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Abstract

We consider the stochastic wave equation with multiplicative noise, which
is fractional in time with index H > 1/2, and has a homogeneous spatial
covariance structure given by the Riesz kernel of order a. The solution
is interpreted using the Skorohod integral. We show that the sufficient
condition for the existence of the solution is & > d—2, which coincides with
the condition obtained in [4], when the noise is white in time. Under this
condition, we obtain estimates for the p-th moments of the solution, we
deduce its Holder continuity, and we show that the solution is Malliavin
differentiable of any order. When d < 2, we prove that the first-order
Malliavin derivative of the solution satisfies a certain integral equation.

MSC 2000 subject classification: Primary 60H15; secondary 60H07
Keywords and phrases: stochastic wave equation, fractional Brownian mo-
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1 Introduction

In the present article, we consider the following Cauchy problem:

ﬁ(t,x) = Au(t,z) +uW(t,z), t>0,z¢cR? (1)
u(0,2) = wp(z), z€R?

0

8—1:(0,36) = w(x), zeR%

where ug and uq are deterministic functions, and W is a zero-mean Gaussian
process which is fractional in time, with Hurst index H > 1/2, and homogeneous
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in space, with covariance kernel f (to be specified below). In other words,
W = {W(p);p € HP} is an isonormal Gaussian process, defined on a complete
probability space (2, F, P), with covariance: E[W (o)W (¢)] = (¢, ¥)up

Throughout this article, HP denotes a Hilbert space (which may contain
distributions in &'(R4*t1)), defined as the closure of the set € of linear combi-
nations of elementary functions 1jg gx4,t > 0,4 € By (R?), with respect to the
inner product:

(Lj0,gx 4> Ljo,s]x B)HP = RH(t>S)/ / [z —y)dxdy. (2)
AJB

(Here, B,(R?) denotes the class of bounded Borel sets in R9.)

The notation appearing in (2) needs some explanation. Ry (t, s) denotes the
covariance of the fractional Brownian motion of index H, and since we assume
that H > 1/2, we have:

t s
Ry(t,s) = aH/ / lu — o> 2 dudv,
0 Jo

where agy = H(2H — 1). On the other hand, f : R? — Ry is the Fourier
transform in S’(R?), of a tempered measure y on R?, i.e.

f da:—/ Fo(& Vo € S(RY),

where Fo(§ fRd ~i€2(z)dx is the Fourier transform of ¢, and S(R?) is the
space of rapldly decreasing Coo—functions on R,

In the present article, a solution of (1) is an adapted square-integrable pro-
cess u = {u(t,r);t > 0,2 € R} which satisfies the following integral equation:

u(t,z) = w(t,z) + /0 y Gt — s,z —y)u(s,y)W(ds,0y), (3)

where G is the fundamental solution of the wave operator, the stochastic integral
is interpreted in the Skorohod sense, and w is the solution of the equation
wy = Aw, with initial conditions w(0, -) = ug, we(0,) = uy.

We are interested in the case ug = 1 and u; = 0, and hence w(t,z) = 1
for all t > 0,7 € R?. (In the case H = 1/2, this corresponds to the equation
wy = Au+ (u~+ 1)W with zero initial conditions.)

We note that the stochastic wave equation with additive noise W and zero
initial conditions was considered in [2]. For this equation, the solution is given
by:

u(t,x) = / » Gt — s,z —y)W(ds,dy).

Since the integrand above is deterministic, the Malliavin calculus techniques are
not needed for defining the solution. The question of existence of the solution in
the additive case is much simpler than in the multiplicative case considered in
the present article, the main difficulty being that the integrand of (3) is random.



The case of the heat equation with multiplicative fractional noise was treated
in [5], [6] and [1], while the recent article [7] gives a Feynman-Kac representation
for the solution. In the case of the heat equation, the key estimate which leads
to a sufficient condition for the existence of the solution is:

/d TP 2)g — | =g < Cugt ™72 forany t > 0,neRY, (4)
R

for any 0 < o < d (see Lemma 6.1 of [5], or Lemma 3.3 of [1]).
The following estimate lies at the origin of our developments, being the
analogue of (4), which is needed for the wave equation:

.2

/ MM — | 7€ < Cp qt* 42, for any t > 0,n € RY,
re  [&I ’

for any d — 2 < a < d (see Lemma 3.1 below).

As far as we know, the only other study of the wave equation, in which the
fractional noise enters the equation in a multiplicative way is [12], which treats
the case d = 1. The authors of [12] use a pathwise integral for interpreting
the solution, instead of the Skorohod integral used in the present article, which
makes it difficult to compare the results.

The study of the wave and heat equations driven by a Gaussian noise which is
white in time and homogeneous in space was considered by many authors, using
martingale methods (see [4], [9], [13], [3], and the references therein). These
methods work for more general equations (in which the factor u multiplying
the noise may be replaced by o(u), for a Lipschitz function o), but fail in the
fractional case. The method that we use in the present article is specific to the
case o(u) = u, in which the solution has a Wiener chaos decomposition whose
kernels can be written down in closed form.

This article is organized as follows. Section 2 includes the background and
preliminaries. In Section 3, we show the existence of the solution, in the case
when f is the Riesz kernel of order o > d—2. In Section 4, we give some estimates
for the moments of order p > 2 of the solution, and in Section 5 we study its
Holder continuity. In Section 6, we show the Malliavin differentiability of the
solution; finally, assuming that d < 2, we prove that the first-order Malliavin
derivative of the solution satisfies an integral equation, using a Hilbert-space-
valued Skorohod integral.

2 Preliminary Results

Intuitively, the solution of (1) should be given by a series of iterated integrals:

t
u(t,x) = 1—|—/ Gt —t1,x —x)W(dt1,dx1)+
0o Jre

t to
/ G(t—tg,l’—l’g) (/ G(tg — 11,2 —.’1?1)W(dt1,dl‘1)> W(dtg,dl‘g)—i—...
0 JR4 0 R2



Since in dimension d > 3, G(t, ) is a distribution in R?, the product
fa(ti, 21, o tn, Tyt x) = Gt —ty, @ — )Gty — tne1,Tp — Tp—1) - ..

Gty —t1, 22 — 1) o<t <..<tr <t} (5)

has to be defined as the product of distributions, and one has to be careful with
the definition of the iterated integrals above.

The goal of this section is to take care of this difficulty, by tackling the
following three problems:

e (Subsection 2.1) For any t > 0,z € R? and for any 0 < t; < ... < t, < t,
we give a meaning to f,,(t1,,...,tn, ,t,z) as a distribution in S’(R"?),
and calculate its Fourier transform.

e (Subsection 2.2) For any ¢t > 0,2 € R?, we give a general criterion which
ensures that f,(-,t,7) € HP®".
)

e (Subsection 2.3) Suppose that for any ¢ > 0,z € R?, f,(-,t,z) € HP®",
and the series u(t,z) := 14+ o, I,(fn(, t, 7)) converges in L*(Q), where
I,, denotes the multiple Wiener integral with respect to W. We show that
u = {u(t,r);t > 0,z € R4} is a solution of (1), in a sense which will be
described below.

2.1 The definition of the kernels f,(-,¢, )

In this subsection, we give a rigorous meaning to the kernels f, (-, ¢, z). We let
Cs°(R?) be the space of infinitely differentiable functions on R¢ with compact
support, and D'(R?) be the space of (Schwartz) distributions on R.

Assume first that n = 2 and let 0 < #; < t5 < t be arbitrary. We proceed
to the formal calculation of the action of fo(t1,-,te, ¢, o) on a test function
¢ = ¢1 ® ¢ with ¢1, ¢ € C5°(R?):

(fQ(tlv '7t27 ',t,$),¢)

G(t — tQ,ZL‘ — $2)¢2($2)/ G(tg — tl,xg — $1)¢1($1)d$1d$2
Rd Rd

G(t — tz, Tr — $2)¢2($2)g¢71(t2 — tl, .’L‘Q)dl'g
Rd

) G(t —ta, x — x2)a(ta — t1, x2)dxs
R
oty —t1,t —ta, )

where
V1(1) = ¢1(), and  Pa(s, ") = p2(")e1(s, )
@1(s,-) = P1(-) * G(s, ), ©2(51,82,°) = a(s1,-) * G(s2,-),

and * denotes the convolution with respect to the space variable. Similar formal
calculations can be done for any n.



Based on these calculations, for any 0 < t; < ... < t, < t fixed, we let
fn(ti,+ ... tn, - t,7) be the element of D’'(R™?) whose action on a test function
b=0¢1®...0 ¢, with ¢; € C$*(RY), is given by:

(f’n(tlv‘»'"atna'atvx)7¢) = @n(tg _t17t3 _t27"' ;t_tnv‘r)a (6)

where the pairs (Y, i) are defined recursively for k = 1,...,n by the following
relations:

Vr(s1,- -5 80-1,7) = Or()pr—1(s1,-- -5 8K-1,") (7)
cpk(sla"'aska') = ¢k(sla'~~ask—la') *G(skv')' (8)
Note that ¥(s1,...,s6-1,-) € CRY) and @i(s1,-..,sk,-) € S(RY), since

G(s,") is a distribution with rapid decrease in R? (see p. 245 of [14]). The
previous definition is extended to ¢ = ¢1 ® ... ® ¢, with ¢; € S(R?).

