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Functions of several variables I: Introduction

Introductory example

We can measure the rate of food uptake of a single individual as a function of temperature.
We will probably find some optimal temperature 75, where the uptake rate is highest. At
lower temperatures, it is too cold, at higher temperatures, it is too hot for the organism to
function properly. If we denote the rate by r and temperature by T then we might try to
model this situation with the function

r(T) = rmax exp(—(T — Topt)Q).

We can also measure the uptake rate at a constant temperature but in the presence of other
individuals. Typically, we see the uptake rate decrease in the presence of others due to
competition for food. We have seen such functions before; for example

N

T(N) = Tmaxma

where N is the number of individuals around. Now we want to vary T and N independently.
We could simply multiply the two expressions and get

(N, T) = max exp(—(T — Topt)Q).

N
1+ N
This function now depends on the two variables T" and N. While it is easy to plot the two
functions of a single variable above, it is much harder to get a good impression of the function
of two variables. Figure 1 shows how r depends on N and T individually, as well as together.
Not only is it more difficult to visualize functions of two and more variables, it is also harder to
analyze them. The goal of this chapter is to define concepts such as level sets and derivatives
for these functions.

Definition: The set R" is the set of all n-tuples (z1,x2, ..., zn) where all z; are real numbers.
So R! = R, the real numbers; R? is the set of points (z1,22) in the plane; R? are the points
in space. We also use the notation (z,y) and (z,y, z) for points in R? and R3, respectively.

A real-valued function on some subset D C R" is a function f: D — R that assigns a real
number to each element in D. The set D is called the domain of definition of f.

The graph of a function f: D — R of two variables is the set

G={(z,y,2) €R’ : (z,y) € D,z = f(z,y)}.

In particular, the graph is a subset of three-dimensional space, and as such, it is not so easy
to visualize. Graphs of functions of more variables are defined analogously, but as they are
subsets of spaces of dimension 4 and higher, they cannot be visualized in a similar manner.
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Figure 1: Uptake rate as a function of temperature alone (top left), as a function of population
density alone (bottom left), and as a function of both independent variables (right).

Examples
1. n=2,D =R? f(x1,79) = 23 + 23. Then for example

If we fix x5 = 0 the we have a function of a single variable f(z1,0) = 3. Similarly, if we
fix 1 = 0, then f(0,22) = x3. For a visualization of this function, see Figure 2.

2.n=2,D={(z,y) eR?|0< 2 <1,0<y <1}, f(z,y) =2 +y. See Figure 2.
!

3. Find the largest possible domain of the function f(z,y) = ' y2 — x. Answer: The square
root is real only if y?> — x > 0, i.e., y?> > x. This gives two conditions:

D={(z,y) €eR* : y>Vzory< -z}
See Figure 3 for the domain and the graph of the function.

For functions of two variables, there is a simple way to visualize their behaviour. The idea
is the same as in topographic maps where the contour lines indicate points of equal altitude.

Definition: The level set, L¢, or contour line of a function f(z,y) is the set of all points
(z,y) € D where f has a given value ¢; i.e.,

LC: {(l’,y) €D : f($7y) :C}‘

Examples, revisited

1. f(z,y) = 2% + y?. Pick some value c. Then

flz,y)=cer*+y’=coy=+ c—a2
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Figure 2: Left: The graph of the function f(x1,z2) = 2?4 232. Right: The graph of the function
flay) =z +y.

0.5 1

Figure 3: Left: The white area is the maximal domain of definition of the function f(z,y) =
y2 — z. In the shaded area, the square root is not real. Right: The graph of the function.
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Figure 4: Left: Level sets of the function f(z1,72) = 22 + 22. Right: Level sets of the function
flz,y) =z +y.

Hence, the level sets for ¢ > 0 are concentric circles around the origin. Level sets for
c < 0 are empty, see Figure 4.
2. f(x,y) =z +y. Again, we pick some value c. Then
fle,y)=cert+y=cesy=c—u.
Hence, the level sets are straight lines with slope -1, see Figure 4.

!
3. f(z,y) = y?—x. Fix c¢. Then

!
flzy)=cey —z=ay=4 z+c2

Hence, the level sets look like the square root function, but they are shifted and flipped,
see Figure 5.

