INTRODUCTION TO LOCALLY NILPOTENT DERIVATIONS
Daniel Daigle (U. Ottawa, Canada)

The aim of this document is to introduce graduate students to the basic theory of locally
nilpotent derivations on commutative rings.

Conventions:
e All rings and algebras are tacitly assumed to be commutative and associative and
to have an identity element 1.

e “Domain” means integral domain. If A is a ring, A* is the set of units of A. If A
is a domain, Frac A is the field of fractions of A.

o If Ais a ring, A" = polynomial ring in n variables over A.
o If k is a field, k™ = Frac (k[”}) = field of fractions of k™.

1. DERIVATIONS

1.1. Definition. A derivation of a ring B is a map D : B — B satisfying

forall f,g€ B,  D(f+g)=D(f)+D(g) and D(fg) = D(f)g+ fD(g).
If D: B — B is a derivation, we define ker D = {z € B| D(z) = 0}.

1.2. Exercise. Let B be a ring and D : B — B a derivation. Verify that ker(D) is a
subring of B. Several authors call ker(D) the ring of constants of D, and denote it BP.

1.3. Exercise. Consider a field k, the polynomial ring k[t] = k), and the derivative
D = 4 . k[t] — Kk[t]. Verify that D is a derivation. Show that if chark = 0 then

ker D =k, and that if chark = p > 0 then ker D = k[t"].

The sum of two derivations of a ring B is a derivation of B. If D : B — B is a derivation
and b € B then the map
bD : B — B, x +— bD(x)
is a derivation of B. It follows that the set
Der(B) = set of all derivations of B
is a B-module. If A C B are rings then by an A-derivation of B we mean a derivation
D : B — B satisfying D(A) = {0}. Then the set
Ders(B) = set of all A-derivations of B
is a B-submodule of Der(B).

1.4. Example. Let A be a ring and B = A[X,,...,X,] = A", Then, for each i =
1,...,n, the partial derivative ;2- is an element of Derys(B). Since Ders(B) is a B-
module, it follows that > " | fi % € Der4(B) for any choice of fi,..., f, € B.

1.5. Lemma. Let A be a ring and B = A[X,,..., X, = AP Given any f1,..., f. € B,
there exists a unique D € Der4(B) satisfying D(X;) = f; foralli=1,... n.
1
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Proof. As Der4(B) is a B-module, we may define D € Dery(B) by D = """, fi aixi'
Clearly, D(X;) = f; for all i € {1,...,n}. If also D" € Dera(B) satisfies D'(X;) = f;
for all 7, then consider Dy = D — D' € Dery(B); then Do(X;) = 0 for all i. Thus
AU{Xy,..., X} € ker(Dy). As ker Dy is a subring of B, ker Dy = B; so Dy = 0 and
hence D = D'. So D is the unique element of Dera(B) satisfying D(X;) = f; for all

ie{l,...,n}. O
Remark. Lemma 1.5 implies that, when B = A[X;,...,X,] = A", Der,(B) is a free
B-module with basis {%, ce %}.

1.6. Exercise. Let B be aring and D : B — B a derivation. Verify the following claims.
(i) D) = nb"*D(b), for all b € B and n € N.
(ii) Let f(T) = Y1 ,a;T" € B[T] be a polynomial (a; € B and T is an indeterminate).
If b € B then f(b) € B, so it makes sense to evaluate D at f(b). Show that
D(f(b)) = fP(b) + f'(b)D(b)
where we define the polynomial fP)(T) € B[T] by fPN(T) = Y"1, D(a;)T*, and
where f'(T) € B[T] is the derivative of f, defined by f/(T) = >_" | ia;7""'. Note
that if all a; belong to ker(D) then this formula simplifies to D(f(b)) = f'(b)D(b).

(iii) More generally, show that if f € B[T},...,T,] and by,...,b, € B then
D(f(by,..., bn)) = fPlby,....b,) + >0, fr. (b1, ..., by) D(by),
where fr, = 54 € B[T\,...,T,].
1.7. Definition. Let A C B be rings. An element b € B is algebraic over A if there exists

a nonzero polynomial f € A[T]\ {0} such that f(b) = 0 (note that f is not required to
be monic); if b is not algebraic over A, we say that b is transcendental over A.

We say that B is algebraic over A if every element of B is algebraic over A. We say that
A is algebraically closed in B if each element of B\ A is transcendental over A.

