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Abstract

We investigate representations of the Cuntz algebra O2 on antisym-
metric Fock space F, (K1) defined by isometric implementers of certain
quasi-free endomorphisms of the CAR algebra in pure quasi-free states
wp,. We pay special attention to the vector states on Oy correspond-
ing to these representations and the Fock vacuum, for which we obtain
explicit formulae. Restricting these states to the gauge-invariant sub-
algebra Fj, we find that for natural choices of implementers, they are
again pure quasi-free and are, in fact, essentially the states pp,. We
proceed to consider the case for an arbitrary pair of implementers, and
deduce that these Cuntz algebra representations are irreducible, as are
their restrictions to Fos.

The endomorphisms of B(F,(K1)) associated with these represen-
tations of Oy are also considered.

1 Introduction

In [2], generalizing the results of [15], the author studies the isometric imple-
mentation of non-surjective quasi-free endomorphisms of the self-dual CAR
algebra in pure quasi-free states. The motivation for this was the author’s
speculation that implementable quasi-free endomorphisms might be useful
in the construction of localized endomorphisms for free Fermi fields with
non-abelian gauge groups. The explicit construction of sequences of im-
plementers of such quasi-free endomorphisms is the main result of [2]. By
definition, these satisfy the Cuntz relations and thus define representations
of the Cuntz algebras on antisymmetric Fock space.

The Cuntz algebras are a class of C*-algebras whose importance cannot
be overstated. Since their introduction in [7], they and their representation
theory have been the focus of a great deal of attention. In recent years,
for example, (in a setting very different from ours), there has been much
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interest in particular Cuntz algebra representations and their connection
with multiresolution wavelet theory [4], [6], [12]. The study of Cuntz algebra
representations on a Hilbert space H is not only interesting in its own right,
but also because of its relation with the theory of endomorphisms of B(H)
[3], [13]. In this paper we set about investigating such representations which
are defined by the implementers of quasi-free endomorphisms, in particular,
addressing the question of their irreducibility.

In order to test for irreducibility, the approach we adopt is to consider
the vector states on the Cuntz algebras associated with them and the an-
tisymmetric Fock vacuum vector. Now the implementers constructed in [2]
do not lend themselves in full generality to computations of the type to be
found here, and so we carry out our investigations for the quasi-free endo-
morphism associated with the unilateral shift, with its implementation in
specified quasi-free states. (Note that this means that we are dealing with
representations of the Cuntz algebra Oy.) We begin by obtaining explicit for-
mulae for these states (for natural choices of implementers) and find that in
fact, the vector states we obtain take a surprising and very interesting form.
Consequently we focus further attention on them, particularly considering
their restriction to the subalgebra fixed under the gauge action. It turns out
that on identifying the gauge-invariant subalgebra F> with the CAR algebra,
these states when restricted to Fa and considered as states on the CAR alge-
bra are again pure and quasi-free. Unexpectedly, they are in fact the quasi-
free states in which the endomorphism is being implemented. (Though this
finding arises as a by-product of our investigations into the Cuntz algebra
representations, we feel it is our most interesting result.) Showing that the
vacuum vector is cyclic for these Cuntz algebra representations, and also for
their restrictions to the gauge-invariant subalgebra, we are able to deduce
that both representations are irreducible. We also consider the case for an
arbitrary pair of implementers.

Certainly, even for the specific quasi-free states chosen here, one could
make similar computations to those found in this note for alternative quasi-
free endomorphisms. For example one could simply consider the endomor-
phisms generated by higher powers of the unilateral shift, and still obtain
simple formulae for the analogous vector states on the Cuntz algebras Ogn,
for n > 2. However, it is the interesting formulae that we obtain in our
case (closely related to the original quasi-free states in which the endomor-
phism is being implemented) that we feel justifies our concentration on these
particular choices.