We would now like to carry over all the concepts we know from functions of a single variable
to functions of several variables, i.e., limits, continuity, derivatives, integrals. All this material
is typically taught in a course on “multivariable calculus”. It turns out that the general case
is much more tricky than the case of a single variable, so much so that we will only cover a
small fraction in this course. The following example about continuity shows how things can
go "wrong”

Example on limits and continuity
Define the function

22 —
f(z,y) = W,

x
What is the limit of f as (x,y) approach the origin (0,0)? Well, it depends on how one
approaches the origin.

on D =R?*{0}.



MAT 1332: Additional Course Notes 5

Figure 5: Left: Level sets of the function f(x,y) = y? — z. Right: Level sets of the function
from the introductory example: r(N,T) = 51+LN exp(—(T — 2)?).

1. At first, fix y = 0 and consider the function of a single variable

22 — o2 22
g9(z) = f(z,0) = m\yzo =3=L

Hence, in the limit as x — 0, we get one.

2. Next, fix x = 0 and consider the function of a single variable
2 2 2
x — J—
Yy |X:O — i = —1.

h(y) = f(0,y) = 252 2

Hence, in the limit as y — 0, we get minus one.

3. More generally, pick some m # 0 and choose the straight line (z,y) = (, mz) on which
to approach the origin. Then in the limit

. 22— m22? 1—-m
lim f(z,mr) = lim — 55 = .
x—0 x—0 % + m*x 1+m

Hence, the value of the function is constant along such lines, and the limit is different
for all the possible straight lines on which we approach the origin. See Figure 6 for a
plot of this “weird” function. (Note that we have just computed contour sets for this
function.)

Important Observation: We can always obtain functions of a single variable from a
function of several variables by holding all but one of the variables constant, as we have done
in a few examples above.
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Figure 6: Left: Graph of the function f(z,y) = (22 — y?)/(2% + %?). Right: Level sets of the
same function.

Functions of several variables II: Partial derivatives

When we do experiments with several control variables, for example temperature and popu-
lation density as in the previous section, then we should vary only one of the conditions at a
time to see how the response of the system changes with respect to that particular variable.

This idea is precisely the idea behind the mathematical concept of partial derivative. We
fix all the variables but one, we are left with a function of a single variable, and we know how
to differentiate that.

Definition: Let f(x1,...xn) be a real-valued function of n variables. Then the partial deriva-
tive with respect to xy is defined as

e = lim —[f(z1,...,2k + h,Zks1,---@n) — f(z1, ..., 2k, ... 2n).
Tk

Note: this is the same definition as for a single variable with all the other variables considered
fixed pr parameters. Note also the different notation, the “curly” O versus the straight d.

Examples

1. f(z,y) = 2%y. To find the partial derivative with respect to x, let us fix . Then we
differentiate with respect to z and get

of 5
— = 2uxy.
ox Y
Conversely, if we fix « and differentiate with respect to y we get
0
o _ 2
Ay

6
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2. f(x,y) = ye¥. Then

of = 2 (using the chain rule)

ox

gf =Y +yze¥ = (1 +zy)e? (using the product rule).
Yy

3. flz,y) = % Then

241) — 2usi
of = ycos(zy)(@” +1) — 2wsin(zy) (using the quotient rule)

oz (22 +1)2
Of _ wcos(zy)
oy  x241°

4. f(x,y,2) =Y (14 22).

0

87]0 = yzexy2 (1+ 2% (using the chain rule)
x

af . Xy2 2 . .

0 = 2xye™ (14 27) (using the chain rule)
Yy

0

a—‘i —22e97,

Geometric interpretation of partial derivatives

Recall that, for a function of a single variable, g(x), the derivative, ¢'(x), gives the slope of
the tangent line at a given point. In fact, the tangent line at a point (xo, yo) = (0, g(z0)) can
be written as
Yy — Yo = g'(z0)(z — z0).

Now, for functions of two (or more) variables, the situation is very similar since we obtained
partial derivatives from fixing all but one variables and considering essentially a function of a
single variable. Therefore, given a function f(x,y) and a point (xg,yo) we have zg = f(z0, yo).
Then we can define two functions, namely

g1(x) = f(z,90),  92(y) = f(xo,y).