1.8. Lemma. If B is a domain of characteristic zero and D € Der(B) then ker D is
algebraically closed in B.

Proof. Let A = ker D and consider b € B algebraic over A. Let f € A[T] be a nonzero
polynomial of minimal degree such that f(b) = 0. Note that deg(f) > 1. Then

0= D(f(b)) = fP®) + f'(0)D(b) = f'(b)D(b).
We have f" # 0 (because B is a domain of characteristic zero), so f'(b) # 0 by minimality
of deg f, so D(b) = 0. O

1.9. Exercise. Let B be a ring of characteristic n > 0 and let 0 # D € Der(B). Show
that each x € B satisfies 2 € ker D. Deduce that ker D is not algebraically closed in B.

If B is a ring and Dy, Dy € Der(B) then the composition Dy o Dy : B — B is a map
which preserves addition, but is usually not a derivation. However, a straightforward
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verification shows that D; o Dy — Dyo Dy : B — B is a derivation. One uses the notation
[Dy, D3] = Dy o Dy — Dy o Dy for this derivation.

If D € Der(B) and n > 0, we denote by D" : B — B the composition of D with itself n

times (for instance D3 = D o D o D). We also define D° : B — B to be the identity map
(even in the case D = 0). Note that D" is usually not a derivation when n # 1.

1.10. Exercise. Prove Leibnitz Rule: If B is a ring, D € Der(B), x,y € B andn € N,

prian =3 (1) o p)

1.11. Definition. Given a ring B and D € Der(B), define the set
Nil(D) = {z € B| 3peny D"(z) =0} .
So ker(D) C Nil(D) C B. By exercise 1.12, Nil(D) is a subring of B.

1.12. Exercise. Use Leibnitz Rule to show that the subset Nil(D) of B is closed under
multiplication. Deduce that Nil(D) is a subring of B.

1.13. Example. Let B = C[[T]] and D = d/dI" : B — B. Then ker(D) = C and
Nil(D) = C[T]. Note that Nil(D) is not integrally closed in B: let b = /14T € B, then
b & Nil(D) but b € Nil(D).

1.14. Exercise. Let Abe aringand B = A[Xl, o X, =AML Given f = (f1,..., fal1) €
B! define the map Ay : B — B by Ay(g) = det ( JEIXIf" Lg ) for each g € B. Check
that Af € Dera(B) and that A[fy,..., fu_ 1] C ker(Ay). One refers to Ay as a “jacobian
derivation”.

1.15. Exercise. Let B=C[X,Y, Z] =CBl f=X?+Y3and g= XY +YZ+ XZ. Give
an example of a derivation D € Derc(B) satisfying D(f) =0 = D(g) and D # 0.
Hint: use jacobian derivations.

2. DEFINITION OF LOCALLY NILPOTENT DERIVATIONS

2.1. Definition. Let B be any ring. A derivation D : B — B is locally nilpotent if it
satisfies Nil(D) = B, i.e., if VpepInen D" (b) = 0. We write:

LND(B) = set of locally nilpotent derivations B — B.

2.2. Example. Let A be a ring and B = A[X4,..., X,] = Al
eachi=1,...,n.

2.3. Definition. Let A be aring and B = A[Xy,...,X,] = A", A derivation D : B — B
is triangular if D(A) = {0} and:
Vi D(X;) € A[Xq,...,X;-1] (in particular D(X;) € A).

2.4. Example. Let B = C[X,Y,Z] = CP¥l and D = X?2 + (X° + Y?3):Z € Derc(B).
Then D is triangular.

(B) for
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2.5. Lemma. Let A be a ring and B = A[X,,...,X,] = AP, Then every triangular
deriwation of B s locally nilpotent.

Proof. If D : B — B is triangular then A C ker(D) C Nil(D), so Nil(D) is an A-
subalgebra of B. As an exercise, prove (by induction on i) that

AlXy, ..., X CNi(D), foralli=1,...,n.
So Nil(D) = B, i.e., D is locally nilpotent. O

2.6. Example. Let B=C[X,Y]=CH, D, =Y % and D; = X .
Then Dy, Dy € LND(B) (because they are triangular). However, Dy + Dy ¢ LND(B)
(because (D; + D9)?*(X) = X), and you can also check that [Dy, Dy] ¢ LND(B).

Also, 7% € LND(B) but X% ¢ LND(B).

2.7. We stress that Example 2.6 shows that the subset LND(B) of Der(B) is in general
not closed under any of the algebraic operations which are defined in Der(B):
(i) D1, Dy € LND(B) == D; + D, € LND(B)
(ii) b€ B, D € LND(B) == bD € LND(B)
(iii) Dy, Dy € LND(B) == [Dy, Dy] € LND(B).

In other words, LND(B) is just a set. It does not have any algebraic structure.

The facts contained in the following exercise will be needed in the next sections.

