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In this paper we concern ourselves with non-surjective quasi-free endomorphisms of the
CAR algebra. More precisely we give a construction of a complete set of isometric im-
plementers for such an endomorphism in a fixed pure quasi-free state, the approach to
which is more natural than has previously been proposed. The key idea in this construc-
tion is the use of the unitary implementers of an associated quasi-free automorphism in
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a sequence of implementers within the framework of the complex formalism of the CAR
algebra.
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1. Introduction

The implementation of quasi-free automorphisms (or Bogoliubov automorphisms)
of the CAR algebra in a given pure quasi-free state by unitary operators on anti-
symmetric Fock space is well-established and thoroughly understood, both in the
complex and self-dual formalisms [2, 10-13, 15-17].

In [3], adopting the self-dual approach, the author considers the more gen-
eral notion of implementation of (non-surjective) quasi-free endomorphisms of the
CAR algebra in a pure quasi-free state by sequences of isometric operators on anti-
symmetric Fock space, and explicitly produces such implementing sequences when
they exist. These implementing isometries by definition satisfy the Cuntz relations
and so give rise to representations of the Cuntz algebras [4] on anti-symmetric Fock
space.

Much earlier in [7], in the complex formalism the definition of quasi-free au-
tomorphisms and endomorphisms was extended to completely positive quasi-free
maps, and in [8], the notion of unitary implementation of a quasi-free automor-
phism in a pure quasi-free state was generalized to that of producing a dissipator
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for the completely positive quasi-free map in the pure quasi-free state. Furthermore,
an explicit construction for this dissipator was given.

The methods of construction of [3] differ greatly from those employed in [8],
and in this paper we show how using the approach of [8] restricted to the case of
quasi-free endomorphisms, one can obtain the isometric implementers for a quasi-
free endomorphism pr produced in [3]. Consequently our results unify these distinct
approaches.

The paper is organized as follows. In Sec. 2, we give the definitions and set no-
tation that will be used throughout. Further, we briefly discuss the implementation
theory of quasi-free automorphisms, endomorphisms and completely positive maps
of the CAR algebra. Although this leaves us with a rather long preliminary section,
we feel it is necessary if our motivation is to be made clear.

In Sec. 3, we prove that in the case of isometric T, the contractions F of
Theorem 2.1 below (i.e. [8, Theorem 3.1]), are indeed intertwiners from mp to
mp o pr, where mp is the GNS-representation associated with the quasi-free state
wp, and are consequently scalar multiples of isometries.

Finally, in Sec. 4, we show how one can explicitly produce the complete set of
isometric implementers for the quasi-free endomorphism pp in the pure quasi-free
state wp constructed in [3].

2. Preliminaries

Let H be an infinite dimensional separable complex Hilbert space. We denote by
ACAR(2{) the CAR algebra over H, i.e. the unital C*-algebra generated by the
range of a conjugate linear map ¢ : H > f ~— c(f) € A®AR(H) that satisfies the
canonical anti-commutation relations (CAR’s):

c(f)elg) +clg)e(f)” = (f,9)1,

c(f)e(g) +clg)e(f) =0

for f, g € H where 1 is the unit of AAR(#) and ( , ) is the inner product on H.
When R is a positive contraction on H, there exists a unique state wgr on
ACAR () satisfying

wr(c(fn)" - e(f1)"e(91) - e(gm)) = Onm det[(Rfi, gj)]

for f1,..., fn,91,-.-9m € H, and such a state is called a (gauge-invariant) quasi-
free state on ASAR(H). Note that wg is pure if and only if R is a projection, and
that it is these pure quasi-free states that appear in this article.

For R a projection on H, the GNS-decomposition of wr can then be identified
with the triple (F,(#), 7R, ), where F,(H) is anti-symmetric Fock space over H
with vacuum vector {2, and with J a conjugation on H commuting with R, wg is
the representation defined by

mr(c(f)) = a((1 = R)f) + a(JRf)",
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where a(-) and a(-)* are respectively the annihilation and creation operators on
F,(H).

If U is a unitary operator, respectively a non-unitary isometry, on H, let ay,
respectively py, denote the quasi-free automorphism, respectively endomorphism,
of AYAR () determined by the maps,

c(f)—cUf) and c(f)*—cUf)", for feH.

