2 Vim) — {B(e=Urn) Y| < dkpa(my,) — 0.

13



5.2 Associated sequences

In this subsection, we assume that £ = IR\{0}. Recall that the random variables (X);>1 are called associated if
for any finite disjoint sets A, B in {1,2,...} and for any coordinate-wise non-decreasing functions h : R*4 - R
and k: R*? — R
COV(h(th]' S A),k(XJ,j S B)) > 0,

where #A denotes the cardinality of the set A. (See e.g. [1], [14] for more details about the association.)

If (X;);>1 is a sequence of associated random variables, then for any finite disjoint sets A, B in {1,2,...}
and for any functions h : R#4 - Rand k: R*"? - R (not necessarily coordinate-wise non-decreasing), which
are partially differentiable and have bounded partial derivatives, we have: (see Lemma 3.1.(i), [2])

oh ok

|Cov(h(X;,j € A)k(Xj i€ B)I <D

i€AjEB

oo

Let C be the class of all bounded nondecreasing functions g, for which there exists a compact subset K of E
such that g(z) = z forallz € K. Let S; be the set of all m € Z for which limsup,,_,., n Z;.Lzmﬂ Cov(g(X1,n),9(Xjn)) =
0 for any g € C. Let m; be the smallest integer in S;. By convention, we let m; = oo if Sy = 0.

We introduce a new asymptotic dependence condition.

Definition 5.3 We say that the triangular array (X n)1<j<nn>1 Satisfies condition (AD-3) if

lim limsupn Z Cov(g(X1,n),9(X;n)) =0, VgeCl.

m—m1
n— oo JR—t

Lemma 5.4 For each n > 1, let (X ,)1<j<n be a strictly stationary sequence of associated random variables
with values in IR\{0}. If the triangular array (X;n)i<j<nn>1 Satisfies conditions (AN) and (AD-3), then it
also satisfies condition (AD-1).

Proof: As in the proof of Lemma 5.1, it suffices to show that (25) holds. For this, we use the same “block”
technique as in the proof of Lemma 5.1, except that now the separation blocks have size m (instead of m,,).

For each 1 <17 < k,, let H-(f:) be the (big) block of consecutive integers between (i — 1)r, + 1 and ir,, — m

?

and IZ-(’TZ) be the (small) block of size m, consisting of consecutive integers between ir,, —m and ir,. Let

UZ(’ZL) = Z f(ij) = Nirnfm,n<f) - N(ifl)rn,n(f)-
jeH(nz)

i,mn

Similarly to (27) and (28), one can prove that:

mlLrI%ll limsup |E (e~ Nenrnn () — B(e” X U(T))| =0 (32)
im Timsup [{B(e™ N D) — (B = 0 (33)

Therefore, in order to prove that relation (25) holds, it suffices to show that
lim limsup|E(e” D Uf’:j)) - {E(eiUl(Tz))}kﬂ =0. (34)

M—m1 n—oo

Without loss of generality, we suppose that the random variables (X;,)i<j<k, are uniformly bounded.
(Otherwise, we replace them the random variables Y;, = ¢(X;.),1 < j < k,, where g is a bounded non-
decreasing function such that g(z) = x on the support of f. The new sequence (Yj,)i<j<k, consists of
uniformly bounded associated random variables. Moreover, f(X;,) = f(Y;,) for all 1 < j <k,.)

Moreover, we suppose that the function f satisfies the following condition: there exists Ly > 0 such that

[f(@) = f(y)l < Lyle—yl, Va,y € R0} (35)
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(Note that any function f € C}t(IR\{0}) can be approximated a bounded sequence of step functions, which in
turn can be approximated by a sequence of functions which satisfy (35).)
Using an induction argument and (31), one can show that:

Bl 2 V) e <2 Y Y S Cov(X i Xjra). (36)

1<i<i<h je g™ jrep(™

By stationarity, we have

kn
> Y CovXn Xjrm) =D (ke —i)Cov( > Xjmy, Y. Xjn) =
1<i<i<ky JEH1(7:) j/GHl(,Tr’LL) i=1 ]EHY’;) jlerill),n
kn (i+1)rp—m n
Z(kzn — i) (rp —m) Z Cov(X1,n, Xin) < 2k,r, Z Cov(X1,n, Xin)- (37)
i=1 I=(—1)rp,+m+1 l=m+1

kn (m m
From (36) and (37), we get: [E(e™ 2oii Ui} — {B(e Vil Y}

(34) follows from condition (AD-3). O

< QL?n > Cov(Xi n, Xy ), and relation

5.3 Stochastic volatility sequences

In this section, we assume that E = IR\{0} and the dependence structure on each row of the array (X ,)1<j<n,n>1
is that of a stochastic volatility sequence. More precisely,

Xj,nza-ij,Tw 1§j§n7 nZL (38)

where (Z; ,)1<j<n are an ii.d. random variables, and (o;),>1 is a strictly stationary sequence of positive random
variables, which is independent of the array (Z;,)i1<j<nn>1. In this context, (Z;,)1<j<n is called the noise
sequence, and (o;);>1 is called a volatility sequence. Such models arise in applications to financial time series
(see [8]). The row dependence structure among the variables (X »)1<;<n is inherited from that of the volatility
sequence: if (0;); is m-dependent, then so is the sequence (X, )i1<j<n. This model is different than a GARCH
model, in which there is a recurrent dependence between the noise sequence and the volatility sequence.

The dependence structure that we consider for (;);>1 is slightly more general than strongly mixing:

(©) there exists a function ¢ : IN — (0,00) with lim (m) = 0, such that for any disjoint blocks I, .J
m—00
of consecutive integers, which are separated by a block of at least m integers, and for any z; € IR
‘cov (e_ 2er093) 0= Yses ij)) ’ <(m), VfeCH(IR\{0}). (39)
We have the following result.