The paper is organized as follows. In Section 2 we set notation and state
background definitions and results that will be needed in the sequel. In
Section 3 the explicit computation of the Cuntz algebra state is given for a
natural choice of implementers. We proceed in Section 4 to show that the
vacuum vector is cyclic for these Cuntz algebra representations, and also
for their restrictions to the gauge-invariant subalgebra. We then identify
the gauge-invariant subalgebra with the CAR algebra, and show that these



states, as states on the CAR algebra, are the pure quasi-free states in which
the endomorphism is being implemented. From this we deduce irreducibility
of the representations of Qs and Fs, and discuss the case for an arbitrary
pair of implementers. We conclude Section 4 with some further observations
on these states and on induced endomorphisms of B(H).

2 Preliminaries

The self-dual CAR algebra ASPC(IC,T') over a Hilbert space K with dis-
tinguished conjugation I', is the unital C*-algebra generated by the range
of a complex linear map B on K, satisfying the self-dual canonical anti-
commutation relations:

B(f)B(9)" + B(9)"B(f) = (9, /)1, B(f)" = B(L'f)

for f,g € K. A projection P on K is said to be a basis projection if I'PI" =
1-P.

If V' is an isometry in B(K), commuting with I', then it is said to be a
Bogoliubov operator and it induces a unital isometric *-endomorphism oy of
ASPC(K,T) via the map

B(k) — B(Vk), k € K.

Such an endomorphism is called quasi-free, and is a *-automorphism if and
only if V' is unitary.

For each S € B(K) with 0 < S < 1 and I'ST = 1 — S, there exists a
quasi-free state, g, on ASPC(IC,T) [1], [10]. This state is pure if and only
if S is a (basis) projection. We omit its definition here, but it suffices to
say that for P a basis projection on K, the GNS-decomposition of ¢p, can
be identified with the triple (7p,, F,(K1),Q2p,), where Qp, is the usual Fock
vacuum vector, and mp, is the representation given by

wp, (B(k)) = a(Pik)* 4+ a(PiTk), for k € K,

with a(-)* and a(-) the creation and annihilation operators on F,(K;) and
ICl = PlK

With P, := 1 — P;, when A € B(K) we denote by A, g the operator
P, APz where o, 8 = 1,2.

Appearing in [2], the following definition relates to arbitrary C*-algebras,
*_endomorphisms and representations, though its motivation lies in the work
of [8], [9] and [14]. The subsequent result is Theorem 3.3 of [2].

Definition 1 A *-endomorphism g of a C*-algebra A is isometrically imple-
mentable in a representation (m, H) if there exists a (possibly finite) sequence
{U,, }ner in B(H) with relations

AWy =0mpl, Y U0 =1
nel



which implements o by

To Q= Z v, ()0},
nel

with convergence of the sums with respect to the strong operator topology
if I is infinite.

Theorem 2 A quasi-free endomorphism oy of ASPC(KC,T) is isometrically
implementable in a Fock representation mp, if and only if Vio is Hilbert-
Schmidt.

In [2], for oy a quasi-free endomorphism of ASPC (K, T) and P; a basis
projection on K such that [V, P;] is Hilbert-Schmidt, a sequence of imple-
menters of gy in mp, is constructed. For this construction it is assumed at
the outset that ; = L?(R?), though as in the case of [15], the reason for
this is a notational one and all of the results hold in the general case [2].

As a generalization of the operator A(U) of [15], in [2] the author defines
the associate A(V') of the isometry V:

AV)n = Vii— P — VigVas Wy + Vll_l*V?l*Pker Voo V21
AV)ie = VieVas ' = Vi Vi " Py -

AV)a = (Vao ol = Vs Vit Ve " Bgy )V

AV)ee = Po=Va '+ Vig™ Vir V" Var " Py - (1)

For the meaning of the operators V; * see [2].

Let {e1,...,er, } be an orthonormal basis for ker Vi1, where Ly < oo
by the Hilbert-Schmidt assumption on [V, P;]. Define D to be the dense
subspace 7p, (ASPC(K,T))Qp, of F,(K1). Then on D, an operator ¥ (V) is
defined by

Wo(V) := [det (Py + A(V)12A(V)12™)] 7 1/4
Z (—1)ssign O’CL(Vlgrea(l))*\I/ e a(Vlgl“eJ(S))*\I/ .