The next result shows that the Fourier transform of f,(¢1,-,...,tn, ¢, ) is
a function in R™, given by:
‘an(t17 I 7tn7 ) t? x)(&la s 7§n) = eii(§1+m+§n).z‘rG(t2 - tl; )(51)

FG(ts —tg, ) (&1 + &) .. . FG(t —tn, ) (E1 + ... + &) 9)

Proposition 2.1 Forany0<t; <...<t, <t and foranyh=h & ...®h,
with h; € C$°(RY), we have:

(fn(th Ty e 7tna '7ta $)7 h) = ~/R"'i h(§17 e ’gn)e—i(§1+...+£n)~x]:G(t2 - tl’ )(51)
]:G(tg — 1o, )(fl =+ fg) .. fG(t —tn, )(fl + ...+ fn)dgl . dfn
Proof: Note that ¢ := Fh = ¢ ®@ ... ® ¢, where ¢; := Fh; € S(R?). By the

definition of the Fourier transform in S’'(R%) and (6), we have:
(Jrfn(tlv'v'"7tn7'7t7x)ah) = (fn(t17'7"'7tn7'7t?x)7¢)
= @n(tg—tl,tg—tg,...,t—tn,.’r), (10)

where (¢, k), 1 < k <n are defined recursively by (7)-(8).

We proceed to the evaluation of ¢, (te — t1,t3 —to,...,t — t,, ).

Step 1. For any si,...,8,—1 € [0,t], we define recursively the following
functions: g1 = hq,

Gr(81,- s 8k—1,7) = hie * (gr—1(51,. .-, Sk—2, ) FG(sk—1,-)), 2<k <n.

By induction on k, 2 < k < n, it follows that gi(s1,...,sk_1,") € C°(RY)
(since FG(s,-) is a C>®-function on R), and

gr(S1, -0y Sk—1,Mk) :/(k . hy(n)he(n2—n1) - - he(nr—nr—1)FG(s1,-)(m) - - -
R(k—1

FG(sp—1,")(Mk—1)dn1 ... dng_1. (11)



Step 2. We prove by induction on k, 1 < k < n, that:
Ok(S1y- vy Sk, ) = Flgp(s1, -+, Sk—1, ) FG (8K, )] (12)

Before proving (12), note that:

Fg*G(s,-) = F(gFG(s,-)), Vg€ CF(R?),Vs >0, (13)

since (Fg) * G(s,-) = F[F Y Fgx*G(s,-))] = F(gFG(s,")).
For k =1, we have g; = hy = F '¢; and

01(8,7) = b1 G(s,) = Fq1 xG(s,) = F(q1 FG(s,-)),

where we used (13) for the last equality. This proves (12) for k = 1.
Suppose that (12) holds for & — 1. Then

V(5155 86-1,2) = Op(x)pr-1(51,. -, 8%k-1,7)
Fhi(2)Flgr—1(51,-- -, Sk—2, ) FG(sk_1, )] ()
Flhi * (gr—1(s1, .., Sk—2, ) FG(sk-1,"))](z)
= Fogr(s1y...,86—1,)(2)

and

Pr(s1,-08k,) = Yk(s1,.o8k-1,) * Glsk,-) = Fgr(si, -, sk-1,) * Glsk, )

= Flogr(s1,---, 861, ) FG(sk, )],

where we used (13) for the last equality. This proves (12).
Step 3. Using (12) and (11), we obtain that for any 1 < k < n,

0p(815. .., 88, @) = /d e T g (815 ey Sk—1, ) F G (81, ) (1) dnie
R
- /kd e T hy (1) ha(nz —m) - - hi(mk — me—1) FG(s1, ) (1)
R
o FG(Sp—1, ) (mi—1) FG(sp,)(m)dny . . . dny

k k
= /R ettt [ () [T FGGss )& + -+ €)déa - dekla)
j=1

Jj=1

where for the last equality we used the change of variables &1 = 11, §; = n;—n;-1,
for 2 < j < k. We now use (10). The conclusion follows using (14) with k = n,
Sn:tftn and Si:ti—i-l*ti for 1 SZS’HJ*I O

2.2 The space HP&"

In this subsection, we give a criterion for checking that an element ¢ € HP®",
which can be viewed as a multi-dimensional analogue of Theorem 2.1 of [2].
This criterion is then applied to the case ¢ = f,, (-, t, ).



For this purpose, for any 7' > 0 fixed, we define the multi-dimensional trans-
fer operator K7, ,, by:

(K}k{,nl[o,tl]x...[o,tn])(Sla ) Sn) = H(K}*;Il[o,tl])('sl% S1,---,8n € (OaT)

i=1

Let Ec(0,T) be the set of all complex linear combinations of indicator func-
tions 1 4,t € [0,7], and Hc(0,T) be the closure of £ (0,7) with respect to
the inner product:

T T L
(o, V) Hc01) = OcH/O /0 o(u)(v)|u — v[* 2 dudv.

The operator K7 ,, is an isometry between Ec(0,T)®"™ and L*((0,T)"), which
can be extended to Hc(0,7)®™. In terms of fractional integrals, we have:

(K51 ®)(s) = (ci)"T(H — 1/2)"[s]/ 2~ 17~ () =26 (w))(s),

where ¢}, = (m)lﬁ, s=(S1,...,5n), [S] =$1...5p, and

T T
I7_,f(s) = @/ / [u—s]*"!f(u)du

is a multi-dimensional fractional integral of f € L'((0,T)"), of order a € (0,1).
For any function ¢ € Hc(0,7)®", we have:

o u)o(v)[u — v*2dudv =
O R
dy / L2 2 ([ =12 6(w) ) (5) [ A, (ds), (15)
0,7)"

where dy = (¢;)?T'(H — 1/2)? and Ay, (ds) = [s]' 2H ds.
Let &7 be the class of elementary functions on (0, 7)) x R%. For any ¢ € 6’5?”,
lellepor = i [ [ G Pt )OS
Rnd 0, T n
Ai o (ds)p(déq) - .. p(dén), (16)

where € = (&1,...,&,) € R,
The following theorem is the multidimensional analogue of Theorem 2.1 of

[2].

Theorem 2.2 Let (0,T)" 3t + @(t1, ..., tn,-) € S'(R™) be a deterministic

function such that Ff(t1,-,...,tn") is a function on R™, for all t € (0,T)™.
Suppose that:

(i) the function t — Fo(ti, -, ... tn, ) (&) belongs to Hc(0,T)®" for all € € R™;



(ii) the function (t,&) — Fp(ti, ... tn, )(&) is measurable on (0,T)" x R"?;
(i) [ gy Ton Loy [0/ 00 = SJT/20 Fipun, 0, ) (€) it < o6
for all (s,€) € (0,T)" x R™ (or Fp(s1,,...,5n,-)(€) >0 for all (s, &)).

If

IT::a%/ / Foplur, v tm, Y€ Fplor e om I E)
Rnd (O,T)Q"'

H lu; — v |2 2 dudvu(dey) . .. p(dé,) < oo, (17)
i=1
then ¢ € HP®" and ||¢||3,pen = Ir. (By convention, we set p(ty,-,... tn,) =

0 ift;>T for somei=1,...,n.)

Proof: The argument is similar to the one used in the proof of Theorem 2.1 of
[2], being based on relations (15) and (16) above. We omit the details. O

Remark 2.3 In our case, we apply Theorem 2.2 to the function
(0, )" 2t = @1, stn, ) = fults, e tn, -t x).

(We define f,(t1,...,tn, - t,x) to be 0 if the relation t; < ... < t, is not
satisfied.) To see that this function satisfies hypothesis (i)-(iii) of Theorem 2.2,
we use (9) and the fact that:

[FG(t,)(€)| < Or vt e [0,T],€ € RY, (18)

From here, we infer that the map t — F f,,(t1,-, ..., tn, -, t,x) belongs to LZ(0,T)®™,
which is included in Hc(0,7)%".

Therefore, to show that f,(-,t,z) € HP®", it suffices to prove that (17)
holds. This will be done in Section 3.

2.3 Malliavin Calculus

In this subsection, we introduce the basic elements of the Malliavin calculus
with respect to the isonormal Gaussian process W (see [10] for more details).

We first introduce the multiple Wiener integral with respect to W. Let
G be the o-field generated by {W(y);¢ € HP}. By Theorem 1.1.1 of [10],
L?(Q,G, P) = & HP,, where HP,, be the n-th Wiener chaos of W. Hence,
every F € L?(Q,G, P) admits the following Wiener chaos expansion:

F = i JnF, (19)
n=0

where J,, is the projection on HP,,, for n > 1. By convention, JoF = E(F).