Then the partial derivatives %(xo, yo) and %(CC(), yo) are the slopes of the tangent line at the
point (xg, Yo, 20) to the curves

Z:f($>y0)> and Z:f(x()ay)v
respectively. See Figure 7

In the case of a single variable, we know how to find the tangent line to the graph of a function
at a point. In the case of two variables, we would like to find the tangent plane to the graph
of the function, i.e., to the surface in space. This tangent plane necessarily contains the two
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Figure 7: Two one-dimensional curves to which the partial derivatives give the slope.

tangent lines, whose slope we just calculated. Therefore, we can write down the equation of
the tangent plane easily.

Fact: Let f(x,y) be a real-valued function of two variables. If the tangent plane to the graph
of f at the point (g, y0, 20) = (%0, Yo, f(z0,y0)) exists, then it is given by the equation

0 0
2~ 20= 2L (aw, o)z — 70) + 8£<zo, 40) (¥ — 10)-

Examples

1. f(z,y) = 2% + y?. The partial derivatives are

of _
or

of

20, — =2y.
oy Y

For (xo,y0) = (0,0), we have f(0,0) = 0 and hence the equation of the tangent plane is
z—0=0(x—-0)+0(y—0), or z=0.

Hence, the tangent plane is simply the z-y-plane.
At (zo,y0) = (1,0) we have f(1,0) = 1 and hence the equation of the tangent plane
there is

z—1=2(zx—-1)+0(y—0), or z=2x—1

At (z0,y0) = (1,1) we have f(1,1) = 2 and hence the equation of the tangent plane
there is
z2—2=2x—-1)+2(y—1), or z=2zx+2y—2

See Figure 8 for a plot of the function and the tangent plane at (1,1, 2).
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2. f(x,y) = = + y. The partial derivatives are

of of
9l _q, 9y
Ox T Oy

Hence, the tangent plane at (xo, yo, 20) is
Z—2Z=T—20+Y—Y Or z=z+Y,

since zg = xo + yo. Hence the tangent plane is exactly the same as the function, which
is a plane. We know that the same is true for functions of a single variable, where the
tangent line to a linear function is the function itself.
P
3. f(z,y) = y? — x. The partial derivatives are
0 1 0
Ox 2 y2—z Oy Y2 —x

Then the general equation of the tangent plane is

1 Yo
z—zy = —J?(x —xp) + 127@ —Yp)-
2 Y5 — o Yo — Zo

For example, at (0,1,1) we get

1 1
z—lz—i(x—O)—Fl(y—l) or z=-—grty.

See Figure 8 for a plot of the function and the tangent plane at (0,1,1).

Linear approximation

Again, we start by recalling the case of a single variable with a function g(x). The tangent
line at x( gives the linear approximation of the function near that point as

9(@) ~ g(z0) + ¢'(z0)(z — @0),

which is also known as the first term in the Taylor series approximation. Now let’s do the
same thing for a function of two variables, f(x,y), and use the tangent plane to approximate
the function locally.

Definition: The linear approximation of a function f(z,y) near a point (zg,yo) is given by

L(e.9) = o)+ 5 (oo, )~ 20) + 51 (o, )0~ o)

provided the function is differentiable.
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Figure 8: Left: Graph of the function f(x,y) :!932 + 92 and the tangent plane at the point
(1,1,2). Right: Graph of the function f(z,y) = y? —x and the tangent plane at the point
(0,1,1).

Examples

1. Find the linear approximation of f(z,y) = zy + 2z¢¥ at the point (2,0).
First, find the partial derivatives

g—£=2xy+2ey, g—; = 22 + 2z¢eY.
Evaluate at the point (2,0) to get
of of
Gl g Yy,
Ox T Oy

Then with f(2,0) =4 we get

L(z,y) =4+ 2(x —2) +8(y — 0) = 2z + 8y.

The linear approximation should, as the name implies, be a good approximation to
the function, for points close to (2,0). So let’s check the point (2.1,0.1). The original
function has f(2.1,0.1) = 5.08. The linear approximation has L(2.1,0.1) = 5. So the
linear approximation is pretty good, for points close to (2,0).

If we try a point further away, then f(3,4) = 363.6, while L(x,y) = 38. So, as you might

expect, the linear approximation is not very good for points too far from (2,0).