(0,5)EPLy,
rexp (b(A(V))/2)  aleo(s41) ¥ - . - aleq(ry)) ¥, (2)
where Pr,, is the index set with elements, pairs (o, s) with s € {0,..., Ly}

and o a permutation of order Ly with o(1) < ... < o(s) and (s + 1) <
... < o(Ly). Further ¥ is the unitary in B(F,(K;)) implementing a_; in
mp, and satisfying W) = Q.

It follows that Wo(V') has a continuous extension to an isometry, denoted
by the same symbol, on F, (K1) [2, Lemma 4.3].

For n € N, define I,, to be the set of 2" multiindices o = (aq,..., )
with

0<Ii<n,l1<on<...<ogq<nanda:=0forl =0,



and for k € ker V*, define (k) := mp, (B(k))¥. Then fixing an orthonor-
mal basis {k;}", for ker V* Nran (P, — A(V)12"), and defining for § =
(ﬁlv s aﬁr) € Imy

Vg = (kpy) - (k) and Wp(V) := ¢pWo(V),
the following is the main result of [2].

Theorem 3 m = $indV*, and the 2™ isometries {V(V)}ger,, implement
ov m TP, -

Definition 4 For 2 <n < oo, the Cuntz algebra O,, [7] is defined to be the

universal C*-algebra generated by n isometries sg, s1, ..., Sp—1 satisfying
n—1
s7sj =041, Z sis; =1, fori,j € {0,1,...,n —1}. (3)
i=0

Then by definition, each sequence of implementers {Wg(V')} e, of Theorem
3 defines a representation of the Cuntz algebra Oam on Fy(K1).

Denote by F,, the gauge-invariant subalgebra of O,,, which is the closure
of the linear span of monomials of the form

*

*
841849 + -+ Sip S i1

Im *®

for m = 0,1,.... Then let 6 be its canonical identification with ®@7°M,,,

.85 8

*
J2

0: M, 3 el @el) @.. 0™ sy 8085 8585 € Fay (4)

i1 Cizgo imjm Jm e Sj2Sh
where e;;, for i,j € {0,1,...,n — 1}, are the usual matrix units in M,,.
Further, if H is a Hilbert space with orthonormal basis {f;}52,, then

®3° My can be identified with AAR(H), the CAR algebra over H in the
complex formalism [10], via the map

k—1
v ACYR () 5 a(fi) — (T (el) — efD))ely) € @M. (5)
=1

3 Computation of the state on O,

Let H = [? and define a conjugation J on H by J(£1,&,...) = (&1, &,...).
With V' the unilateral shift on H, denote by T the isometry Vo JVJ = VeV
on K=HeH.

For n > 2 and m € Ny define a projection P, ,, on H by

Pn7m(§17§27§37 .. ) = (07 .. 707€n7§n+17 cee 7§n+m707- . )

and a basis projection P, = P, ,, ® (1 — P, ) on K with respect to the

conjugation,
0 J
r- ( 0 ) .



Remark 5 It will become clear that all of our computations could be carried
out more generally, when in place of P, ,,, we have the projection onto
lin{e; };e7, where {e;}32, is the canonical orthonormal basis for 12 and I is
any finite or infinite subset of N, and furthrmore that similar results occur.
For these computations when for example I = (), I = N, I = {1,...,n},
I'={n,n+1,n+2,...}, see [11].

Now with {f;}52; the canonical orthonormal basis for 2, simplifying no-
tation let Uy and ¥y be the isometric implementers of or in mp, of Theorem
3, where we choose

e1 = (farm ®0), e2 = (0D fr_1) (6)

to be the orthonormal basis for ker 71;. The operator A defined in (1) here
has components,

AT =T —Pr, AT)12=0, A(T)s1 =0, AT)p2 = P — Ty;', (7
and we note that in fact

TV =15 fori=1,2. (8)

Thus take k1 = (0 & f1) to be the orthonormal basis of ker 7" N ran (P, —
A(T)y) = ker T* N K.

Then for sy, s; the generators of Oy, define the representation 7w of O
on F, (K1) by n(s;) = ¥, for i =0, 1.