The definition of the multiple Wiener integral I,, is similar to the white noise
case (see Subsection 1.1.2 of [10]). More precisely, I, is a linear and continuous
operator from HP®" onto HP,,. For any f € HP®" we write

In(f) = / f(tlv T1y... ,tn, xn)W(dtl, del) - W(dtn7 d(En),
(R+><]Rd)

even if f,, is not a function in (t1,21), ..., (tn, zn). Note that I,(f) = I,,(f) and

E(L(f)In(9)) = n!{f, ) spen, (20)
where f denotes the symmetrization of f,i.e.
[t 2, ot 2y) = ] Z Fto)s Tp)ys -+ -5 tp(n)s To(n))-
pPESH

(Here S,, denotes the set of all permutations of {1,...,n}.)
Any random variable F' € L?(£2,G, P) admits the decomposition:

F = Zln(fn) (21)

n>0

for some f,, € HP®™ symmetric, and

E|F? = ZEII (fa)l? Zn 1 Fall3pen-

(By convention, fy = E(F) and Iy(xz) = x for all x € R.)
We now introduce the derivative operator. Let S be the class of smooth
random variables of the form

F:f<W((p1)7""W((pn))7 (22)

where f € C°(R™), ¢; € HP, n > 1, and C°(R™) is the class of bounded
C*°-functions on R™, whose partial derivatives are bounded. The Malliavin
derivative of F' of the form (22) is an HP-valued random variable given by:

S W(pn))wi-

We endow S with the norm ||F||2, . := E|F|*+ E|DF||3,5. The operator D
can be extended to the space D2, the completion of & with respect to || - ||pi.2.
The following result is the analogue of Proposition 1.2.7 of [10].

Proposition 2.4 Let F be a random variable given by (21). If F € DY2, then

D,F = Z nly_1(fn(-,0)),

n>1

where o denotes the missing (t, z) variable.



Proof: It is enough to assume that F' = I,(f,), for some symmetric elementary

function f,, of the form f, = 37" . _ ai, 14, x..xA,, , Where m > n,
Ay, ..., A, are pairwise-disjoint bounded Borel sets in R, x R, and a;, ;. =0
if any two of the indices i1, ...,7, are equal. Then
fn = Z Qiy . iy Z 1Ap(il)><~"><AP(in) (23)
1<i1<...<in<m p€S{i1.in})
L(fn) = n! S ai WAL W (A, (24)

1<i1 < . <in<m

where S({i1,...,in}) denotes the set of all permutations of {iy,...,7,} and
W(A) = W(1a). Using (24), the fact that D(FG) = (DF)G + F(DG), and
DW () = ¢ for any ¢ € HP, we infer that

D F =n! Z sy .. i, Z 1Aij (o) H W(A;,)

1<61<...<in<m k#j

Using (23), we obtain:

n—1
In—l(fn('7 .)) = Z Ay .. iy, Z lAp(in)(.) H W(Ap(zj))
1<i1<...<in<m pES{i1.. in}) Jj=1

= Z Qi .y, Z 1Ai_7. (o) Z H W(Ap(ik))

1Sii<...<in<m pES({ix...in }\{i;}) K7

= (n—-1)! Z @iy ooiny Z 1Aij (o) H W(A;,)-

1<i1 <. <ip <m k#j

O
The divergence operator § is defined as the adjoint of the operator D. The
domain of §, denoted by Dom 4, is the set of u € L?(Q; HP) such that

|E(DF,u)yp| < c(E|F|*)"/?, VFeD"?,

where c is a constant depending on u. If u € Dom 4§, then d(u) is the element
of L?(Q2) characterized by the following duality relation:

E(Fé(u)) = BE(DF,u)»p, YF cD"“2 (25)
If uw € Dom §, we will use the notation

d(u) = /OOO /]Rd u(t, z)W(dt, dx),

even if u is not a function in (¢, z), and we say that §(u) is the Skorohod integral
of u with respect to W.

10



The next result gives an important calculus rule, which plays a crucial role in
the present article. This rule states, in particular, that the Skorohod integral of
a multiple Wiener integral of order n coincides with a multiple Wiener integral
of order n + 1, i.e.

/ d</, dLm@hxh”.memuxﬂvwh¢hﬁ.”WKﬁmd%Q>Wqﬁﬁx)
Ry xR (R4 xR4)™

= / ) folt1, 21, tn, @, 6, 2)W(dty, day) ... W (dt,, de, )W (dt, dx).
(Ry xRA)n+1
(26)

Proposition 2.5 Assume that u € L*(Q; HP) has the Wiener chaos expansion.:

u(.) = Zln(fn(a.))v (27)

n>0

where o denotes the missing (t,z)-variable, - denotes the missing n variables
(t1,21),. .., (tn,2n), and f, is symmetric and lies in HP®™ (in the first n vari-
ables). Then v € Dom ¢ if and only if the series Y, <o Int1(fn) converges in

L?(Q), where fn is the symmetrization of f, in all n+ 1 variables. In this case,

S(u) =Y Ini1(fu) =D Tnga(fn)-

n>0 n>0

Remark 2.6 (a) If u(t,z) is a function in (¢, z), relation (27) is interpreted as
follows: for any (t,z) € R, x R4,

u(t,z) =Y Li(fa(t,2) in L3(Q). (28)

n>0

(b) If u(t, x) is a distribution in (¢, x), relation (27) is interpreted as follows: for
any ¢ € CF (R, x RY),

(u(0),8) = > In((ful-®).4)) in L3(). (29)

n>0

(c) If u(t, z) is a function in ¢ and a distribution in x, relation (27) is interpreted
as follows: for any t > 0,¢ € C5°(R?),

(U(t, *)7¢) = Z-Tn((fn(vta *)7¢)) in LQ(Q)v

n>0
where * denotes the missing x-variable.

Proof: Using the same argument as in the proof of Proposition 1.3.7 of [10], it
suffices to prove that for any G = I,,(g) with g € HP®" symmetric, we have:

E(DG,u)yp = E(L(fn-1)G). (30)

11



Without loss of generality, we may assume that g is a function in all variables.
By Proposition 2.4, DG is a function given by

Dy G =nl, 1(g(-,s,y)) Vs >0,y € R (31)

We consider separately the following three cases.
Case 1. u(t,z) is a function in (¢, ). Using (28), (31), the orthogonality of
the Wiener chaos spaces, and (20), we obtain

E(DG,uyyyp = apgFE u(t,z)(Ds G|t — s|*" 72 f(x — y)dadydtds
(R4 xR4)2

= naH/ E(In—l(fn—l(';tax))In—l(g('vS7y)))
(R4 xR)2
[t — s> =2 f(x — y)dadydtds
- n(n - 1)' aH/ <fn71('at7$>7g('7Say»’HP@("*l)
(R4 xR4)2

[t — 5|22 f(x — y)dedydtds
= n! (fa—1, 9)upen =nl (fa1, g)upen = E(In(fa-1)In(9)),
where for the second-last equality, we used the symmetry of g. This proves (30).
Case 2. u(t,z) is a distribution in (¢,z) (in S'(R4*t1)). In this case, we
regularize f, as follows. Let ¢ € C§°(R¥*!) be such that ¢ > 0, the support
of 1 is included in (0,1) x {& € R%[z| < 1} and [uy, ¢(¢, @)dtdz = 1. Let
Ve(t,z) = e~ Np(t/e,x/e) and f,, (-, ®) := e * fu(:, ), where * denotes the
convolution with respect to the missing (¢, z)-variable, denoted by e. Note that
fre(-,t, ) is a function in (¢,x) (see p. 245 of [14]). Let

ue(t, ) ZI (frne(st,x)).
n>0
We claim that u. = 9. *u. To see this, note that for any ¢ € C§° (R4 x RY),
(e xu)(0),8) = (u(®),ve*d) =D In((ful®), ¢z %))

n>0

= ZIn(<fn,a(".)7¢)) = Z(In(fn,e<'7.))7¢) = (uc(e), 9),

n>0 n>0

where we used (29) for the second equality, and the stochastic Fubini’s theorem
for the second-last equality.
Applying the result of Case 1 to u., we get:

E(DG,uc)pp = E(In(fu-1)G). (32)
Relation (30) follows by letting € — 0. On the left-hand side of (32), we have:

Blu—ulke = ana [ drir' " [ p(@e)Fuc(r.e) - FulroP

an [ drlrlZC1D [l Fur O PIFvr. ) < 17 =0,
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as € — 0, by the Dominated Convergence Theorem, where F denotes the Fourier
transform in the (¢, z)-variable and ap 4 is a constant depending on H,d and p.
On the right-hand side of (32), we have:

E|In(fn71,£) - In(fnfl)|2 - n!anfl,s - fnleg.”)®n —

n—1

n!a’ﬁ’d/R dﬁ...dTn,ldTH\n—|1—2H|T\1—2H/R (dgr) - p(dEn 1) ()
. 11 .

|]:(n)fn—1(7—1a§15 .. 'aTn—17§n—17T7 6)‘2|fw8(7-5 f) - 1|2 — Oa as € — 07

by the Dominated Convergence Theorem, where F(™) denotes the Fourier trans-
form in all n variables (t1,x1),..., (th—1,Zn—1), (¢, ).

Case 3. u(t,z) is a function in ¢ and a distribution in z. The argument is
similar to Case 2, based on a regularization of u in space. We omit the details.

O
We now return to our framework.