Then when P is a projection on H, ay is said to be unitarily implementable in the
state wp if for some unitary U € B(F,(H)),

mp(ay(x)) = Urp(x)U*, for all z € A“AR(H),

and in [17], Shale and Stinespring showed that the existence of such a unitary
U (necessarily unique up to a phase) is equivalent to the commutator [U, P] be-
ing Hilbert—Schmidt class. However, more significant for us than existence, is the
construction of U itself and the properties of this operator.

Many authors have given explicit constructions of these unitary implementers
[2, 10-13, 15, 16] but it is the simple expression obtained by Ruijsenaars [15] that
will be of greatest importantance as far as we are concerned.

Now the notion of unitary implementation of an automorphism of a C*-algebra
in a representation can be extended to the setting of completely positive maps on
a C*-algebra. With T a completely positive contraction on a C*-algebra A, and =
a representation of A on a Hilbert space H, an operator F' on H such that the map

Aszw— n(T(z)) — Fr(z)F* € B(H)

is completely positive, is said to be a dissipator for T in the representation 7 [9].

The completely positive maps that concern us are the so-called completely pos-
itive quasi-free maps on A“AR(#H) introduced and studied by Evans in [7]. Suppose
that A and £ are Hilbert spaces on which we have projections R and S respec-
tively, and let T' be a contraction from H to £ such that TR = ST'. The completely
positive unital map Ar(T) from A°A%H into ACAR(L) given by

Ar(T)(: a(f1)" - --a(fn)"algr) -~ algm) r)
= a(Tf)" - a(Tfn) a(Tg1) - a(Tgm) :s
is defined to be a completely positive quasi-free map [7], where
ca(hy)* - a(hn) a(ly) - alm) ix

denotes the Wick ordered product, normally ordered with respect to the quasi-free
state wx, for X a contraction [7].

For the explicit construction of a completely positive quasi-free map on
ACAR({) and the details of the general theory of these maps, see [7, 9].

Note that when T is an isometry, Ar(T'), then denoted A(T) due to its con-
sequent lack of dependence on R [7], is a *-homomorphism from A“AR(%) into
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ACAR(KC), and that in particular, if T is an isometry on H then of course A(T) is
the quasi-free endomorphism pr.

Suppose that P and R are projections on H, and T is a contraction on H
with TR = RT. Then in [7], for T € C(P,R), where C(P, R) is defined as the
*_semigroup consisting of those contractions T' on H such that [T, P] is Hilbert—
Schmidt, TR = RT, and

P(1-T*T)1-R)P, P(1-TT*)(1—-R)P,
(1-P)(1—T*T)R(1—-P), (1-P)(1—TT*)R(1-P)

are trace-class, a dissipator for Ar(T") and a dissipator for Ag(T™) in 7p is con-
structed. That is, with Dy defined to be the dense subspace of F,(H) consisting
of finite linear combinations of vectors of the form [ ; a(h;)*Q, with h; € H and
n > 0.

Theorem 2.1. There exists a non-zero contraction F on F,(H), given on Dy by
F = det[P_ + AU):_AU)1_]*? : exp(b(A(T))) :
such that the maps
x> mp(Ar(T)(x)) — Frp(x)F* and zw— mp(Ar(T*)(x)) — F'rp(z)F
are completely positive from ASAR(H) into B(F,(H)).

Here the dissipator F is actually the operator F(W)*UF (W), where U is the
unitary implementer of oy in 7pg g given by Ruijsenaars in [15], with U the unitary,

T —(1—TT~)"/? .
(1 —T*T)"/? T* @)

on K =H®H, and F(W) is the second quantization of the isometry W defined by
W:H>h—hed0eck.

The problem of generalizing the notion of unitary implementation of a quasi-free
automorphism in a pure quasi-free representation to “isometric implementation of
a quasi-free endomorphism” in such a representation has been considered in [3].
However for his study Binnenhei adopts an alternative formalism for the CAR
algebra, the self-dual formalism, as opposed to the complex formalism, which is
the one with which we have been dealing so far. Thus in [3], the author is in fact
generalizing the work of [16], as opposed to [15], which was in essence the starting
point for [8].