Definition 6 Let w, be the state on Oy defined by
wnlspsy) = (W, 050, 9),
for all multiindices p and v.

Of course there is freedom in the choice of implementers, and we discuss
this in subsection 4.2. In fact any other pair of implementers is of the form

UG = ugoPo + up1 ¥1, U] :=uioWo + unn ¥y, 9)

for U = [uijlij=0,1 € U(2) [2]. However, if we are to compute the state on
Os defined by the implementers of this quasi-free endomorphism, certainly
Wy and ¥y above are the most natural choices to begin with.

3.1 The adjoints of the implementers

In order to compute the state w,, we first need to understand how products
of the adjoints, ¥{ and V7, act on the vacuum . From the definitions one
can verify that

Uy = —ale2)aler)” :exp (B(A(T))) : (10)
— Wa(es)" :exp (b(A(T)")) : Wa(T12Teq) (11)
+ Wa(er)" :exp (b(A(T)")) : Wa(T12Te2) (12)
— rexp (b(A(T)")) : a(Theolea)a(Th2Ter) (13)



and U} = U§Wa(k;). We will require the following, which are easily checked.

T} bey = fram—1k®0, k=1,...,m and T} m+1el =0, (14)
Tires = 0@ fu1in, k=1,...,n—2 and T5," tey =0, (15)
and
(ei7T12P62> = 07 Zaj = 1727 (16)
(Tt Fey, TysTer) = 0, k=1,...,m+1, (17)
(T} e1, Tiales) = Opm, (18)
(T#,%eq, ToTe;) = 0,i=12andk=1,...,n— 1. (19)

Note that from (15), T5," 2eq = ki.
Furthermore, the first of the commutation relations of of [2, Lemma 4.1]
will also be needed. In our case it states that

cexp (b(A(T)")) = a(f)" = a(T71f)" exp (b(A(T))): forall f € K;.
(20)
To write down expressions for ¥} for multiindices v, it is necessary
to consider the cases (i) n < m+1, (it) n = m+ 1 and (i13) n > m + 1
separately. We shall assume henceforth that (i) holds, although all of the
results certainly hold in an identical fashion for all n > 2 and m € Njy.
In the first place, from (14)—(20) we find that for k =1,...,n — 1,

U5hQ = (—1)*a(ez) aler)™
a(Tfe2) a(Tfer)" ... a(Th " ea) (T ler) 2, (21)

obtained through & applications of (10) to €2, and that

U5 =0. (22)

Then noting that
(Ty\"e1, k1) = 0,r=0,1,2,... and (23)
<T1>’<1T627k71> = 57",n—2, (24)

it is clear that for K =0,1,...,n — 2,
TR =0. (25)

Moreover, from (14)-(20), (23)-(24) and since T} 2e3 = ki, it follows
that for k=0,1,...,m —n+ 2,

Uit U Q= (<)) t(k)a(es) aler) a(TT e2) a(THer)" . .
(T*n 2 ) (T*n 2 )* (T*n 1 )* (T*n 2+kel)*Q(26)

where

_J +1 ifk=23mod4
t(k) '_{ -1 ifk=0,1mod4.



The expression in (26) is the result of k applications of (10) (xWa(k)) to
Tl

Observe that when k& = m — n + 2, the term T7™e; (= Ti2l'e2) ap-
pears immediately before Q. Thus (14)-(20), (23)—(24) and the equality,
T#" 2ey = ky imply that for » = 1,...,n — 1, r applications of (12)
(xWa(ky)) to W™ " 2W0~1Q yields the equality,

UGl O = (1)t (m — n)t(r)-
a(ez)*a(er)*a(Te2)*a(Ter)” . ..
. 'd(TﬁT—z@)*a(Tﬁr_zel)*d(Tf1T_1€2)*a(Tf1T_lel)* :
oy e2) a(T5 er)" ... a(TH " %ea) a(T," 2er)” -
a(TH ™ re)) .. a(Ty, ™er ) 9, (27)

where by a(-) we mean omit a(-).
Then from (27), with » =n — 1, and by (23), we clearly have that

PO = U et e gt = 0. (28)
Moreover from (15)—(20), we deduce that for k =0,1,...,m,
Uswk gl = 0. (29)
Then finally, from (14) and (16)—(20), for [ € Ny we have

\Ifal \If{m-i-l \Ilan—l = (_1)l(m+l) \If{m—i-l \Ifan_l Q
= (=) — )t — 1) -
a(er) a(Tyie1)*...a(Ty"e1)* 2, (30)
this expression being the result of I applications of (12) to U™ ws"—10.