Definition 2.7 We say that u = {u(t,z);t > 0,z € R?} is a solution of (1)
if u(0,2) = 1 for all v € R, and for any t > 0,2 € R%:

(i) Elu(t,z)]* < oo;

(i) u(t,z) is F;-measurable, where F; = c{W4(A);0 < s <t, A € By(RY)};
(iii) the process vb®) .= G(t — -, x — ¥)u belongs to Dom § and

ult,z) = 1+ 6(v!?)).

Here, - denotes the missing s-variable, = denotes the missing y-variable, and
G(t—s,z—*)u(s, *) denotes the multiplication of the distribution G(t — s,z —x)
with the function u(s,*), for any s € (0,t).

The following result concludes our preliminary discussion.

Theorem 2.8 Suppose that for any t > 0,2 € R4 n > 1, f,(-,t,x) € HP®",
fn(-, t,x) being the kernels introduced in Subsection 2.1. Then equation (1) has
a solution if and only if for any t > 0,z € RY,

the series 2, <1 In(fn(- 1, 2)) converges in L?(Q). (33)
In this case, the solution is given by: u(0,z) =1 for all z € R?, and

u(t,z) =1+ ZIn(fn(-,t,x)), for allt >0,z € RY. (34)

n>1

Proof: Let v(:®) be given by Definition 2.7. We claim that v(»*) has the Wiener
chaos expansion:

’U(t’x)(°) = an(fn+1(-,o,t,$)), (35)

n>0

where e denotes the missing (s, y)-variable.

13



From (35), by Proposition 2.5, it will follow that v(**) € Dom § if and only
if the series 3 5o Iny1(far1(-;t,2)) converges in L*(2), and in this case,

(5(’0(t’x)) = Z In+1(fn+1('7t7$)) = u(t,aﬁ) -1
n>0

It remains to prove (35). If d < 2, then G(¢,z) is a function in z, and (35)
is clear, since for any s > 0 and y € R?,

v(t’m)(say) = Git—s,x—y ZI (fn(sv)) :an(G(t—s,x—y)fn(-,S,y))
n>0 n>0
= an(fn+1(',5,y7ta$))-
n>0

Suppose now that d > 3. Then G(¢,x) is a distribution in x. Recalling the
interpretation given to (35) in Remark 2.6.(c), we show that for any s € (0,¢)
and ¢ € C§°(R?) fixed,

(W) (5,9),6) = 3 L((fara (o505, 1,2),6) in L2(Q).  (36)

n>0

Since v(:®) (s, ) is the product between the distribution G(t — s,z — *) and
the function u(s, ¥), the action of v(»*)(s, %) on ¢ is given by:

(U(t@)(s’ *)7 ¢) = (G(t — S, — *)7 (bu(sa *)) = [¢U(S, *) * G(t -5 *)](13)
= 3 [Bals, %) < Gt — 5, 0)](x),

n>0

where J,,(s,y) = L,(fn (-, $,y)), and we used (34).
To prove (36), it suffices to show that for any n > 0,

[(b‘]n(sa *) * G(t -5 *)](I) = In((fn-‘rl( S, *,t,:l?) ¢)) (37)

Let G. be a regularization of G in space, i.e. Go(s,*) = . * G(s, *), where
Y. = e Up(x/e), v € CP(RY), v > 0, supp ¢ C {r € R%|z| < 1} and
Jra ¥(@)dx = 1. Then FGe(s,%)(§) = FG(s,%)(§) F e (§).

Smce G (s,y) is a function in y, for any n > 0,
[@Tne(s,%) % Ge(t = 5,4)|(2) = In((fas1.c( 8,%, 1, ), 0)), (38)
where Jn c(s5,y) = In(fne(,5,9)),
fre(t, 21, tn, Tny 8,y) = Ge(8—tn, y=—2n) ... Ge(ta—t1, 12—21) 14, <. <1, <5}

fn-i—l,E(tlaxh <o bns T, S, yvt’x) = GE(t_Sax_y)fn,E(t17$17 ey tn, Tn, Say)1{5<t}'

Relation (37) follows by taking the limit as e — 0 in (38). This is justified
below.
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On the left hand side of (38), we use the fact that for any y € R9,
E\Jy..(s,y) — Jn(s,y)|2 —0, ase—0. (39)
To see this, note that:
E|Jne(5,9) = Ju(s,9)* = ElLa(fac (-, 5,9)) = Ln(fa(, 8,97 = 0l (fre = ) (o 5,9) [ Fipon

:n'a?[/( ) Hltj _sj|2H_2 f(fn,s_fn)(t17'7"‘7tn7'7s7y)(£)
0,s)2n

io1 Rnd

Jr(fn,s - fn)(sh SyeeeySny Say)(g):u’(dgl) e u(dfn)dtds,

where € = (§1,...,&,) and t = (¢1,...,t,). Here, fn(, s,y) is the symmetriza-
tion of f,,(+,s,y) in the first n variables (t1,21),. .., (tn, z,), and F denotes the
Fourier transform with respect to the missing variables z1, ..., z,.

Using (9), one can prove that:

-F(fn,s 7fn)(tla’a'--vtn7’757y)(£) :]:an(tlv'w~-;tn;'asay)(g)[f¢s(€p(l))

Ve (o) FEp2)) - Yoy + -+ Epmy) — 1],

where p is a permutation such that ¢,y < ... < t,(,). Relation (39) follows
by the Dominated Convergence theorem, since 1) () — 0. The application of
this theorem is justified since |Fv-(€)| < 1 and || fn (-, 8, y)[13,pen < oo

On the right hand side of (38), we use the fact that:

BL((fas1.(y 8% 6,2),8) = Ln((fas1(, 8, %, t,2),0)) [ — 0, ase— 0. (40)
To see this, note that
ElL((fas1,e( 805, 6,2),8)) = In((fas1 (8,5, ,2), ) = nl]lg-(-, 5, £, 2)||3;pen
:n!a?{/ ﬁ|tj5j|2H2/ Fge(te, yonstn, s, t,x)(€)
(0,5)2n 521 Rnd
Fge(S1,yveySnyy Syt x)(E)p(dér) ... n(dEy,)dtds, (41)
where € = (&1,...,&), t = (t1,...,t,) and

gg(-,S,t,$> = ((fnJrl,s - fn+1)('v5’ *at,m)v(b)'

Here, the action of ¢ is on the missing y-variable (denoted by ), an (8, %, t,x)

is the symmetrization of f,,11(:, s, *, ¢, x) in the first n variables (t1,21), ..., (tn, Tn),
and the Fourier transform is taken with respect to the missing variables z1, ..., z,.
Note that

ng(tla""'7tn7'757t’m)(€) = /]Rd ‘F(.fn-l-l,&_fn-i-l)(tlv'v'-~>tn>'75a*7tax)(€7£)}-¢)(§)d£a
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where the first Fourier transform under the integral is taken with respect to the
n + 1 missing variables x1, ..., 2y, y. Using (9), one can prove that:

f(fn+1,a_fn+1)(t17'7'"atn1'387*7t7$)(€7£) = ffn(tla'a'~~7tn7'787x)(£)k6,p(£7§)7

where

kep(€,6) =€ “FFG(t— 5, )&+ -+ & T &) [We(Eo1)) - - Ve (Epa) + - -+ Epmy + 1],

and p is the permutation for which ¢,y < ... <{?,@,). Hence

fgs(tla""'7tn7'757t’x)(€) = ffn(tlv'v"'atna'a&x)(g) /]Rd ké‘,p(gvg)]:qb(g)df

= Ffalti,eootn,s,2)(€) K, (£). (42)

Since F1.(§) — 0, by the Dominated Convergence Theorem, it follows that
K. ,(&) = 0 as e — 0. (To justify this, we use (18) and |Fu-(§)| < 1.)

Relation (40) follows from (41) and (42), again by the Dominated Con-
vergence Theorem, whose application is justified by the fact that |K. ,(£)| <

2C; [pa [FS(E)]dE =: Cr g, and || fu(-, 5, 2) |12 pen < 00. O

Remark 2.9 Let ug(t,z) =1 and u,(t,z) =1+ > 1, I(fe(- t,2)) for n > 1.
Let v{"®) = G(t—-,x — *)u, for any n > 0. Using the same argument as above,

ét,:c))

one can show that §(v =upy1(t,z) — 1, ie

t
Unt1(t,x) =1 +/ / G(t — s,z — y)un(s,y)W(ds,oy), Yn >0.
0 JRrd

In other words, {u,}n>0 plays the role of the Picard’s iteration sequence used
in the case H = 1/2.

3 Existence of the Solution

In this section, we examine condition (33), in the particular case when f is the
Riesz kernel of order o € (0,d), i.e. f(z) = co.alz|~ @), u(d¢) = |¢|~>d¢.

Our main result shows that « > d — 2 is a sufficient for (33), and hence a
sufficient condition for the existence of a solution to (1) (by Theorem 2.8).

Note that o > d — 2 is also the sufficient condition for the existence of a
solution to (1), in the case when H = 1/2 and the solution is interpreted using
a martingale measure stochastic integral (see Theorem 5.1 of [3]).