The self-dual CAR algebra over a Hilbert space I, with distinguished conjuga-
tion I, denoted by ASPC(IC,T'), is the unital C*-algebra generated by the range of
a complex linear map B, on K, satisfying the self-dual canonical anti-commutation
relations:

B(f)B(9)" + B(9)"B(f) = {9, /)1, B(f)" = B(L'f)
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for f,g € K. If P is a projection on K satisfying I'PI' = 1 — P, then for f € PK,
one can respectively identify B(f) and B(I'f) with a(f)* and a(f) in ACAR(PK)
so that ASPC(IC,T') = ACAR(PK). Such a P is called a basis projection on K.

The following definition, for arbitrary C*-algebras, *-endomorphisms and
representations, appears in [3], though its motivation lies in the work of [5, 6]
and [14]:

Definition 2.2. A *-endomorphism g of a C*-algebra A is isometrically imple-
mentable in a representation (w,H) if there exists a (possibly finite) sequence
{¥,}ner in B(H) with relations

U0, =Gl }:wnw;=1
nel

which implements g by

moo=>» W,n(-)¥;,
nel
with convergence of the sums with respect to the strong operator topology if I is
infinite.

The meaning of the terms, quasi-free endomorphism and automorphism in this,
the self-dual formalism, now needs to be clarified. Thus, if V' is an isometry in B(K),
commuting with ~, then it is said to be a Bogoliubov operator and it induces a unital
isometric *-endomorphism gy of ASPC(KC,T), i.e. a quasi-free endomorphism, via
the map

B(k) —» B(Vk), kek.

Then gy is a *-automorphism if and only if V' is unitary.

Now the notion of a quasi-free state extends to the self-dual setting. For each
S € B(K) with 0 < § < 1 and I'ST = 1 — S, there exists such a state, ¢g,
on ASPC(KC,T) and furthermore it is pure if and only if S is a (basis) projection.
We choose to omit its definition here, but it suffices to say that for P; a basis
projection on K, the GNS-decomposition of ¢p, can be identified with the triple
(mp,, Fo(K1),Qp,), where Qp, is the usual Fock vacuum vector, and 7p, is the
representation given by

wp, (B(k)) = a(Pik)" +a(PiTk), forkelk,

with a(-)* and a(-) the creation and annihilation operators on F,(K;) and Ky :=
PlK:.

Further, we define here a dense subspace D of F,(K;) which will be important
throughout by D := 7p, (ASPC(K,T))Qp,, and for P, := 1 — P;, when A € B(K)
we denote by A, g the operator P, APg where a, 3 =1, 2.

For the definition of a quasi-free state on ASPC(IC,T'), and for details on the
self-dual CAR algebra itself, see for example [1, 9]. Furthermore, for the relation
between the S of ¢g and the R of wr on identified self-dual and complex CAR
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algebras respectively, and similarly for the relation between the T' of pr and the V'
of gy, see [9].

Theorem 2.3. A quasi-free endomorphism oy of ASPC(K,T) is isometrically
implementable in a Fock repectively wp, if and only if Via is Hilbert-Schmidt.

This is [3, Theorem 3.3]. Note that V12 being Hilbert—Schmidt class is equivalent
to the Shale-Stinespring condition, [V, P;] being Hilbert—Schmidt class.

The principal idea behind the method of construction of isometric implementers
for gy in wp, of [3] is to first construct a single intertwining isometry Wo(V'), then
build a complete sequence of implementing isometries by multiplying the original
one by certain partial isometries in

mp, (ov (APPC(K,T))) € B(Fu(K1)).

3. An Intertwining Contraction

Suppose T is an isometry on a Hilbert space H, on which P and R are projections.
Let J; and J2 be conjugations on H, commuting respectively with P and R, and
take J = J1 @ J3 to be our conjugation commuting with the projection P & R on
K =H @ H. Assume that T € C(P, R) and as in (1), define the unitary,

T TT*-1
U =
0 T
onK.Let P, =1-P,P. =P, Q. =(1-P)®(1-R),Q_ = P& R, H. =
P.H, Kc = Q.K, and for X € B(H), respectively B(K), let X, s denote P, X Pg,
respectively Qo X Qg, where ¢,a,3 = +, —. Furthermore, let ax(-)*), bx(-)*) be

the creation and annihilation operators on Fi(X), for X = ,K. Then we have
that

mper(au(z)) =Urnper(z)U*, for all z € ACAR(K),

where U is the unitary implementer given in [15]. Equivalently,

Uax(f)" = ag(/)U, (2)
Uax(f) = al(U, for f €Ky, and (3)
Ubk(Jg)" = bR(J9)'U, (4)
Ubk(Jg) = b (JgU , for g € K, (5)

where for f € Xy and g € K_,
ag (f) = mper(a(Uf)) = ax (Ut f) + b (JU_1 )",
be(Jg) := mpar(a(Ug)) = ax(Us_g) + bic(JU__g)*.