We now gather together the above results, (21),(22) and (25)—(30), in
the following proposition.

Proposition 7 For arbitrary multiinder v = (v1,...,vs) with s € N, the
following hold.
For s € [1,n —1],

For s € [n,m + 1],
Uy =10,,0--6uy 1,001 Opg1

(=1)"t(s —n+ 1)a(ez)*aler) a(Ty e2) a(Tyie1)* ...
(T 2e) a(Th " 2e)) - a(T3" er)* .. (T3 er)*Q. (32)



Forse[m+2,n+m—1],
Uy Q=000 1.000m1---0u 1
(=1)"t(m —n)t(s —m — 1)a(ez) a(er)*a(T e2) a(Te1)” . ..
(T T ) (T e AT ) (T e )
(T * ™" ea) a(Tr, " )™ a(T " Pea) a(T,"Per)” -
a(TH " er)* .. a(Ty™er) . (33)

For s > n+m,

\I’; Q= 51/170 e 51’”717051}7’“1 0 15V7L+m+170 te 51/570'

Y VUn4m;,
(=1)mn=m D (1) — n)t(n — 1) -
aler)*a(Tyie1)* .. .a(Ty,"er1)* Q. (34)

3.2 The state

We are now in a position to write down a formula for the state.

Proposition 8 Let s,t € N and p = (pu1,...,t), v = (v1,...,vs) be mul-
tisndices.
For s € [1,n],

(U, W5 Q,Q) =046 0w 001,000 (35)

For s € [n,m +n—1],
(U, W5, =66 0uw 01,0 Opn_1,0* Opn,1 -+ - Opug 1 (36)
For s > n+m,

(U, 05,9,9) = (=) Dy im0

5#170 M 5#%7170 : 5#7171 o 5#n+7n71 : 5/an+m+170 o 5Nt70 '
010+ Oup_1,0 " Ovp1 -+ Ovpn 1" Oumgimg1,0 - - - Oug 05 (37)

where

1 ift>m+n
X{m—i—n,m—i—n—l—l,...}(t) = { /

0 otherwise.

Proof: Follows from Proposition 7.

Remark 9 The state is therefore obviously not gauge-invariant.



4 Irreducible representations of O, and F;
4.1 Cyclicity of Q for =
We begin with a notational definition.
Definition 10 For kK € K1 and i € N,
ari(k) := a((T")11k) + a((T")120k)* = 7p, (B(T"k))".
Then with ¢ € N and p; € {0,1}, 1 <i < ¢, neglecting signs we have,
Uy 0, = (Dalkyy ) ar(ky,)* - age (K, )"

athl(Tlgl“el)*athl(Tlgl“eg)* .
.. aT(Tlgfel)*aT(Tlgfeg)*a(Tlgfel)*a(Tlgreg)*Q, (38)

where if ;i; = 0 delete the term agi-1(k,,)* from the expression.
Now from (34) and (37), for s,t > n +m,

(W g, ) =
(J_’)(aTt(el)*aTt (Tfie1)" ...ape (Tl*lmel)*\lfg_l \I’TH \Ilg_"_m Q,0)
= (D1, (39)
Lemma 11 For all s,t > n+m,

gt g e gl o = (D)0,

Proof: This follows immediately from (38), (39) and the computations,

. t — * <
arpt (Tikl’lel)* — { Z((T )llTll 61) a(fn+m+t_1 @ 0) t <73 (40)