Due to the orthogonality of the Wiener chaos spaces and (20), condition (33)
is equivalent to:

St =1+ nlllfat,2)|pen < oo, (43)

n>1

where fn(, t,x) is the symmetrization of f,, (-, ¢, z) in the first n variables (¢1,z1),
ooy (tn,x,). In this case, Elu(t,z)|?> = S(t).
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We begin with the calculation of ||fn(~7t,x)|\3ﬂ)®n. At the same time, this
calculation will show that f,(-,t,z) € HP®" (see Remark 2.3). (By abuse of
notation, we use || - ||y pen, even if we do not know yet that f, (-, t,z) € HP®".)

Note that

n

Futallpon = [ T =5 [ PRttt (@

(Oyt)zn j:1
Fha(s1sey ey Sny -t 2)(E)u(der) . .. p(dEy,)dtds,
where &€ = (&1,...,&,), t = (t1,...,t,) and s = (s1,...,8p). Let
gé")(-,t,m) = n!fn(tl, ey bp, et x).
Hence,
- 1 "
Fhalt, oot t.2)(€) = —Fgl (- 1,2)(€),
and
- 1 n -
2 o n 2H -2 n
| fn( st 2) ][5 pen = WQH /[07t12"j1:11 |s; —t5] ol )(t,s)dtds,
where
W)= | Fa b a)©F e (b a)@nuldg) - p(dn).
We let

Ga(t) = (W21 1,2 Egpon

With this notation, relation (43) becomes:

St =Y %dn(t) < 0.

n>0

(44)

(45)

We proceed to the evaluation of &p,(t), which relies on the evaluation of

Y™ (t,s). Using relation (9), one can prove that:

J—_vgtn)(,)t’x)(ﬁ) — it ) e Z FGlut, )(Epy) FGluz, ) ) + Ep2)

PESH
o FG(tn, - )(Epy + -+ Eom) Lty <<ty }
where S, is the set of all permutations of {1,...,n} and uj = t,;11) —t,(;

1 < j <n, with tp(ny1) = L.

(46)

j) for

In the argument below, since there is no risk of confusion, we omit writing

the variable (¢, x) of gé")(-,t,x).

17



It is known that, for any ¢ > 0, G(t,-) is a distribution with rapid decrease
in S'(R?), whose Fourier transform is given by: (see e.g. [15])

sin(¢[¢])
(.

The following central result was announced in the introduction, and will
allow us to estimate (™ (t,s).

FG(t,)(&) = Ve € RY.

Lemma 3.1 Assume that d —2 < o < d. Then,

.2

t

I:= / sm|£(|2|§)|§ — | < C’a,dta_d“7 for any t > 0, € R%.
Rd

Proof: Using the change of variable &' = t£, we obtain,

. sin?(|¢/ a
I=t d“/RdKE:QDK’—tm de’.

We claim that:

.2
I(a) == /]R Sm|§(||f|)a — €]7%dE < Caq, Va€R

To see this, we change the variable a — £ into £, and we write

-2 . 9
to) = [ E= e (€ = al) | g )4 e,
“ /551 Era £+/s>1 E_ap ol = Do)+ I{e)

For I1(a), we use the fact that [¥2£| <1 for any = > 0. Hence

1
1
Bz [ jtde=a [ xertan—
lel<1 0 d—a

For Iz(a), we use the fact that

sin?(t[¢]) 1
—em <2 +1 . Vt> 0,V e R
€12 e
(see p. 81 of [13]). In our case, t = 1. Hence
1 1
Ia§4/ 7€—ad§§4sup/ e
A \f\>11+|€*a\2|| acRd wo TFIE—al

Finally, we observe that o > d — 2 is equivalent to fRd ﬁ\ﬂ_“df < 00,
which in turn is equivalent to

1 —x
:;@/ﬂgdwlél dé < o0
(see (5.5) of [3]). O

Based on the previous lemma, we estimate (™) (t,s).
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Lemma 3.2 If f is the Riesz kernel of order a > d—2, then for any t,s € [0,t]",
U (t,8) < CF 4[B(t)B(s)] /2,

where B(t) = H?Zl(tp(jﬂ) —to5)), B(s) = H;;l(sg(jﬂ) — 54(5)), and the per-

mutations p and o of {1,...,n} are chosen such that
to) <tp2) < .- <tpm) and S,y < Sg2) < --- < Sg(n)s (47)
with tp(nt1) = So(nt1) = -
Proof: By the Cauchy-Schwartz inequality,
G0 (6,5) < G0 (8, £)1/250) (5,5) 2.

Let u; = t,(j41) — ty(y) for j =1,...,n. Using (44) and (46), we obtain:

i = [ 1F©F k) i)

| IF G ) o 1FGltn M€t + -+ ) (d) -(dy)

O JEDP PG )€ -+ €D )

:/ sin (ua|€]]) sin®(ualé] + &) sin®(ualé] +... + &)
rea 6117 161+ &f? G+ &P

where we used the change of variable f; =&piy,d =1,...,n.
We now use the change of variable

=+ 4+, j=1,...,n

The inverse transformation is: £ = n1,&; =n; —nj-1,5 =2,...,n. We get
w*(n) t, t / d Sln u1|771 / d Sln U2\Tl2|)|n2_m|—a_“
sin? (|7 _
/ dnp, ‘ ni|2 n|)| n_nn—l‘ “.
n

Using Lemma 3.1 iteratively, we obtain ¢ (t,t) < O g(ur. Uy )2,
The result follows. [J

Proposition 3.3 If f is the Riesz kernel of order a > d— 2, then for anyt > 0
andn > 1,

an(t) < Ct) ——

= Wa (48)

where C(t) = Cy g gt to—d+2,
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Proof: Let h = (o« —d + 2)/(2H). As in the proof of Proposition 3.6 of [1],
using Lemma 3.2 and inequality (16) of [1], we obtain that:

A

2H
on tn(1+h)2H n!
ot H C(n(1+h)+1)

<
1
n n(1+h)2H
< Ca,d,Ht (n!)a7d+2'

For the last inequality above, we used the fact that for a > 0, I'(an + 1) =
Cp(n)*, where C,, is a constant such that A" < C,, < A" for some A > 1. O
The existence of the solution is immediate.

Proposition 3.4 If f is the Riesz kernel of order o > d — 2, then condition
(83) holds, and consequently, equation (1) has a solution.

Proof: As we mentioned earlier, condition (33) is equivalent to (45), which in
turn is satisfied, since by Proposition 3.3,

1. ok
St)=)_ —an(t) <D (alyo—dTs < %
n>0 n>0
The second statement follows by Theorem 2.8. [J
Since C(t) is an increasing function in ¢, the previous argument shows that:
1
S(t) =Y —an(t) < Cr < oo, Vte[0,T), (49)
nl
n>0
for any T' > 0, i.e. sup; ,eqo,r)xre Elu(t, z)|> < oo for all T > 0.

Remark 3.5 In the case of the heat equation, it was shown in [1] that, if f is
the Riesz kernel of order @ > d — 4H, then for any ¢t > 0 and n > 1,

1

dn(t) < C(t)n(n!)—(ﬁ)ﬂ7

where C(t) = Ca7d7Ht2H_(d_a)/2. In this case, (45) holds if @ > d — 2.

Remark 3.6 Using the same method as above, one can prove that ano %an(t) <
Cr < oo for all t € [0,T], where ay(t) = (n!)?(| fn (-, t, 2)[|3,pen-
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4 Moments of the Solution

In this section, we show that the solution is L?(£2)-continuous and has uniformly
bounded moments of order p > 1. With the obvious modifications, the results
presented in this section remain valid for the heat equation (see Remark 3.5).

Let u(t,z) = Y, < Jn(t, ), where J, (¢, x) is the projection of u(t, z) on the
Wiener chaos HP,,. By the orthogonality of the J,(t,x)’s, we have:

Elu(t,z)> = E|Ju(t, ). (50)
n>0
Note that 1
ElJu(t,2)[* = E|L(fa(- £, 2))] = —an(t). (51)
It is known that, for any 1 < p < ¢ < oo, the norms || - ||, and || - |4
are equivalent on any Wiener chaos HP,, where || - ||, denotes the norm in

LP(2). This is a consequence of the hypercontractivity property of the Ornstein-
Uhlenbeck semigroup (7})¢>0, defined by:

T,F = Z e ™I, F, FeL*Q),
n>0

where we denote by J,F the projection of F' on the n-th Wiener chaos HP,,.
The property says that for any p > 1 and ¢ > 0,

IT:F gy < 1],

where ¢(t) = €?(p — 1) + 1 (see Theorem 1.4.1 of [10]). Hence, for any 1 < p <
q < oo and for any F € HP,,

e_ntHF”q = ||TtF||q < ”F”pv

where t > 0 is chosen such that ¢ = e*(p — 1) + 1. In particular, for any p > 2
and for any F' € HP,,

1Ell, < eI Fllz2 = (p = 1)"2[|F|l2, (52)

where ¢ > 0 is chosen such that p = e + 1.
Applying these results in our case, we obtain the following result.