2. Find the linear approximation of f(x,%) = In(xz — 2y?) at the point (3,1).
First, find the partial derivatives
of 1 of 4y
or x—22 Oy x-—2y%

10
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Evaluate at the point (3,1) to get
of _, 9f _
Ox T Oy
Then with f(3,1) =In(1) = 0 we get
L(z,y) =0+ 1(x—3)—4(y—1) =2 —4y+ 1.

—4.

Let’s check the point (2.9,0.9). We have f(2.9,0.9) = 0.247 but L(2.9,0.9) = 0.3. So
this is in the ballpark.

Definition and notation: If f(z,y) is a function of two variables, then the gradient of f is
the row vector " of 6f#

d(f) = =, =— .

rad(f) = 5.
The linear approximation can then be written as
mn # n #ll #
T — Zg af of T — X
L(z,y) = f(z0,y0) + grad = f(zo,y0) + =, 5=
(w,y) = f(wo,y0) + grad(f) P f(xo0,v0) 92’ By y—1o

Functions of several variables III: Vector-valued functions

Motivation

We want to be able to describe several quantities that are all dependent on the same variables.
Going back to Section 5.5 in the textbook, for example, we described a predator-prey system
with prey b and predator p as

db

o = rb — cbp
b _ cbp —m
ar yeop D,

with parameters r, ¢,y, m. Hence, the growth rate of the prey and the predator both depend
on the densities of prey and predator. We can write the right-hand side of the above system
as a single, vector-valued function of the two variables b, p as follows:

rb — cbp

FOp) ="~ mp

Definition: A vector-valued function F of the variables z1,...zn is a function of the form

$ !
? fl(xl,...xn)

F(l‘l,...l'n) :gfé(ml’;”xn) E 9
fk(xl,...xn)

where all the functions fj (x1,...xn) are real-valued functions.

11
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Examples

1. The following is a function of two variables that produces a vector of length 2:
n 3 2 2 #

_ 9T =4y

F(z,y) = 23 sin(y)

For every point (z,y) that we put in, we obtain a 2x1-vector. For example,
n # n # mn #

F(2,7) = 12 — 27 3—m

F(1,0) = o Fur2) = 7

0 )

2. The right-hand side of Newton’s law of cooling

dH
dA
S = B - A
(see Section 5.5 in the book), can be written as a vector-valued function
Ca(a-m "
a —_—
F(H,A) =
A= g - )
3. The equation of two competing populations, a, b
% = ra(l —a—nb)
db
il sb(1 — b — pa)
(see Section 5.5 in the book), can be written as a vector-valued function
Cra(t—a ) "
_ra(l—a-—n
Fla,b) = sb(1 —b— pa)

Linear approximation and the Jacobian matrix

Since we will be only dealing with differential equations of two variables in this course, we only
consider the case of two variables and two equations, or equivalently, vector-valued functions
with two components, i.e., " #
f(z,y

Py = [0V

9(z,y)
From the previous section, we know how to find the linear approximation for each of the two
functions, f(x,y) and g(z,y), namely

n #
T — X

f(x,y) = f(xo,y0) + grad(f) Y — 1

12
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for f and " #
Tr — X
9(z,y) = g(wo,yo) + grad(g) :
Y—"Yo
for g, respectively. Now we put these two linear approximations together to obtain the linear
approximation for F'(z,y).

s " -
n T — X0
Flo.y) = Fz,y) #%ti(éf(ﬂfo,yo)+grad(f)" Y= Y0 4 §
9(@:y) g(x0,y0) + grad(g) z - 5;3
. 4
' # $ grad(f) "
f(zo0,y)) +§ " y—yo#g
9(3507y0) grad(g) Z : ;(())
" #" #
= F(z0,y0) + grad(f) = @—=o - _ L(z,y).