(T(T"auTii'e1) = a0 fupmre-1) t>i+1,
ark (Tlgrel a( 1T12F€1) = a(OGBfn+m+1+k)* , for all k € N, (41)

a((T 11T12P€2)* =a(fnsk ®0)* ifk<m
(T

apr(Ti2l'es)” a((TF)12Tores) = a(0 & foir) ifk>m+1,

(42)

o ()" = a((TF)11k1)* = a0 ® fri1)* ifk<n—2ork>n+m
TR TN a((T*)19T k) = a(fegr ®0) ifn—1<k<n+m-—1.
(43)

O

Proposition 12 Q is cyclic for m, and so w is the GNS-representation of
W

Proof: As a result of (38) and (40)—(43), for s,t > n + m we have

10



Wy W, U g
(Dagt(er) ar (THen) ... ape(TH"e1) ¥y, ... ¥, Q
(Da(M(T21e1)a(D(T)nTHer) . .. a(T(T)n T ™er) -
k)" - a(T" )11k, )" -
("= )12T’<?un)-~- a((T" 12l k) -
(T ™) 11Ky sn) - (T D ank,)
(T Y Tioler ) *a((TH 1) 19Th1es) . ...
a((T™ )11 Tialer ) a((T™ ) 12Tore2) -
a((T"™)11T2ler) a((T™)11T1oTes)™ . ..
a(Ti1Tioler) a(T11Tholes) a(Tioler ) a(T12ler)* 2, (44)

S

a

S

(
(
(
(

a

where again, as in (38), if 4; = 0 omit the term api-1(ky,)*.
Note from (43) that

{(T*) 11k :0<k<n—2,k>n+m}U{(T") 12Tk :n—1<k <n+m—1}

forms an orthonormal basis for Ky.

Then from Lemma 11, it clearly follows that with appropriate choice of
wi, for i = 1,...,t, the orthonormal basis {a(fi;)*...a(f;,)*Q:i1 < ... <
ir,7 € No} for F,(K1) can be obtained through (44).

Thus the proof is complete.

4.2 Restriction to F;

We shall now consider the state w, restricted to F.

Proposition 13 Q is cyclic for the representation © restricted to Fs, and
so | g, is the GNS-representation of wr|r,.

Proof: Exactly as for Proposition 12, taking s = t.

|
Now making the identifications, 6 of F» with ®°M>s given in (4), and ¢

of @° My with AYAE(H) in (5), where {f;}32, is a fixed orthonormal basis
for a Hilbert space H, we consider the state wy|r, as a state on AY47(H).
First note that on ®{°Ms, for r € N,

wﬂ‘j:2 (emmm,7,,1___,,r) = 6/%'/'5#170 . 5Mn—170'5lm71 . 5un+m71'5un+m+170 . (5/“,70.

(45)

When @ is a projection on H, let wg denote the associated quasi-free
state on ACAR(H) [10].

Proposition 14 Under the identifications above, wr = wq, ., where Qnm
is defined as the projection of H onto lin { f;}1~ "+m

Proof: Assume that N, M and iy,...,in,J41,--.,J0 € N, and that g # 4 if

11



k # 1 and j. # js if r # s. Then consider the monomial,

a(fiN)* "’a(fh)*a(fh)”’a(ij)’ (46)

Firstlet 1 < N =M <m+1and i1 = ji,...,iny = jn, with 41,...,iy €
{n,n+1,...,n+m}. Then

a(fin)" .- a(fi))*alfiy) ... alfiy) = (47)
a(fiy) a(fiy) .- a(fiy) a(fiy) =
(b + i) - (b~ +eft el -
(el el (e T e e, (48)

and of course applying wg, ,, to (47) gives 1, as does wr|r, to (48).

Then suppose that N = M and i1,...,iN,j1,...,j8 € {n,n+1,...,n+
m}, but that there exists k,1 < k < N with ji & {i1,...,in}. Then (46)
is taken to 0 by wg, ., as is its image in ®°My, by wr|r,, since egjlk) will
appear in each term in the latter.

Now suppose that N = M, (not necessarily in [1,m + 1]), and that there
exists k, with 1 <k < N, such that iy, &€ {n,n+1,...,n+m}. Then again,
certainly (46) and its image in ®{°M> are taken to 0 by wq, ,, and wx|r,
respectively.