Proposition 3.1. The contraction F(T') := F(W)*UF (W), with W : H — K, h —
h @0, is an intertwiner from wp to mp o pr.
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Proof. From (2), we have that
FW)Uax(f ® ) FW) = F(W)*ag(f @ f')UF(W), forall fo f ek
which obviously implies that
F(W)*Uax(f ® 0)*F(W) = F(W)*al(f ® 0)"UF (W), forall feH,. (6)
However,
<T++ (1- P)(TT* - 1)(1 - R))
Uit = N

0 (1-R)T
and

T, P(IT*-1)(1-R)
()
so that for f € Hy,

ag(f ©0) = ax(Tyi f ®0) + b (L T4 f ©0)*.

Thus, since

FW)ax(waev' ) =ay(v) " FW)*, foralved € Kp, and (7)

FW)*bic(w @ 0) = by (w)F(W)*, forallwe H_, (8)
it follows from (6) that
F(T)an(f)* = (an(Tyi )* + bu (LT [))F(T) = azy (f)* F(T), (9)

where a%(f) := 7p(a(Tf)) for f € H.. Note that if, in (7) and (8), we interchange
the a’s and the b’s, then these equations obviously hold for all v @ v’ € K_ and for
all w € Hy. Hence, from (3), it is clear that we have

F(T)an(f) = a3 (f)F(T), forall feH,. (10)
Similarly, for g € H_, we have that
be(J(g@0)) = ax(Ty_g®0)* + b (J1T-_g®0).

Then again via (7) and (8) and their counterparts obtained by interchanging the
a’s and b’s, it follows from (4), respectively (5), that

F(T)by(J19)* = b3y (J1g)* F(T), (11)
and
F(T)by(J1g) = by, (J19)F(T), (12)

where b1, (J19)* = an(T4—g) + by (J1T-_g)* = wp(a(Tyg)), for g € H_. Thus,
since F(T') is a contraction on Fy(#), it follows by continuity from (9)—(12) that
)

F(T)rp(z) = wp(pr(x)F(T), for all z € ACAR(H). O
By the above proposition, the following is easily verified:

Proposition 3.2. F(T)*F(T) € C1.
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Proof. For all x € A®*R(H), we have
F(T)y F(T)rp(x) = F(T) wp(pr(x)F(T) = mp(z) F(T) F(T),

so that the claim follows from the irreducibility of wp. O

4. A Complete Set of Implementers

We now proceed to produce a complete set of implementing isometries.
Let T be an isometry and P a projection on H, with

[T,P] € HS(H) and d := dimker T™ < 0. (13)

Then let {hq,...,hq} be an orthonormal basis for ker T* and K, J1, U, Py and P_
be as described at the beginning of Sec. 3.

Definition 4.1.
A:={S=A{hs,...,hs.} C{h1,...,ha}
1< <s9< <8, <d, r=0,1,...,d},
where r = 0 if S = (.
Definition 4.2. Then for each S € A, we define the following projections:

(i) p(S) := the projection of # onto lin {hs,,...,hs,. } C ker T,

(i) P(S) =302, T'p(S)T**, and
(iii) Q(S)+ := Py ® P(S) and Q(S)- := P_ @ P(5°) on K,

where S¢ := {hy,...,hq} \ {hsy,-..,hs,} € A. Furthermore, with A € B(K),
A3 5= Q(5)aAQ(8)p, for o, B € {+, -}
Note that T'p(S)T** LT p(S)T*’, for i # j. Then we have,
P(SYT =TP(S), forallSe A, (14)
as of course p(S)T = 0, and