Theorem 4.1 Let f be the Riesz kernel of order a > d—2 and u be the solution
of (1). Then u is L*(Q)-continuous, and for anyp > 1, T >0

sup sup Flu(t, z|P < oo. (53)
t<T geR

Proof: We apply (52) for F' = J,(t,x) € HP,. Using (51), we obtain that:

1/2
02l < (0= D21l = (0= 172 (a0
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Using (48), we obtain that:
1 1/2
Do alt )l < D0 =12 {C(t)"W} < 00
n>0 n>0 ’

Since a(t) does not depend on = and C(¢) is an increasing function of ¢, we
have: for any T > 0,

Zsup sup ||, (¢, 2) ||, < Crp < 0. (54)
nZOtSTﬁERd

From here, we conclude that for any (¢,z) € Ry xR¢, the sequence {u,, (¢, z) =
Soho Jk(t,z),n > 0} is Cauchy in LP(£2), since

n
[tn(t,2) = um(t,2)llp < D |Je(t,2)], =0, asn,m = co,n > m.
k=m-+1

Therefore, there exists a random variable v(t, z) € LP(Q) such that u,(t,x) —
v(t,z) in LP(Q). But u,(t,z) — u(t,z) in L%(Q), and hence u(t,z) = v(t,z)
a.s. Using (54), one can show that

un(t, ) = u(t,z) in LP(Q), uniformly in (t,z) € [0,T] x R? (55)

and |Jun(t,z)|lp, < Sopo Ikt )|, < Cryp for all (t,z) € [0,T] x R, n > 0.
Taking n — oo, we obtain (53).

By Lemma 4.2 below, J,, is L?(£2)-continuous. Hence u,, is L?(2)-continuous.
Due to (55), it follows that u is L?(2)-continuous. O
Lemma 4.2 a) For anyn >1 and t > 0,

E|J,(t + h,x) — Ju(t,z)]* = 0 as h — 0, uniformly in x € R9.
b) For anyn > 1,t >0,z € R?,
B|J.(t,z 4+ 2) — Ju(t,z)]*> = 0 as |2| = 0,2 € R™

Proof: a) Suppose that h € [0,1]. (The case h < 0 is similar.) Then,

E|Ju(t+h,2) = Jo(t,2)> = ElL(fa,t+ha) = ful-,t,2))
=l |fuCot+h2) — fulst,2) |3 pen

2
< E(El(tvh) +E2(t7h))a
where
Ei(t,h) = (n)?(|fu(t+hoa)lgge — fulot, @) 3pen (56)
EQ(t7h) = (n!)Qan('?t_'_h’?x)l[o,t+h]n\[0)t]n||$~L’P®n~ (57)
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We treat Fj(t, h) first. Note that

Bt h) =y [ TL 1t — 2720 4. s)atas, (58)
(0,127 55
where
W) = [ Fla G bath) =g (ot a)©F (7 (o ) = g ) @nld).-

By the Cauchy-Schwartz inequality, ;L") (t,s) < z/;fbn) (t,t)1/2- wén) (s,s)'/2.
To evaluate ;Ln)(t,t), we use (46), denoting u; = t,(;4+1) — tp(;), When
0< to) < .o <tpm) <tpnt1l) =1

et = / CF@ Gt hw) = gt () - u(dn)

/]Rnd |]:G(U1, : )(gp(l))|2 s ‘]:G(un—la ' )(5,0(1) +...+ gp(nfl))|2
|~7:[G(un +h,- ) (um )](gp -+ gp(n))‘QM(dgl) s M(dgn)'

Proceeding as in the evaluation of ¢*(™)(t,t), we obtain,

2 .2
sin”(ui|ml), —a sin(uz|n2|) —a
én) (t’ t) = / d m | |2 |771| R an |772‘2 ‘772 - 771| s

/ dn | sin((un, + h)|nnl) _Sin(un|7]n‘)|2|n
n 1|2

n — nn—l‘_a~ (59)

By the Dominated Convergence Theorem,

;Ln)(t,t) —0 ash—0.

The application of this theorem is justified, since

| sin((t + h)|€]) — sin(t[¢])] 1\
€ <(1+|s|2) ’

for all ¢ € R4t > 0,h € [0,1] (see p.4 of Erratum of [4]). The fact that
E;(t,h) — 0 follows by applying the Dominated Convergence Theorem in (58).
We now treat Fao(t,h). Let A = [0,t+ h]™\[0,¢]™. We have

5(t, ) fo/f{/ H|t — 51221 4(6) 14 ()7 (8, 8)dbds,  (60)
[0,£]2n

where

W) = [ Fal - ha)©Fg ot ha)(©nld) - plda).
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By the Cauchy-Schwartz inequality, ’y}(ln) (t,s) < 72”) (t, t)1/2fy}(1") (s,8)1/2. To

evaluate %(ln) (t,t), we use again (46):
1 (t) = / GGt ) (©)P p(d) - pldn)

. 2 .92
sin®(ui|ml), | _a sin®(uz|nz|) —a
= / dm———5—"|m| dipg———5—m2 —m|™*...
R4 R4

|1 |12]2
. 2
sin®((un + h) |0y o
[ (Cn + Wlmal) ), - e, (61)
Rd |77n|

where u; = 1,;41) — tp(j)- By Lemma 3.1,

'V;S”) (t7 t) < C’g’d[ul ce un,l(un + h)]oz—d-q—27

and hence
i (a—d+2)/2
W (6,5) < C2 | (un + ) (vn + 1) [T wivs ,
j=1

where v; = So(j+1) — So(j) and So(1) < --- < So(n) < So(nt1) =1
By inequality (16) in [1],

5 2H
n—1
Eg(t, h) < bf}’C&d / lA(t) H (tp(j+1) — tp(j))(t +h— tp(n)) dt
[0,t+h]™ j=1

where 0 = (o —d + 2)/(2H). Using the fact that

A= U {(t1, . t0);0 <ty < ... <tpn—1) < tn and t, € [t,t + h]},
pPESn-1
we obtain that:
2H

t+h
Ey(t,h) < BJCT,|(n—1) / (4 h— 0 Lo (b, Ot |
t

where

n—1
In—l(tna 5) = / H (tj+1 — tj)édtl e dtn_l
0<t1<...<tpp—1<tn j=1
_ L +4)" (n=1)(1+5)
I'((n—1)14+0)+1) " ’
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(see Lemma 3.5 of [1]). We obtain:

2H
—1)! t+h
E t,h < anCm (1 5 2Hn (TL / t+ h— tn 6t(n—1)(1+6)dtn
2( ) = H >~ a,d ( + ) [F((n—l)(l—&—é)—l—l) ] ( ) n
2H(n-1)(1+8) L e i\
< n n— 1+6) - .
< Chant+1) CEER (/t (t+h—ty) dtn>
1
— n 2H(n—1)(1+9) 2H (5+1)
= Cpaut+1) 7[(n—1)!]2H5h — 0, ash—0.
b) We have:
1
E|Jn(tax) - Jn(t7y)|2 = E|In(fn('7tvx)) - In(fn('at7y))|2 = 5E3(t,x7y),
where
E3(t7$7y) = (n!)2\|fn(-,t,x) - fn('at»y)”?—n:@n (62)
= a?,/ H |t; — sj|2H_2wg(C7Z (t,s)dtds (63)
[0,4™ 524
and
eits) = | Flo" (ta)-g" ¢t 9)) O F (@ (t.2) — gl (6, )(€)n(dr) . . p(dgn),

Rnd

By the Cauchy-Schwartz inequality, ;72 (t,s) < 1/19(672 (t,t)l/%é?y) (s,s)'/2.
To evaluate 1/)5(;2 (t,t), we use (46):

Ut = / NF@VC ) = gV (b)) )Pl - uldn)

) -2

sin”(ui|m|), _a sin®(uz|n2|) —a
/ dm ———5—=1Im]| dip———5—= |2 —m[™"...
R4 R4

|2 72|
sin (un |17, —a —inn-(y—x)|2
dnnizlnn —77n—1| |1—6 " | ’ <64)
R4 |77

By the Dominated Convergence Theorem, Fs5(t,z,y) — 0 as |z —y| — 0. O

5 Holder Continuity

In this section, we obtain some bounds for the p-th moments of the solution,
from which we infer that the solution has a «-Holder continuous modification,
with 0 < y < 2=4£2,

If f is the Riesz kernel of order o« > d — 2, then for any 1 > 5 > (d — a)/2,
fRd % < 00, which is equivalent to

p(d€)

sup/ ———— < 00 65
UL e T I+ PP (65)
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(see (7.26) of [3]).

By Proposition 7.4 of [3], the fundamental solution G of the wave equation
satisfies hypothesis (H3)-(H5) of [3], for any 0 <v; < 1—8 < @=#2 j =1,2,3.
This fact is used in the proof of the next result.

Theorem 5.1 Let f be the Riesz kernel of order a > d—2 and u be the solution
of (1). Then for any p > 2,T >0 and K C R% compact,

Elu(t +h,z) —u(t,z)|? < C|h|P 02+ i e [0,T),Vz € RL,Vh € R, t + h € [0,T],
Elu(t,x + 2) —u(t,z)? < Clz|P®?, Vt>0Vre K,VzeRL 2 +2€ K
for any 0 < v; < , where C' is a constant which depends on o,d, H,p,T.