Similarly if iy, & {n,n+1,...,n 4+ m}.

Finally, if N # M, and i1,...,iN,51,---,J0m € {n,n+1,...,n+m} are
any indices, then (46), taken to 0 by wgq, ,,, also has its image taken to 0 by

Wr|z,, as e((]]i) or eglé) (or both) appear for some k (or k’s) in each term in

the latter.
Thus wq,, ,, and wx|r, agree on (46) for all N, M and all indices, and so
we are done.

O
Corollary 15 With Q as cyclic vector, the representation,
7o 0o AYM(H) — B(F,(Ky)),
is a GNS-representation for the pure quasi-free state wq,, ,, -
Proof: Immediate from Propositions 13 and 14.
(]

Of course, the choice of H and of orthonormal basis has been totally
arbitrary. Taking H = [? and {f;}3°; to be the canonical orthonormal basis,
for example, would obviously mean that @, = Py m.

Let U = [ui7j],~7j:0,1 S U(2) and

\IIIO = ugo¥o + ug1 V1 , \Illl = ugWo + u11 ¥ (49)

12



be another pair of implementers. Define 7’ to be the representation of Og
on F,(Ky) given by s; — W, for i« = 0,1, and let w,s denote the state,
wr(susp) = (U,0,°Q,Q) on Op. Then under the identifications above,
with {f;}22, any fixed orthonormal basis of a Hilbert space H, we have the
following.

Proposition 16 w./|z, considered as a state on ASAE(H) is quasi-free if
and only if either

(1) \1’6 = UOQ\I’O and \Ifll = u11\I/1, or
(il) \I’IO = ’LLOl\I’l and \Ifll = ulO\Ifo,
where in case (i), wr|r, = wQ, ., and in case (ii), wr|F, = wWi—Q, .-

Proof: Since under the identifications above,

1 .
wnt| 7 (681)) = UpoU10,

it follows that if w,/|z£, is to be quasi-free, either ugy or uio has to be zero.
That is, either (i) or (ii) holds, where in (i), |ugo| = |u11] = 1, and in (ii),
|UO1| = |U10| =1.

[l
Of course, different choices of u in (i) and (ii) respectively, give different

extensions of wg, ,, and wi_q, ,, to Os.

Proposition 17 If {0, ¥} is any pair of implementers of or in wp,, with
7' and wyr as defined above we have that 7' is irreducible, as is its restriction
to fg.

Proof: Clearly wr|z, is a pure state on Fa, so that by Propositions 12 and
13, wy is pure and 7|z, and 7 are irreducible.

Then the claim follows since any other pair of implementers ¥{, and ¥
are given by (49) for some U € U(2).

We end this section with some observations.

Definition 18 A pure state w on O, is said to be strongly asymptotically
shift invariant [5] of order k if it satisfies

k+1 k

woao =woo .

If (m,H, Q) is its GNS-decomposition, then it is defined to be finitely corre-
lated [5] if the subspace & C H generated linearly by Q and vectors of the
form

m(s;, si, .- -51, )8,

where 41, ...,%, € N and m = 1,2, ..., is finite dimensional.

13



Proposition 19 w, is:
(1) finitely correlated, and

(2) strongly asymptotically shift invariant of order k, if and only if k >
n—+m.

Proof: (1) is an immediate consequence of Propositions 7 and 12, while a
simple calculation is enough to verify (2).

Denote by pg, the endomorphism of B(F,(K;)),
where {W(, ¥/} is any pair of implementers of or in 7p,.

Proposition 20 The endomorphism py: is a shift on B(F,(K1)) admitting
a pure, normal invariant state.

Proof: From Proposition 17 we have that 7|z, is irreducible, thus py is a shift
[3], [13]. Then we have that for all [ € Ny, the vector state corresponding
to Wil wim L gEn=l Q is pure, normal and pg-invariant.

The result then follows since for each pair {¥{, ¥} }, we have by (9) and
[13] that pys and py are conjugate.
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