P(S) + P(S°) ZT’ S) + p(S)T™*

b .
=) T'(1-TT"T* =1
i=0

Then from (13) and (14), T € C(P,P(S)), and so for each S € A, let
U(S) be the unitary implementer of ay in 7g(g)_, and F(S) be the contraction
Suppose for simplicity, thought the result still holds when this assumption is
dropped, that we can choose an orthonormal basis, {h,...hs} for ker T* such that
hi,....,hn € H_ and hpy1,...,hg € Ho, (15)

with 0 <n <d, wheren =0 if ker 7" C Hy,and n =d if ker T* C H_.
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Normalizing each F(S) so that F(S)*F(S) = 1, and denoting the resultant
operator by the same symbol, we have the following;:

Theorem 4.3. The 2% isometries {F(S)}sca can be identified with the isometric
implementers of oy in wp, constructed in [3], where V is the Bogoliubov operator
T @ J1TJy and Py is the basis projection Py & P_ on K = H & H, with respect to

the distinguished conjugation
r— (% 7).
J 0

This, then, of course means the following:

Corollary 4.4. The 2% isometries {F(S)}sc.a form a complete set of implementers
for pr in Tp.

The proof of this theorem will comprise the rest of Sec. 4. We begin by consid-
ering in detail the isometries F(S), for S € A.

Let S = {hs,...hs, heyrrs--- hs.} € A, with hy,...,hs, € H_ and
Psyirs-woyhs. € Hy, where 0 <r < dand 0 <u <r,sothat u=0iflin S C Hy
andu=riflin S CH_.

Lemma 4.5.

. T+Jr _p({hsu+17 LR} hT})
Uiy = ’
0 T*P(S)
. (TJr _p({thrla"'vhd}mSC))
Us_ = )
0 0
US _ Ter _p({hsn"',hsu})
7+ 0 0 )
Us_ =

. T _ _p({hlw",hn}msc)
0 T*P(S°) '

Proof. By computation, using the fact that Pie,r-P(X) = p(X) for X € A,

where for a subspace, R C H, we denote by Pr the orthogonal projection of H

onto R. O

Assuming now that {k;}._,, respectively {lj}}]:p is an orthonormal basis for
ker Ty 1, respectively ker T _, where of course I, J < oo, we compute ker UES6 and
ker UESE*, eE=+,—.

First we make the observation that for f € H,

P(S)f € ker T™ if and only if P(S)f =p(S)f. (16)
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Then for h,k € H:
Pih& P(S)k € ker U,
& Tiih=p({hsy, s> - hs. })k and T"P(S)k =0
< PihekerTi . and P(S)ke€lin {hs,...,hs,}

where the second equivalence follows by (16) and since Ty +h € kerT* implies
Tyyh =0. Thus g; = (k; ©0),i=1,...,I, g7, = (0D hg,), i = 1,...,u is an
orthonormal for ker Uf L

Similarly, for h, k € H:

P_h@ P(S8)Vk € kerUS_
o T _h=p({hy,....,ha} NSk and T*P(S)k =0
< P_hekerT__ and P(S)k €lin {hpyt1,...,ha} NS¢

where again the second equivalence follows by (16) and since T_ _h € ker T implies
T-_h=0.50 f;=(;®0),i=1,....J, f7.;,=0&hy,;),j=1,....d=n—r+u
is an orthonormal basis for ker U®_, where {h,, }?;Ib—r-i-u =A{hnt1,.--,ha} NS
andn+1<z1 <22 < < Tgen—rtu < d.

Then for j = 1,...,J, f; = (T4_1; ®0), and for j = 1,....,d —n—r +u,
fryj = (=he; ©0), {fj}jild_"_”’" is an orthonormal basis for ker U7, " [15].
Similarly, fori =1,...,I, g; = (T-4+k;®0),and fori = 1,...,u, gr4; = (—hs, ®0),
{gi} 1 is an orthonormal basis for ker US_".

For each S € A we now turn our attention to the operator which we shall call
As(U), i.e. the associate of U defined in [15], here with respect to the projections
Q(S)+ and Q(S)- on K, and compute its components.

First we have:

Lemma 4.6.

- 7! 0
us_"t = , (17)
—p({h1,...,hn} NS T
where T~ is defined as Vi, " is defined in [3].