Lemma 5.5 Let (X;)1<j<nn>1 be the triangular array given by (38). If the array (X n)i<j<nn>1 Satisfies
condition (AN) and (0;);>1 satisfies condition (C), then the array (X;n)i<j<nn>1 Satisfies condition (AD-1).

Proof: We use the same argument and notation as in the proof of Lemma 5.1. Let (my,)n, (1n)n and (knp)x

be sequences of positive integers such that (26) holds, with the function ¢ in the place of a.
Tt suffices to prove that (29) holds. We now claim that, for any 1 < k < k,, we have

[Ble™ X T = {Be™ )P < (k= Db, (10)
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We show this only for k¥ = 2, the general induction argument being very similar. Due to the independence
between (0;);>1 and (Z; ,);n, and the independence of the sequence (Z;,,);, we have:

E(ef(ULnJrUz,n)) _ /E (e_ ZjeHlyn f(Jij) - ZjeH2m, f(Uij)) dP(Zj)

jEH nUH3 ,

:/ |:E <e ZﬂeHl‘n f(ojzj)izieHz,n f(ajzj)) —F (e ZjEHl,n f(ajzj)) E (e ZjeH’An f(ajzj))] dP(Zj)jEHl,nUHz,n

+/E (6_ et f(ajzj)) dP(zj)jen, ., /E (6 Zsens, ﬂgjzj))) dP(zj)jen,,,
_ /COV <e_ ZjeHlvn f(cerj),e_ Z;}'GHQ,” f(Uij))) dP(Zj)jeHl,nqu,n —i—E(e_Ul‘”)E(e_U?"")

where dP(2;)jen, ,uH,, denotes the law of (Z; ) en, ,uH,.,., and dP(z;)jemn, , denotes the law of (Z;.);em, .,
for I = 1,2 Using condition (39), we obtain: |E(e”Wintlzn)) — F(e=Uin)E(e~V2n)| <

[ |Cov (6 Ljen o 1109%) e

are separated by a block of length m,,. This concludes the proof of (40) in the case k = 2.
Relation (29) follows using (40) with k& = k,,, and the fact that k,(m,) — 0. O

ZJEHZ," flos25) dP(

2j)jeH, wUH,,, < ¥(my,), since the blocks Hi, and Hs,

Acknowledgement. The authors would like to thank an anonymous referee who read the article carefully and made
some suggestions for improving the presentation.

A Poisson Process Representation

Proposition A.1 Let N* be a Poisson process on (0,00), with intensity p. Then N* admits the representation

N* L Zi>1 dp,w,, where (P;);>1 are the points of a Poisson process of intensity v and (W;);>1 s an independent
i.i.d. sequence with distribution F, if and only if the measure p satisfies:

T et ode) = [ (1 = e Fdw)y
/0 1 )p(dz) / / 1 \F(dw)(dy)

for every measurable function f: (0,00) — (0, 00).

Proof: Since N* is a Poisson process of intensity p, for any measurable non-negative function f, we have
Ly-(f) = exp{—fooo(l — e f@)p(dz)}. Let N** = >, 6pw,. Since N* < N** if and only if Ly-(f) =
Ly« (f) for any measurable non-negative function f, the proof will be complete once we show that

E (e me(PiWi)) — oxp {_/OOO /000(1 - e_f(wy))F(dw)u(dy)}. (41)

We first treat the right hand side of (41). For this, we let g(y) = —log [~ e~ (WY F(dw). Using the fact
that F' is a probability measure on (0,00) and M = 2@1 dp, is a Poisson process of intensity v, we have

exp {— /Ooo /000(1 - e_f(wy))F(dw)z/(dy)} = exp {_ /000(1 - e_g(y))y(dy)} =E (e ng“’”) =B e o™

i>1
For each i > 1, let ¢;(y) = E(e~7Wi¥)) y > 0. Since (W;);>1 are i.i.d. random variables with distribution F,

for every y > 0 we have ¢1(y) = ¢;(y) = [ e T P(dw) = e=9W) Vi > 1.
By considering the random variable (P;); : 2 — [0, 00)" whose law is denoted by dP(p;);, we get

B[ ) =& (Toir) | = /[0 | ewaareo: =

i>1 i>1 i>1
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/[o,oo)N 1:[1 </Q H e Pldu) )dp (pi)i / II (/ F(P()Ws (“‘))P(dwl)> P(dw) =

i>1

/ /He FPW) gy | P(dw) /He—f(P W) P(dy).

i>1 i>1

For the second last equality above we used the fact that (W;);>; are independent, whereas for the last equality
above we used the fact that (P;);>1 and (W;);>1 are independent. O

B Construction of (r,), and (m,), in the proof of Lemma 5.1

Lemma B.1 If lim,, ... a(m) = 0, then there exist some sequences (1)n and (my), of positive integers such
that 1, — 00, ky := [n/ry] — 00, My, — 00, My /1y — 0 and kya(my,) — 0.

Proof: Denote p, := a([v/n]). Clearly p, — 0. We define

n—1/2

En = max{nil/‘l, \/pn}; On = - sy Mn = ;Tna Tn = [n{':n]a ky = [n/rn]a My = [nsnén] = [\/{E]

Clearly €, — 0 and m,, — co. We will use repeatedly the inequality z/2 < [z] < z, for any x > 0. We have:

ne, . ni/t

> > d k? 1 1
nZ "5 5 n 5 P
" 2 g 7 29 2% her T o

Finally, since §,, <n /4 — 0 and 7, < /Pn/2 — 0, we have:

My < nepdy

n 2
= =26, — 0 and kna(mn) =knpn < —pp < —pp =41, — 0.
n NEy /2 Tn En
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