In particular, {u(t,z);(t,x) € [0,T] x K} has a modification which is a.s.
jointly v-Holder continuous in time and space, for any v € (0, O‘_Td“)

a—d+2
2

Proof: We first treat the time increments. By Minkowski’s inequality and (52),

lu(t + B @) = u(t, 2)llp = 1| D (Jnlt +h@) = Ju(t,2)]lp

n>0
<3 Wttt hoz) a2y £ 3 (0= Pt + By ) = Jalt, )
n>0 n>0
1/2
=S - {2man B} (66)

n>0

where F;(t,h) and Es(t, h) are given by (56), respectively (57).
To estimate F4(t, h), we use (58) and (59). The inner integral in (59) is

| VFGun e )€+ 1) = FGun, - )+ 1) ().

This integral is bounded by Ch?” for some 0 < vy, < Q*Td”, due to (H3). The
remaining (n—1)-fold integral in (59) is bounded above by C’;’:il(ul Uy ) T2
by Lemma 3.1. Hence,

]gn) (t,s) < Ch*M CZ,QI(M o un_l)(aﬂurz)/z(vl 3 .Un_l)(a,dﬂ)ﬂ’

where u; = 1,041y — t,(j) and v; = S,(j+1) — So(;)- By inequality (16) of [1],

2H
t n—1
Ey(t,h) < Ch* Ol lbip n'// [t = tj)dty .. dt,_dty,
0 JO<t1<o<tn—1<tn jq
= CP"CLbyT 1+52H"< : / t<"1><1+5>dt,> :
wd VT S a9 1) o L
Tn(2H+a7d+2)
< CRCT g (67)

(n!)a—d+2 ?
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where 6 = (o —d + 2)/(2H).
To estimate Fs(t, h), we use (60) and (61). The inner integral in (61) is

[ FG (un + iy (€ + 1) Ppu(d) < Clup + h)*",
R4

for some 0 < vo < Q_Td“, by (H4). Using the same ideas as above, we get:

Es(t,h)

IN

(n—1)! e 1)(146 "
CClun (T aTrmy ), (EHh- e,

Tn(2H+a7d+2)

2 +H mn
< Ch (7v2 )Cmd,H(n!)a——d-m

(68)

From (66), (67) and (68), we get:

(p— 1)n/2027/(iHTn(2H+a—d+2)/2

lutt+hoo) —ult2)ll, < ChR7 OIS (n)) (o T2

n>0
N (o d, H, p, T).

We now treat the spatial increments. As above, we obtain:

1 1/2
t — t < _1”/2 —Ea(t
bt ) - itl, < Y- (n! 3<,m+z>) ,

where E3(t,x,y) is given by (62). To estimate E3(x,x+z) we use (63) and (64).
Using the fact that FG(u,- — 2)(§) = e *“*FG(u,-)(£), we see that the inner
integral in (64) is:

R | FG(un, - — 2)(§+nNn—1) — FG(un,- )(§ +77n—1)|2ﬂ(d§) < C’|Z|273,

for some 0 < v3 < "‘_g”, by (H5). The rest of the proof is the same as above.

The final statement follows by a version of Kolmogorov’s criterion for multi-
parameter processes (see e.g. Problem 2.9 of [8]). O

6 Malliavin differentiability of the solution

In this section, we show that u(t,z) is Malliavin differentiable of any order.
When d < 2, we show that the Malliavin derivative of the solution satisfies a
certain integral equation. These results are valid for the heat equation in any
dimension d.

Recall that if F' is a smooth random variable of the form (22), the iterated
Malliavin derivative D*F is an HP®*-valued random variable, defined by:

pr= Y ). W, 0. @,

1,1,,..,’Lki1 1 k

27



The space D¥P is the completion of the space S of smooth random variables,
with respect to the the norm || - ||pr.» defined by:

k
IFN5., = EIFP+> [|DIF|8ps,- (69)
j=1

Using a known criterion (see e.g. p.28 of [10]), it follows that u(t,z) € D2,
since by (51) and (48), we have:

Bl - S < 3OO

n>1 n>1 n>1 ( ’

Next, we show that u(t,z) € D¥P for all k > 1,p > 1.
Let F' € LP(2) be such that D*F exists. By Meyer’s inequalities (Theorem
1.5.1 of [10]), for any p > 1,

E|D*F|% e < oo if and only if E|C*F[P < oo, (70)
where C* : Dom C* C L?(Q) — L?(Q) is the operator defined by

CkFWZZEZ(—VGDkJﬁFE

n>1

and Dom C* = {F € L?(Q);Y., ., n*E|J,F|> < 0o} = D¥2 for any k > 1.
By Minkowski’s inequality and (52), we have:

IC*Fll, < Y02 JuFll < Y02 (p = )" S F - (71)

n>1 n>1
Combining (69), (70) and (71), we infer that | F|/pr» < 0o (i.e. F € DFP),
if
> 0k (p = 1), Fly < oo (72)

n>1

Applying this in our case, we obtain the following result.

Proposition 6.1 Let f be the Riesz kernel of order « > d — 2 and u be the
solution of (1). Then u(t,x) € D*P for allk > 1 and p > 1.

Proof: We verify (72). By (51) and (48), we have:

k/2¢, _ 1\n/2 k/2(, _ 1\n/2 ;£7~ 1z
S ) e = S 172 (L

n>1 n>1

s o-newre

(nl)(e—d+3)/2

IN

n>1
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In the final part of this section, we show that the Malliavin derivative
Du(t, x) satisfies a certain integral equation. For this, we assume that G(t,x)
is a function in x (i.e. d < 2).

Recall that u satisfies the integral equation (3). Intuitively, using the com-
mutativity between the operators D and 4, the derivative Du should satisfy:

Du(t,z) =Gt — -, o —*x)u+ /0 g G(t — s,z —y)Du(s,y)W(ds, dy), (73)

where - denotes the missing r variable and * denotes the missing z variable.

The integrand of the stochastic integral above is an HP @ HP-valued random
variable, and the integral needs to be defined as an HP-valued random variable.

For this reason, we introduce a Hilbert-space-valued Skorohod integral.

If A is an arbitrary Hilbert space, we let S(A) be the class of smooth .A-
valued random variables F' = ZTzl Fjv;, with F; € S,v; € A;m > 1. The
Malliavin derivative of such F' is defined as DF = Z;nzl DF ®vj. We denote
by D'?(A) the completion of S(A) with respect to the norm || - [|pr.2( 4y, where

1F 15124y = EIF % + EIDF |3 pe.4-

Similarly to the case A = R (considered in Subsection 2.3), we let §* be the
adjoint of the operator D. The domain of §*, denoted by Dom §*, is the set of
U e L*(Q;HP ® A) such that:

|E(DF,Uyupgal < c(E|F|%)'?, VF € DV2(A),

where c is a constant depending on U. If U € Dom §*, then ¢*(U) is the element
of L?(2; A) characterized by the following duality relation:

E(F,6*(U))a = E(DF,U)ypoa, VF cD"?(A). (74)

If U € Dom §*, we use the notation

5*(U) = /O h /R U)W, 6),

even if U(t, z) is not a function in (¢, z), and we say that §*(U) is the A-valued
Skorohod integral of U with respect to W.
Similar to the case A = R, we have the following result.

Proposition 6.2 Let U,V € DV2(HP @ A). Then
oo
E(6"(U),6"(V))a = B{UV)upeat+E | Y D(U,¢; ® ar)upoaD (V,e; @ ar)upoa | ,
ij,k=1

where (e;)i>1, (ax)k>1 are complete orthonormal systems in HP, respectively
A. Consequently, if U € DY2(HP ® A), then U € Dom §* and

E|l5* ()% < EllUpoa + EIDUGperurea = UlBr2apey-  (75)
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Proof: The proof is similar to Proposition 1.3.1 of [10]. For this, one needs to

revisit the basic rules of the Malliavin calculus. We omit the details, but we list

below these rules, which apply to any isonormal Gaussian process {W(h)}preu:
1) For any F € S(A),h € H,v € A,

E(DF,h® v)yea = E(F,v) 4W (h)).
2) For any F € S(A), GeS, heH,ve A,
E(G(DF,h® v)nga) = —E(F,0) A(DG, h)n) + E((F,v) AGW (Rh)).

U U =370 Fi(hy ®v;) € S(H® A) for some Fj € S, hj € H, vj € A,
then U € Dom 4* and

6*(U) = ZFjW(hj) — > (DF}, hj)vj.

Jj=

—

4) For any U = 37| Fj(h; ® vj) € S(H®@ A) and h € H, v € A,
D" (5*(U)) = (U, h @ v)uga + (5" (D"u),v) 4,

where D"®V(5*(U)) = (D(8*(U)), h@v)ue.a and D'U = Y1, (D" Fy)(hy @v;).
Here D"F = (DF,h)y. O

In what follows, we let §* be the operator corresponding to the case A = HP.
We begin with some preliminary results.