Proof. First let v denote the above matrix in (17), and recall that the ranges of
US_ and US_" are closed. Thus an element of ranU° _ can be written as
s s ( P_h ) _ (TT*h+P({h1,...,hn}ﬂSC)h>

(18)
P(5°)k P(8°)k

for P_h & P(S°)k € K_. Then v applied to the right hand side of (18) gives

T*_h
—P({h1,...,hn} NS+ TP(S)k )’
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as T-1T _ = vanT*  and
kerT-! =kerT*_. (19)

This is US_"(P_h @& P(S°)k), so that v and US_ ~! coincide on ranUS_. Further-
more, again by (19), vg; = 0 for i = 1,...,I +u. Thus v = US_ - O

Then by (19), by direct computation we have:

Lemma 4.7.

T++ - P+ - T+ TﬁiT—-i- —p({hsu+1 Yty hST})
AS(U)++ ( T*P(S) _ P(S) ) ’
AS(U)+_ <T+ OT 1 g) ,
T-!T . 0
As(U)—4 = ( 0) ;

— T_ 0
As(U)-— = )
(p({hl, .., hn} NS¢ P(S°) - T)

Further, again by direct computation:

Proposition 4.8. With As((F)T) := W*As((*)U)W, we have that as S varies in
A, As((D)T) remains constant and is equal to A((T)T), where

(O)Tys = Po()Tp-T2IT . T T2E )
T-IT . P_(1)T-t

A(DT) = = (

_( P(Yril ~Ti T : )
- wrp— =\ oy xp—1%m x|
_T+—T++ P—(+)T——(—)T+—T++ T—+

For S € A, let Mg := dimkerUf+ and Lg := dimkerU®_. Thus Ms = I +u
and Lg = J +d—n—r+u, and F(S) is given on Dy by,

det[Q(S) - + As((-1)FsFMU)L_As((—1)Fe+Mer), V2

l m
> sen(p,n) [[anW* 5o H (LW *gr,)"
(p,m)EP(S) 1=1 Jj=1
Mg
sexp(b((—1)"sTMs A(T H bu(hlp) [ en(ks),  (20)

=141 j=m+1
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where an element (p,7) of P(S) is defined to be a partition of {1,...,Lg} U
{1,..., Mg} into two subsets,

{p1s- st U{m,....7m}t and {pit1,-- P05} U{Tmt1, - Ths }s

with the indices in the natural order, such that

@) {pis1s---,pLs} C{L,..., T},
(i) {Tm+1,--sTaas ) S {1, T},

and as in [15], sgn(p, 7) is defined to be the sign of the permutation
<p1+1“'ﬂLs,Tm+1 +Ls- Tms + Ls,pr--pi,71+ Ls -+ T +Ls>

For each S € A, let ds(U) denote the term,

det[Q(S)- + As((-=1)FHM5U) 2 As((-1)FHMs0) ]
Then abbreviating : exp(b((—1)Ls+tMsA(T))) : Q by ', we have that
(FS)*F(9,Q)

= (F(9)Q, F(5)Q) = ds(U)~"

Ls
><< a;{ W fi HbH JIW*QJ Q Ha;{ W fz Hby J1W g]) Q>

i=1 j=1 i=1 j=1

1 1 Ls Ms
X <Q’, I vuw=gy) T anW*f) - [Jan (W™ £:)* HbH(JlW*gj)*Q'>
j=Ms i=Lg i=1 j=1
=dg(U) 1Y, Q) = ds(U)*ds(T),
with dg(T) := det[P_ + A((—1)FstMsT) * A((—1)Ls+tMsT), ], where the fourth
equality follows from the CAR’s and since, by [15, (5.12)],
apy (W ) =0 and by (W*Jg)Q' =0,

for f € ker U++* and g € kerUS_", and the fifth since (', Q') = dg(T), again a
result of [15].

Thus for each S € A, if we replace F(S) with ds(U)/2ds(T)~*/2F(S), which we
shall still denote by F(S), we then have that each of these 2¢ normalized operators
is an intertwining isometry.