grad(g) Y — Yo

Definition and notation: The matrix of partial derivatives

$ 1
® (f) | & o
grad(f or Oy
grad(g) 99 99
or Oy
n #
is called the Jacobian matriz of the function F'(x,y) = gg"z)) . Using this matrix, we can
write the linear approximation to F'(x,y) as
n #
T—
L(CL‘,y) :F($0,y0)+J($,y) 0
Y—%
Example 1
n #
2y — 3 . : . :
Let F(z,y) = 2wty Find the Jacobian matrix, evaluate it at (1,2) and find the
linear approximation at that point.
Solution: " ) ) # "
_ 2zy  x° -3y 4 11
"J(J,‘,y#)#— 6x2y2 4$3y+ 1 ) ‘](172) - 24 9
With F(1,2) = I(? , we get the linear approximation
mn n mn n #
-6 4 -1 z—1" Az —1ly+12
Ly = 19 + 9 o y—2 2z +9y—32

13
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Let’s check the point (1.1,1.9). F(1.1,1.9) = (—4.56,11.5098) while L(1.1,1.9) = (—4.5,11.5).
So this is a pretty close approximation.

Example 2
" #

Let F(x,y) = ye”
’ sin(z) + cos(y)

linear approximation at that point.

. Find the Jacobian matrix, evaluate it at (0,0) and find the

Solution: " ) . " #

. —yer e 01

T, y) = cos(z) —sin(y) ’ J(1,2) = 10

mn 0 #
With F(0,0) = , W get the linear approximation
n O # n 0 1 #ll 0 # n #
_ T = Y
Lew= 1+ 10 4,0 = 241

Let’s check the point (—0.1,0.1). F(—0.1,0.1) = (0.1105,0.895) while L(—0.1,0.1) =
(0.1,0.9). So this is a close approximation as well.

Example 3
n #
Let F(z,y) = "xzf Zzy . Find the Jacobian matrix, evaluate it at (1,2) and find the linear
approximation at that point.
Solution: * + "
1 _1
ey = VBT WES - gaz= P
1 —2y 1 -4
5 #

With F(0,0) =~ 5 we get the linear approximation

P 1/2 1/4 et /2 + /4+1#
_ r—1 _ z/2+y
Ley)= 3 + 7 4 -9 = s_ay+4

Let’s check the point (0.9,2.1). F(0.9,2.1) = (1.9748, —3.51) while L(x,y) = (1.975, —3.5).
So this is a very good approximation indeed.

14
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Systems of differential equations I: the linear case

Recall that a single linear differential equation

d
ax(t) = az(t), z(0) = xo

has the solution x(t) = e®zg. In particular, if a > 0, the solution grows to infinity, and if
a < 0 then the solution approaches zero. We now want to generalize this result to two coupled
equations

d

@azl(t) = ax1(t) 4 bxa(t) x1(0) = z10
d
%xg(t) = rx1(t) + sza(t) x2(0) = z9p.
We can also write this in matrix notation (suppressing the argument ¢ for the moment) as
n # n #ll # n # mn # n # n #
d x1 a b 1 1 x1(0) 10 a b
- — = A 3 — 3 A -
dt 9 T S T9 T9 x2(0) 90 r S
Observation I: Eigenvalues and eigenvectors provide solutions
Suppose we are looking for solutions of the form
n m #
zi(t)  _ o ou
=e
xI9 (t) ()
Plugging this expression into the equation above, we get
m # m n #
d x1(t) oo U1 ny vy
dt  xa(t) € V9 c v
Canceling the exponential term on both sides, we find the condition
n # mn #
U
() V2
n #
which means that A has to be an eigenvalue of A and Zl has to be the corresponding
2

eigenvector.

Fact: If )\ is an eigenvalue of A and v is the corresponding eigenvector, then
z(t)=etv
is a solution of the linear system of differential equations

d

ﬁx(t) = Ax(t),

where x = (x1,...2)", and A is an n x n-matrix.

15
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Example 1

Take the system
d

ﬁxl(t) = xz1(t) + 4dao(t)
d
afﬂg(t) = 2I1(t) — l‘g(t),
n 1 4 #
with matrix A = 9 1 - The eigenvalues of A are given by the equation
(1=XN(=1=-XN)—-8=X—-9=0.
Hence, the eigenvalues are A\ = 3 and u = —3. The corresponding eigenvectors are
n # n # n # mn #
v = U1 . 2 W= w1 . 1
vy 1 o owy =17

respectively. Hence, we have the two solutions
mn # n # n # n #
() _ st 2 zi(t) oy, st 1

O N T o (t) -1

We have two solutions, but we don’t have any constants in the equation yet with which we
could match the initial condition. This is the next topic.