2.8. Exercise. Let B be a ring, D € LND(B) and A = ker D.
(1) If a € A then (aD)" = a™D" holds for all n € N. (Make sure that you use the
assumption D(a) = 0 in your proof!)
(2) If a € A then aD € LND(B) (compare with 2.7(ii)).

(3) Observe that D : B — B is (in particular) a homomorphism of A-modules. If
S C A is a multiplicatively closed set, consider the homomorphism of S~1A-
modules S™'D : S7'B — S7!B defined by (S7'D)(z/s) = (Dz)/s (x € B,
s € S). Show that S™'D is an element of LND(S™'B) and ker(S™'D) = S~'A.

2.9. Kernels. Given a ring B, we write:
KLND(B) = {ker D | D € LND(B) and D # 0} .
Then the problem of describing the set LND(B) breaks into two steps:

(i) Describe the set KLND(B);
(ii) for each A € KLND(B), describe the set { D € LND(B) | ker D = A}.

It is often the case that problem (i) is significantly harder than problem (ii). For instance,
if B = kP then (i) is currently an open problem and is considered very hard, but (ii) is
completely understood. In these notes, a lot of attention is given to kernels.



3. THE EXPONENTIAL MAP ASSOCIATED TO A LOCALLY NILPOTENT DERIVATION

3.1. Exercise. If B is a Q-algebra then Der(B) = Derg(B).
3.2. Definition. Let B be a Q-algebra. Given D € LND(B), define the map

¢r:B— B[T], b Z%D”(b) ™.
neN
We call {p the ezponential map associated to D (not to be confused with the exponential
of D, exp(D) : B — B, to be defined later). Note that the definition of {; requires us to
divide by n!, which is (of course) why we need to assume that Q C B.

The following is a fundamental result in the theory of locally nilpotent derivations. It has
several deep consequences.

3.3. Theorem. Let B be a Q-algebra and D € LND(B). Then the exponential map
¢p : B — BI[T] is an injective homomorphism of A-algebras, where A = ker(D).

Proof. 1f ey : B[T] — B is the map f(T") — f(0), then the composite B ‘o, B[T] = Bis
the identity map, so {p is injective. It is clear that &p preserves addition and restricts to
the identity map on A, so it suffices to verify that

1 . . 1 . . 1
(1) (ZEDZ(QJ) T’) (ZfD](y) TJ> - ZmDn(xy) ™
ieN neN
holds for all z,y € B. In the left hand side of (1), the coefficient of 7™ is
| B , 1 nl :
Z Z,—],D (@)D*(y) = — Z T D@D (),
1+1=n 1+J1=n
which is equal to & D"(zy) by Leibnitz Rule. O
3.4. Exercise. Let B be a Q-algebra and D € LND(B). Check that £p is the inclusion
map B — B[T] if and only if D = 0.
3.5. Exercise. Let B = C[X,Y,Z] = CBl and D = X2 +Y 2. Then D € LND(B).
Note that £p : B — B[T] is a homomorphism of C-algebras:
SD : C[X7KZ] - C[XaKZa T]
Describe &p by giving the images of X,Y, Z.

4. DEGREE FUNCTIONS

4.1. Definition. A degree function on a ring B is a map deg : B — NU{—o0} satisfying:
(1) Vee B degr=—00 <= =0
(2) Va,y € B deg(xy) = degz + degy
(3) Vz,y € B deg(x + y) < max(degx,degy).
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4.2. Exercise. Use parts (1) and (2) of 4.1 to show that if a ring B admits a degree
function deg : B — N U {—o0}, then B is a domain.

4.3. Exercise. Let A[t] be the polynomial ring in one variable over a ring A, and let
deg, : A[t] = NU{—o0} be the usual degree of polynomials. Show that deg is a degree
function if and only if A is an integral domain.

4.4. Exercise. Let deg : B — N U {—o00} be a degree function and z,y € B such that
deg(x) # deg(y). Show that deg(z + y) = max(degz, degy).
45. Exercise. If B % B’ is an injective ring homomorphism and B’ % N U {—o0} is a

degree function then B &% NU {—o0} is a degree function.
4.6. Definition. Let B be a ring. Then each D € LND(B) determines a map
degp : B — NU{—o0}

defined as follows: degp(z) = max{n € N| D"z # 0} for x € B\ {0}, and deg,(0) =
—o00. Note that ker D = {z € B| degp(x) < 0}.

4.7. Example. Let A be a domain of characteristic zero and B = Aft] = Al. Let
D=4 :B— B, then D € LND(B), so D determines the map degy, : A[t] = NU {—o0}.
It is easy to see that deg, is the usual degree of polynomials.