Lemma 6.3 For anyt > 0,2 € RY, Du,(t,x) — Du(t,z) in L*(Q;HP), and

C(Tl) = sup E||Du(t,z)|3p < 00, for all T > 0. (76)
(t,z)€[0,T)x R4

Proof: Using Lemma 1.2.3 of [10], it suffices to prove that:

sup sup E||Duy,(t,2)|3,p < 0.
n>1 (t,z)€[0,T] xRe

By Proposition 2.4, D, u,(t,z) = > ¢, kIx—1(fx(- ,7,2,t,2)). Using the
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orthogonality of the Wiener chaos spaces, (20) and (49), we get: for any ¢ € [0, T

! 1PH=2f (2 k1 (fi(- 2, t,x
wf o L Z 1 )
<lell(fl(' ,r',z’7t,x))> dzdz'drdr’

=1

= apm k2]€,1g/ / r—r P2 (=2
St [ )

(el rozt,z), fule ' 20t I’)>'H'p®(k ydzdz drdr’

= Zkk' ||flc )t HHPW < Zkk' ||fk ) 795)”5-172@1@

B Dun(t, 2)|3p

n

— S kk W o Zi(k_ll)!ak(t)gCT<oo7

k=1 k=1

where fi(-,7,2,t,2) denotes the symmetrization of fi(-, 7, 2,t,2) with respect
to the first £ — 1 variables. For the first inequality above, we used the fact that
the || fllgper < ||fllgpon for any f € HPE™. For the last inequality, we used
Remark 3.6. O

Remark 6.4 Using Proposition 2.4 iteratively, we obtain that:

D(QT,w),(r,z)u(ta 1‘) = Z ’I’L(’I’L - 1)In—2(fn(7 T,W,T, 2, ta Jf)),
n>2

for any (7,w) € (0,¢) x R? and (r, z) € (0,t) x R%. Hence, similarly to (76), one
can show that:

= sup  E|D*u(t,x)|3peup < oo, forall T > 0. (77)
(t,x)€[0,T] xR

Lemma 6.5 For anyt > 0,z € R?, the process U) defined by
Ut = {U")(s,y) := G(t — s,x — y)Du(s,y);s > 0,y € RY}  (78)
belongs to Dom 6*.

Proof: By Proposition 6.2, it suffices to show that U(**) € DL2(HP @ HP),
Le. UG |pizpoup) < 0o. Note that

U3 2epenry = IV ipaur + EIDU 3pgupanp-
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By the Cauchy-Schwartz inequality, (76) and (77),

E|UEpe: = an / / (t— 5,0 — )Gt — &',a — ) E(Duls,y), Du(s'y )y
— §PH72 f(y — o/ )dydy'dsds’
t“nG(t — = #)|p < o0,
t t
E||DU||3~£73®3 = aH/ / G(t*S,.ﬁ 7y)G(t7 Slax7y)E<D2u(Say)aDQU(s/ay/)>HP®2
0 0
s = s'[PP 2 fy — ' )dydy dsds’
< CONG(t = —#)|3p < 0o

IN

O

Using the same argument as above, one can show that the process U,(Lt’w)
defined by Uét’z)(s,y) = G(t — s,z — y)Duy(s,y), belongs to Dom §*.

The next result shows that the sequence { Du,, (¢, z)},,>0 satisfies a recurrence
relation.

Proposition 6.6 For anyt > 0,z € R? and n > 1,

Duy(t,z) = G(t — 1 + / / U (s,9)W (6%s, 6*y)

in L?(Q; HP).

Proof: Step 1. By induction on n, we show that for any r € (0,t), z € R%,
D, u,(t,z) = ZZ:I Ay, where Ay = Zle A,(;),

A,(;) = / Gt — sg—1,2 —Yg—1)...G(s1 —ryy1 — 2)W(ds1,dy1) ... W(dsk—1,dyr—1)
<s1
Ag) = / Gt —sp—1,2 —Yg—1)...G(s; —1r,y; — 2)G(r — 8$i—1,2 — Yi—1)
§5;i—1<r<s;
. G(82 —S1,Y2 — yl)W(d$17dy1) s W(dsk'—la dyk—1)7 i = 2a RN} k-1
A,(ck) = / Gt—r,x—2)G(r— Sk—1,2 — Yg—1) - .- G(82 — 81, y2 — Y1)
SEp—1<T

W(dsl, dyl) PN W(dsk_l, dyk—l);

and the integrals above are taken over the set ~{O <81 <. < Sp—1 <t} X R,
By definition, w,(t,2) = un—1(t,2) + In(fn(:, ¢, 2)). Using Proposition 2.4
and the induction hypothesis, we obtain that:

n—1

D, un(t, ) ZAqunIn 1(fn( r,2,t,)).

Note that nIn_l(fn(-, r,z,t,x)) = A, the n integrals A§”>, A A correspond-
ing to the n possible locations of r, compared with the variables s1 < ... < s,—1.
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Step 2. We prove that for every r € (0,t), z € R?
t
D, un(t,z) = G(t—r,x—2)un—_1(r, z)+/ G(t—s,x—y) Dy yun—_1(s,y)W(ds, 0y).
Rd

We use the expression of D, ,u,(t, z) obtained in Step 1. Note that the terms
Agl), AgQ), . ,A,(ln) have the common factor G(t —r,z — z). A quick calculation
shows that the sum of these terms is G(¢t — r,x — 2)un—1(r, 2).

For the remaining terms, we change the names of the variables of integration,
so that G(t — s,z — y) becomes a common factor. More precisely, we call (s, y)
the variable (s;_1,yr_1) in A,(;), foranyi=1,...,k—1and k=2,...,n. The
sum of these terms turns out to be

t
/ G(t_Sair_y)Dr,zunfl(Svy)W(dsvdy)v
0 JR4

using the expression of D, ,u,_1(s,y) obtained in Step 1. Finally, by (26), we
can replace the integral W (ds, dy) by an integral W (ds, dy).

Step 3. We show that the process 5*(U§ﬂ)) coincides (in L2(Q, HP)) with
the process V( %) , defined by

AGRIC / Gt — 5,3 — ) Do stin_1 (5, )W (55, 5)
]Rd

& — %) Dy yup_1).
By the duality relation (74), it suffices to prove that
E(F, V" Np = B(DF, U Y siponp, VF € DV2(HP). (79)

Without loss of generality, we may assume that F' is smooth, i.e. F' = Fyp
with Fy € S and ¢ € HP. Then DF = DFy ® ¢ and

<DF U( >’HP®H7’ = OLH/ E‘<DF’07 G(t — %, — ‘)Dnzun>7{p
(R xR)2
o(r', 2 )|r — ' |PE72 f (2 — 2')dzd2 drdr’
= ay / E(FVED (r, )l ) e — v/ |PH2f (2 — 2 )dzdz drdr’
(R4 xR4)2
= E(F, V&) p.

Note that for the second-last equality above, we used the duality relation (25)
(for the operator d), whereas for the first and last equality we used Fubini’s
theorem. This shows (79), and concludes the proof. O

The following result gives the precise meaning of relation (73).
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Theorem 6.7 Let f be the Riesz kernel of order a > d —2 and u be a solution
of (1). For anyt > 0,2 € R, let U be defined by (78). Then,

t
Du(t,z) =Gt — -,z — *)u + / / U (s,9)W (8%s,6™y)
0 Jre

in L2(Q; HP).
Proof: By the duality relation (74), it suffices to prove that,
E(Du(t,z) — G(t — ,x — *)u, F)yp = E(DF, Uy peyp, (80)
for any F' € DY2(HP). By Proposition 6.6, for any F' € DV2(HP),
E(Duy(t,z) — G(t — - & — #)tp_1, F)gp = E(DF, U NVypgnp.  (81)

Relation (80) is obtained by taking n — oo in (81). We justify this below.
On the right-hand side of (81), we use the duality relation (74), the Cauchy-
Schwartz inequality, and (75):

E(DF,U"Y — U ypoup = EE (UL —UGD), F)yp

(Blo* (U — U |20 V2 (B F|3,0)"

< U = U120 ipeaey (BN FIp) 2.

IN

To show that ||U"%) — U(t’x)”%ﬂv?(?w@ﬂm — 0 as n — oo, we use the same
argument as in Lemma 6.5.

For the first term on the left-hand side of (81), by the Cauchy-Schwartz
inequality and Lemma 6.3,

E(Duy(t,z)=Du(t,z), F)up < (B[ Dun(t, z)=Du(t,z)|5)" (B[ F|3p) /> — 0,

as n — oo. For the second term on the left-hand side of (81), we assume that
F' is smooth, i.e. F' = Fyp with Fy € S and ¢ € HP. By the Cauchy-Schwartz
inequality and the Dominated Convergence theorem,

B(G(t — 2 — #)(tn1 — ), Fup = an / EFo(un_1(s,9) — u(s,))]
(R xR9)2
Gt — s,z —y)p(s',y)|s — ' P2 f(y — y')dydydsds’
< agB(F)!? / (Blun—1(5,9) — u(s,9))2)V2G(t — 5,2 — )p(s' o)
(R4 xR4)2

ls — '[P =2f(y — y )dydydsds', asn — occ.

This concludes the proof of (80). O
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