Observation II: Sums and multiples of solutions are solutions

Suppose we have two solutions w(t) and z(t) for the same system, i.e.,

d d
aw(t) = Aw(t), pre

Now pick two numbers C, Cy and form

(t) = Az(t).

z(t) = Crw(t) + Caz(t).
Then xz(t) is also a solution since

%x(t) _ Clﬁw(t) + CQ%Z(t) — CrAw(t) + CoAs(t) = A[Crw(t) + Coz(t)] = Aw(t).

Example 1, continued

Find the solution of the system
—x1(t) = z1(t) + 4a2(t)

—x9(t) = 221 (t) — x2(t),

16
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with initial values x19 = 3, x20 = 3.
We already know the eigenvalues and eigenvectors, so we get the general solution

n (t) # n # 11} 1 #
z _ 3t -3t
y(t) = (C1e 1 + Coe 1
Substituting the initial conditions, i.e., setting t = 0, we get
m 3 # n 2 # n 1 #
3 = (1 1 + Co 1
Hence, we solve the system
n # n # mn #
2 1|3 1 —-1] 3 1 0] 2
— —
1 -11]3 0 3 |-3 0 1|-1
The solution is C1 = 2,Cy = —1, and therefore the solution to the differential equation is
mn (t) # n 2 # mn 1 #
z1 _ o 3t -3t
Bt ¢ 1 ¢

Or, equivalently
z1(t) = 4e3 — ™

zo(t) = 23 4 73

We can always check our solution by differentiating:

d
%xl(t) =12e% + 373, 1y 4 dag = 43 — 73 4 83 + 4o = 1263 4 37,

The two expressions agree. Similar for x,.

Example 2
Find the solution of Newton’s law of cooling

d

£x1(t) = 3[$2(t) - l‘l(t)] xr10 = 5
d
J%Q(t) = :El(t) — :Iig(t) oo = 1.
t
mn 3 3 #
First, we observe that the eigenvalues of the matrix A = _1 _q are A= —4pu =0,
which are distinct real numbers. The corresponding eigenvectors are
n # n #
3 1
|

17
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Hence, the general solution is

(t) n 3 # n 1 #
1 _ —4t
2o (t) = (e 1 + Cy 1
The constants are given from the linear system "
3 1|5 1 011
—
-1 1|1 0 112
Hence, the solution is " # " # 0" #
.’L'l(t) 4t 3 2
) ¢ -1 T 9
Explicit solutions in the case of distinct real eigenvalues: To solve the system
n # mn # mn # mn #
d xz(t) x(t) x(0) xo
N =A 3 = 3
dt - y(t) y(t) y(0) Yo

do the following
1. Find the eigenvalues A, o of A.
2. If X\ # p are real numbers, then find the corresponding eigenvectors v, w.

3. Find the constants C, Cs such that

n #
Zo

= Cyv 4 Cyw.
Yo

4. The solution is "

= Cret v+ Coetw.

If the eigenvalues A, y are not real numbers or if A = u, then the procedure is similar but a
bit more tricky. We will not consider these cases here.

Example 3

Find the solution of the system

d
al'l(t) = :L'l(t) + 4%2(75) r19 =4
d
%902(75) = z1(t) + 22(1) T = 8.

. . . 1 4 .
First, we observe that the eigenvalues of the matrix A = 1 e A = 3,u = —1, which
are distinct real numbers. The correﬁ,ponging eigenvectors are

2 2
v= w=

18
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Hence, the general solution is

mn (t) # mn 2 # mn 2 #
I _ 3t —t
o (t) = C’le 1 + Cge 1
The constants are given from the linear system
n # mn #
2 2|4 1 0| 5
—
1 —1/8 0 1]-3
Hence the solution is " # " # " #
wi(t)  _ o 100 4 6
$2(t) b -3

Observation III: Stability of zero
Consider the system of differential equations
$ 1
d o !
—ux(t) = Ax(t) x = é) : 5
dt :
Tn
and assume that ) is an eigenvalue of A with corresponding eigenvector v. Then we know that
z(t)=e'w

is a solution. If A is a real number and A > 0, then this solution grows in time, but if A < 0
then the solution decays to zero. If A = a + bi is a complex number, then we use Euler’s
formula

et = @ — calieog(bt) + isin(bt)].