Although we defined deg, for any ring B, it is useful mostly in the case of integral domains
of characteristic zero:

4.8. Proposition. Let B be a domain of characteristic zero and D € LND(B). Then the
map degp : B — NU{—00} is a degree function.

Proof. We first prove the special case where Q C B. In this case we may consider the
map &p : B — B[T], {p(b) = > 02 DB which is an injective ring homomorphism by

=0 n!
3.3. As B is a domain, B[T] der, N U {—o0} is a degree function and consequently the

composite B LEN BI[T] LB, NU {—o0} is a degree function. As this composite map is

equal to degp,, degp, is a degree function.

Now the general case. Since B has characteristic zero and ker D is a subring of B, we
have Z C ker D. Let S = Z \ {0} and consider S™'D : S7'B — S™!'B, which belongs
to LND(S™'B) by Exercise 2.8. As Q C S™!'B, the first part of the proof implies that
degg-1p : ST'B — NU{—o0} is a degree function. We have:

degg-1p

512 g-1p 518 — 8 N U {—o0}

s

B———08

Note that B — S™! B is injective, because B is a domain and 0 ¢ S. So D is the restriction
of S7'D and consequently degj, is the restriction of degg_1p; it follows that degj, is a
degree function. O
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4.9. Exercise. Let B be a domain of characteristic zero and suppose that D € Der(B)
satisfies D" = 0 for some n > 0. Show that D = 0. (Hint. Note that D is locally
nilpotent, so the map deg,, exists and is a degree function. If D # 0 then we can choose
x € B such that degp(z) > 1; what is deg,(2")? can D™(z") be zero?)

5. FACTORIALLY CLOSED SUBRINGS

5.1. Definition. Let A C B be domains. We say that A is factorially closed in B if:
Ve,ye B\{0} zye A = z,y€ A

For instance, consider the polynomial ring R[T] in one variable over an integral domain
R. Then R is factorially closed in R[T]. Note that this example is a special case of:

5.2. Lemma. If B is a domain and deg : B — N U {—o0} is a degree function then
{z € B| degx < 0} is a factorially closed subring of B.

Proof. Obvious. O
5.3. Corollary. Let B be a domain of characteristic zero and D € LND(B). Then ker(D)

s a factorially closed subring of B.

Proof. {z € B| degp(z) <0} is factorially closed in B by 4.8 and 5.2. As kerD =
{z € B| degp(x) < 0}, we are done. O

Recall the following definitions. Let R be an integral domain and let p € R. We say that
p is irreducible if p ¢ R* U {0} and if the condition p = zy (where x,y € R) implies that
{z,y} " R* # @. We say that p is prime if p ¢ R*U{0} and if the condition p | zy (where
x,y € R) implies that p divides one of z,y (i.e., p is prime if and only if the principal
ideal pR is a nonzero prime ideal of R). Recall that every prime element is irreducible
but that the converse is not necessarily true. However, if R is a UFD then “irreducible”
is equivalent to “prime”.

5.4. Exercise. Suppose that A is a factorially closed subring of a domain B. Then:
(1) A* = B*.
(2) An element of A is irreducible in A iff it is irreducible in B.
(3) If B is a UFD then so is A.
From 5.3 and 5.4, we get:
5.5. Corollary. Let B be a domain of characteristic zero, D € LND(B) and A = ker(D).

(1) A*=B*
(2) Ifk is any field included in B, then D is a k-derivation.
(3) If B is a UFD then so is A.

5.6. Exercise. For domains A C B, the following implications are valid:

A is factorially closed in B = A is algebraically closed in B
—> A is integrally closed in B.
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5.7. Exercise. Let B = C[X,Y] = CP® and f = XY € B. Show that if A is a factorially
closed subring of B satisfying f € A, then A = B. Deduce the following assertions:

(1) The only D € LND(B) satisfying D(f) = 0 is the zero derivation.
(2) The jacobian derivation Ay € Derg(B) (refer to 1.14) is not locally nilpotent.
(3) The ring ker(Ay) is algebraically closed in B but not factorially closed.

6. TRANSCENDENCE DEGREE

6.1. Given a field extension L/K, we will write trdegy (L) for the transcendence degree
of L over K (read the definition of that concept in some algebra textbook). Note that
transcendence degree has the following properties:

(1) Let K C L be fields. Then trdegy (L) = 0 if and only if L is algebraic over K.

(2) Let K be a field, ty,...,t, indeterminates over K and L = K(t,...,t,) = K.
Then trdeg, (L) = n.

(3) Let K C L C M be fields. Then trdegy (M) < oo if and only if both trdegy (L)
and trdeg; (M) are finite. Moreover, if trdeg (M) < oo then

trdegy (M) = trdegy (L) + trdeg, (M).