Observe that for Sy := {hnt1,...,ha} € A, F(So) is given on Dy by

ds,(T)"% > sgn(p,7 HaT+ 1,.)* Hb NI k)"

(p»T)GP(SO) i=1 j=1

LSO MSOZI

sexp(b((=D)HA(T H b(J1l,,) H a(kr;) .

i=l+1 j=m—+1
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Now let S € A and S; := SN Sy € A. Then with d’ :=d —n —r + u, for an
arbitrary element (u,v) € P(S) given by:
{seospppears J+ 1, 0, J+d U {ve, v, [+ 1,..., ] +u} and
{tu’erla cee nuJer/} U {Vq+17 ceey VIJru} 3
let (p', ') be the element of P(S1) given by,
{wi,ooosppear, J+ 1, J+d' YU {v1,...,vg—y} and

{bpt1se s pgrary U Vg, Vitut -

Then it is clear from the definitions that sgn(u, v) = sgn(u!,v!), where on the right
hand side, the function sgn is that defined on P(S7).
Furthermore, it is not difficult to verify that

(—1)?UH9D x sgn(ut, v*) = sgn(po, o) (21)
where (1o,v0) € P(So) is given by:
{1, tp—ar U {11,...,vg—y} and

{lu’erla"',//'Jer’} U {Vq+17"'7]/]+u}7

and sgn is the function defined on P(Sy).
Now let ¥ be the unitary in B(F,(#)) implementing o_; in 7p, that satisfies
U = Q. Then note that since A(T)_ = A(=T)4_, we of course have,

1 exp(b(A(T))) : Q =: exp(b(A(-=T))) : 2,
so that
U : exp(b(A(T))) :=: exp(b(A(-T))) : . (22)
Hence for an arbitrary term of (20), with (u,v) € P(S) as above, we have:

p—d’

sen(u, v H an(Ty—_1,)" H ay(—

q—u u
T bw(h T k) H (=Jihs,)*
j=1 t=1

Ls Mg
Lexp(b(A((=1)"HT)) s [T bwe(il) [T anhon)
i=p+1 t=g+1

_ (_1)d/(1+u—q)(_1)d/(p7d/)(_l)u(qfqup)Sgn('uO’ VO)

u d’ p—d’ —

'HbH(_thst)* H a?—[( wn H ay T+ llh H bq.[ J1T-_ +kuj)

t=1 n=1 i=1 j=1
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Ls Mg
A exp (A1) D)) ] b)) T an(ks,)
i=p+1 t=g+1

= C_l)f(ﬂ+u—®(_qjd%p—dﬁ(_1)um—u+p)C_lyq—u+p—d30f+u)(_1)uf

u d’

. H(bH(_thswrlﬂ')*‘I,) H(a?{(_hwdurl,i)*‘I,)
i=1 i=1
p—d’ —

qg—u
ssgn(po, v0) [ [ an(Ty L))" [] br( T 1ks,)"
i=1 j=1

1=p+1 t=q+1

u d’
= (_l)d ! H(bH(_J1h3u+1—i)*\Il) H(G’H(—hxd’+l—i)*ql)
i=1 i=1
p—d’ q—u
-sgn(po,vo) [ [ an(Ts-1,)" [T bw( Tk,

i=1 j=1

expBA(-1)T)) : ] bulhl) ] anlkn).

i=p+1 t=q+1
where the first equality follows from (21), the CAR’s, and (22) since Lg + Mg =
d+u+1+J.
Furthermore, the second equality follows from the fact that for n € N and
fi,-., fn € H4 we have,

an(fr)* - an(fu)" " = an(fu)" ¥ - an(fr)" ¥,
and the corresponding equality for the by (-)*’s.
Then from the above, it of course follows that we have
u d’
F(S) = (D" [[bw(=Iihs, ) ) [ [(are(~ha,,, ) T)F(So).
i=1 i=1
Now with IC, P;,V and I' as in Theorem 4.3, and P, = 1 — Pj, consider the
associate A(V), of V, defined in [3]. More precisely, first look at the term, Vﬁl*
V51 Piervy,, which appears in each component of A(V). Let h @ Jik € ker Vs, =
kerT* _ @ Jker T} . Then Vi1 V5 (h® J1k) =Ty T* h& L T__T} _Fk, and

T\ T* h=P.TP,T*P_h =P, TT*P_h

= PJFTT*PHimmnTP,h + P+TT*PH7ﬁkerT* P_h=0.
Similarly, JiT__T%_k = 0, so that V5 (ker Vi) C ker Vi; = ker V7%
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Thus we have that,

AV = A(T) oy & — I A(T): _Jy
A(V)iz = MT)4- & =1 AT, _ Ty,
A(V)ar = AT)_y & — AT, Jy
A(V)as = A(T)—— @ —LA(T)}, T, . (23)

As an orthonormal basis for ker Vi1, choose f/ := k; & 0 and f}ﬂ» =06 J1l;,
fori=1,...,Jand j=1,...,J.