We see that the solution grows if the real part Re(A)=a > 0, and the solution decays to zero
if the real part Re(\)=a < 0.

Fact: If all the eigenvalues of the matrix A have negative real part, then all the solutions to
the system of differential equations

$ 1
d %
Lat) = Aat), ==& : §,
In
decay to zero as t — oo. If one eigenvalue has positive real part, then there is at least one
solutions that does not decay to zero. (In fact, there is a solution that grows to infinity in an

appropriate norm).
Note that we make no statement about the case of eigenvalues with zero real part.

19
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Examples revisited

1. In the first example above, the matrix

n 1 4 #
A= 9
has the eigenvalues A = 3 > 0 and g = —3 < 0. Hence there is one solution that grows
to infinity, namely "oy
2
_ 3t
z(t)=e 1
The other decays to zero, since
n 1 # n O #
. —t o
tliglo € -1 0
However, then general solution grows, since
, n 2 # n 1 #_ mn #
lim Cye™ + Che™t -
t—oo 1 -1 0@
2. In Newton’s law of cooling, we have the matrix
n 3 3 #
A= 0

with eigenvalues A = —4, < 0 and g = 0. In this case, the box above does not apply. We
see that we have the constant solution

that neither decays to zero nor grows to infinity.

3. In the third example above, we had one positive and one negative eigenvalue, hence
there is one solution that grows to infinity.

Example 4
Consider the matrix " #
1 -1
A= 8 —5
The eigenvalues are A = —1, u = —3. Both are real and negative, hence all solutions of
n # n #II #
a xz 1 -1 T
d y 8 =5 Y

converge to zero.

20
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Example 5
Consider the matrix " #
e -1 —4
4 -1
The eigenvalues are A = —1+4i, u = —1 — 4i. Both have negative real part, hence all solutions
of R #" #
d z _ -1 -4 T
a y 4 -1 y

converge to zero.

21
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Practice problems

I) Find the explicit solution of the linear system of differential equations together with initial
conditions.

1. " # 0" #" # " # " #
d z(t) 1 4 x(t) z(0) 2
e yt) 11 yt) y©) 5
2 " # 0" #" # " # " #
d z(t) = 2 4 x(t) z(0) 1
e yt) 03 yt) y(0) — 1
3 " # 0" #" # " #0" #
d x(t) _ -5 3 x(t) z(0) -1
e y(t) 1 =3 y(t) y@o) 3

IT) In the following cases, determine whether all solutions of the system %x = Az converge
to zero or not. [Hint: find the real parts of the eigenvalues of A.]

" # " # " #
O () S O B

" # " # " #
N C R A R A

22
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Solutions to practice problems

I) Explicit solitions

1. The eigenvalues of the matrix are A = 3 and u = —1. The corresponding eigenvectors
are n # n #
2 2
S
The initial condition gives the linear system
n 2 # n 2 # n 2 #
ooy +C = 5
which has the solution C7 = 3,y = —2. Hence, the solution is
mn # mn 2 # n 2 #
N : 9 -t
y = 3e 1 2e 1

2. The eigenvalues of the matrix are A = 3 and p = 2. The corresponding eigenvectors are

m # n #
4 1
V= w=
The initial condition gives the linear system
n 4 # n 1 # n 1 #
Cl 1 + 02 0 = 1 ;
which has the solution C7 = 1, Cs = —3. Hence, the solution is
mn # n 4 # mn #
- o 2t
y = e 1 3e 0
3. The eigenvalues of the matrix are A = —6 and u = —2. The corresponding eigenvectors
are n # mn #
v= 3 w = !
=1 1
The initial condition gives the linear system
mn 3 # n 1 # n 1 #
G @ =g
which has the solution C7 = —1, Cy = 2. Hence, the solution is
n # n 3 # mn #
Lo 6t 2t
y - e . + 2e 1

IT) Stability

23



MAT 1332: Additional Course Notes 24

The eigenvalues are A = 3 + 2i and u = 3 — 2i. Both have positive real part, hence no
solution except for zero converges to zero.

The eigenvalues are A = 3, 4 = —3. One is real and positive, hence there is a solution
that does not converge to zero.

The eigenvalues are A = 5, u = 1. Both are real and positive, hence all solutions (except
zero) grow to infinity.

The eigenvalues are A = 1+2i, p = 1—2i. Both have positive real part, hence all solutions
(except zero) grow to infinity.

The eigenvalues are A = /34,1 = —+/34. One is real and positive, hence there is a
solution that does not converge to zero.

The eigenvalues are A = —1+1i/2, 4 = —1 —i/2. Both have negative real part, hence all
solutions converge to zero.
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Systems of differential equations II: the nonlinear case

There are some similarities and many differences between single differential equations and
systems of differential equations and how they are treated. Here, we first give a general recipe
for how to study systems of two equations, and then we summarize similarities and differences
in a table.

A system of two differential equations can be written in the form

d

- - F

d

i G(z,y),

where © = z(t),y = y(t) are the two functions that we are looking for. In general, there
is no explicit solution available, i.e., the functions z(¢) and y(t) cannot be written down.
Nonetheless, we can find out the general shape of solutions. This is done in two parts:

1. Phase plane (as explained in the textbook in Sections 5.6-5.8)

2. Linear stability analysis (not in the textbook, but mostly in the previous section of the
lecture notes).

Definitions

The z-nullcline is the set of all points (x,y) where x(t) does not change, i.e., dx/dt = 0, or

F(z,y)=0.
The y-nullcline is the set of all points (z,y) where y(t) does not change, i.e., dy/dt = 0, or
G(z,y) = 0.

A steady state or equilibrium is a point where neither = nor y change, i.e., dz/dt = 0 AND
dy/dt = 0 or, equivalently, F'(xz,y) = 0 AND G(z,y) = 0.

A direction arrow is a vector that indicates in which direction the solution will go from a
given point. The direction arrow at the point (x,y) has the coordinates (F(x,y), G(z,y)).
The linearization of the system at a steady state (z*,y*) is given by the linear system

., " ., " $ OF OF
op — —
i x" .. X _Bor oy E

oz Iy

where X (t),Y (t) are the small deviations from z*, y*, i.e., z(t) = 2" + X (¢),y(t) = y*+ Y(T).
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Recipe

Given the system

d
%l‘ F(‘T’y)a
d
ay G(ﬂ?,y),

do the following steps.
1. Phase-Plane

(a) Find the nullcline of z, i.e., the set of points where dz/dt = 0, or equivalently

F(z,y) =0.
(b) Find the nullcline of y, i.e., the set of points where dy/dt = 0, or equivalently
G(z,y) = 0.

(c) Draw these two sets in the z-y plane.

(d) Find the steady states, i.e., the points where F(x,y) = 0 AND G(z,y) = 0, i.e.,
the intersection of the nullclines.

(e) On each of the nullclines, draw the direction arrows.

(f) In each of the regions in space in between the nullclines, draw the direction arrows.

2. Linear stability analysis

(a) Find the Jacobi matrix $ .
OF OF
B or oy g
Ty) =B |
(z,y) é oG oG
Oor Oy

(b) Evaluate the Jacobi matrix at each stationary point and find the real parts of the
eigenvalues.

(c) If the real parts are negative, then the stationary point is stable; if one real part is

positive, it is unstable.

3. For a given initial condition, draw a solution into the phase plane. Then plot the two
components of the solution as a function of time.
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Table 1: Summary and comparison of one- and two-dimensional differential equations and the
corresponding solution techniques.

1-D 2-D
) i dx d " x(t) # : x(t) #
Linear equation i rT a ) . =A #}/(t)
A b

Solution to linear equation

z(t) = ety

=Cie v+ CoeMlw

Av = I, Aw = pw

Nonlinear equation

dx
ar F(»”Ua y)
dy
at G(%y)

Explicit solution

Separation of variables
dr

o

Generally not available

Graphical Solution

Phase-line diagram,

Phase-plane

Slope field
Steady state flz*)=0 F(z*,y*) =0,G(z*,y*) =0
Stability f(x*) <0 Eigenvalues of J(z*, y*) have negative real part

$ or or
%&U 8y§
J:é
oG 06
or Oy
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