Now since dimker Vi; = I+ J, let Q denote the set of partitions of the index set
{1,...,I+ J} into two subsets so that an element p of Q is given by two disjoint
subsets, {p1,...,0} and {pi11,...,pr+s}, with indices in the natural order. Then
define a function s on Q by

. P41 PI+JsP1 " Pl
s(p) := sign ( ) ) .

By [16, Sec. 7], F(Sp) can then be expressed in the self-dual context and language
as

[det(Py + A(V)12A(V)12")) 71/

l I+J
> s(o) [[aVaal f))* s expd(A((-1) V) /2) = ] alfy),  (24)
pPEQ =1 i=1+1

on the dense subspace D = 7p, (ASPC (K, T))Qp, . Moreover, this is clearly the oper-

ator Wo(V) of [3, Sec. 4.2] for appropriate choice of orthonormal basis {e;} -~/

for ker V1.
Consequently, consider next the ordered orthonormal set of vectors,

{=Tihny .oy =Tihy, (=) g, o (1) by}
Fori=1,...,nand j=n+1,...,d,

U, = by (—J1hi)* 0 and U, :=ay((—1) T h)* 0.
Then for each S € A, let S be defined as,

{—Jihsy, ..., —Jihsy, (=1 hy oo (1) Ry,
with order inherited from above, and define ¥g to be

ZSREES N0 NN

so that we have,

F(S8) = WsF(So).
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Of course for i = 1,...,n, ¥; = 7p (B0 ® —J1h;))¥, and for i = n+1,...,d,
v, = TP, (B((—].)‘H_lhi D 0))‘1’

If by F(So) we now mean the expression given in (24), so that we are working
in the self-dual setting, we then have:

Proposition 4.9. Fach partial isometry ¥; satisfies:
ran F(Sp) C (ker ¥;)* (= ker ¥7).
Proof. To begin with, it is easily seen that for: =1,...,nand j =n+1,...,d

both a(0 @ J1h;) and a(h; & 0) anticommute with a(Vi2I'f)* for all f € ;.
Hence for 1 < i < n, we have from [3, Lemma 4.1]

a(0® Jihi) : exp(b(A((D)V))/2) :
=:exp(b(A((1)V))/2) : a(0 @ Jihi)
—a(A((D)V)12l (0@ J1he))" : exp(b(A((D)V))/2) -
— cexp(b(A(()V))/2) : a(TA((D)V)22D(0 @ J1hi)) =0,

since A((F)V)12T(0 @ Jyhi) = 0 and TA((D)V)22T(0 @ J1hi) = 0 Jy b
Similarly, we have that

a(h; ®0) : exp(b(A(F)V))/2) :=0, forn+1<j<d,
since A((i_)V)mF(h] D 0) =0 and FA((t)V)QQF(hJ D 0) = hj @ 0.
Thus the claim is proved. O
Proposition 4.10.
ker V* Nran(P, — A(V)]y) =ker V' N K, .

Proof. From Proposition 4.8 and (23), we need to show that:
kerT* Nran(Py + T T, ') =kerT*NH,, (25)

and

Jiker T* Nran(P_ + ;T T__~'Jy) = Jiker T*NH_. (26)
Recalling assumption (15), these clearly follow since ker T..7! = ker T for ¢ =
+, - O
Corollary 4.11. The set,

{0® —Jihp,...,0® —Jihy, (=) hg@0,..., (1) h, 1 @0},

is an orthonormal basis for ker V* Nran(P; — A(V)%,).
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Proof. Obvious from Proposition 4.10. O

Thus we have shown that the set of isometries {F(S) : S € A} is identifiable
with the set of isometric implementers of gy in 7p, constructed in [3], and so the
proof of Theorem 4.3 is complete. This set then forms a complete set of isometric
implementers for pr in m1p — a fact which we remark may also be observed here
by explicitly computing that

n

S FSFS) a(f) [[alf) @=alf)* > FESFES) []alf) 2,

ScA i=1 SeA i=1

for all f, f1,...,fn € H and n € N. Consequently we have provided a method
for producing isometric implementers, in the complex formalism, which is far more
natural than that of [3], and furthermore unified this latter approach with the
apparently unrelated ideas of [8].
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