6.2. Notation. Given domains A C B, we define trdeg4(B) to be equal to the transcen-
dence degree of Frac B over Frac A.

6.3. Exercise. Use 6.1 to prove the following properties of transcendence degree of integral

domains.

(1) Let A C B be domains. Then trdeg,(B) = 0 if and only if B is algebraic over A.

(2) Let A be a domain and let B = A", Then trdeg 4(B) = n.

(3) Let A C B C C be domains. Then trdeg.(A) < oo if and only if both trdeg,(B)
and trdegy(C) are finite. Moreover, if trdeg,(C) < oo then

trdeg 4(C) = trdeg4(B) + trdegz(C).

6.4. Exercise. Let A C B be domains, where trdeg ,(B) < oo and A is algebraically closed
in B. Suppose that A’ is a ring such that A C A" C B and trdeg,(B) = trdeg, (B).
Show that A = A’

7. SLICES AND PRESLICES
7.1. Definition. Let B be a ring and D € LND(B). A slice of D is an element s € B
satisfying D(s) = 1.
7.2. Examples. Let B = C[X,Y, Z] = CB.

(1) X is a slice of 6% € LND(B).
(2) Define D € LND(B) by DZ =Y, DY = X, DX = 0. Then given f € B,

D(f) = fxD(X) + fyD(Y) + fzD(Z) = fy X + [2Y,
thus D(B) C (X,Y)B, so D does not have a slice.



When a slice exists, the situation is very special:

7.3. Theorem ([2, Prop. 2.1]). Let B be a Q-algebra, D € LND(B) and A = ker(D). If
s € B satisfies Ds =1 then B = A[s] = Al and D = & : A[s] — Als].

Proof. Consider f(T)=>"",a;T" € A[T]\ {0} (where n >0, a; € A and a,, # 0). Then
Di(f(s)) = fU(s) for all j > 0, where fU)(T) € A[T] denotes the j-th derivative of f;
so D"(f(s)) = nla, # 0 and in particular f(s) # 0. So s is transcendental over A, i.e.,
Als] = Al

To show that B = A[s], consider the homomorphism of A-algebra £ : B — B obtained by
composing the homomorphism &p : B — B[T] of 3.3 with the evaluation map B[T| — B,
F(T) — f(—s). Explicitely, if # € B then £(z) = 20, 222(—s)7. For each z € B,

=, Ditly < Dig 4
D(E) =3 2 s + 30 2=y (-1 =0

so £(B) C A; since £ is a A-homomorphism, £(B) = A.

By induction on degp(z), we show that V,ep © € A[s]. This is clear if degp(z) < 0, so
assume that degp(z) > 1. Since x = &(x) 4 (v — &(x)) where &(x) € A and x —{(z) € sB,
(2) r=a+a's, forsomea€ Aandz' €B.

This implies that Dz = D(2')s + 2’ and it easily follows by induction that

(3) Vst D™(z) = D™(2')s + mD™ ! (a).

Choose m > 1 such that D™ !(2’) # 0 and D™(2') = 0 (such an m exists because
degp(z) > 1,50 x € A, so 2/ # 0). Then (3) gives D™(xz) = mD™ ' (2’) # 0 and
D™ (x) =0, so degp(2') = degp(z) — 1. By the inductive hypothesis we have 2’ € Als];
then (2) gives € A[s]. So B = Als] = Alll. O

7.4. Corollary. Let B be a Q-algebra, D € LND(B) and A = ker(D). If s € B satisfies
Ds € A* then B = Als] = Al

Proof. Let a € A be such that aD(s) = 1. Then as is a slice of D, so B = Alas| = Als],
and s is transcendental over A (since as is). O

7.5. Corollary. Let B be a domain of characteristic zero and suppose that A € KLND(B).
Then S~'B = (Frac A)M, where S = A\ {0}. In particular, trdeg,(B) = 1.

Proof. Let A € KLND(B). Choose D € LND(B) such that ker D = A (then D # 0). If
we write S = A\ {0} and K = Frac(A) then exercise 2.8 gives S™'D € LND(S™!B) and
ker(S™'D) = K. Note that S™'D has a slice (indeed, choose a preslice s € B of D and let
a = Ds, then a € S, so s/a € S7!B, and it is clear that S™'D(s/a) = 1). So 7.3 implies
that S~'B = K, which proves the assertion. O

7.6. Exercise. Let B be a domain of characteristic zero. Show that if A, A" € KLND(B)
satisfy A C A’, then A = A’.
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7.7. Definition. Let B be a domain of characteristic zero. We say that B is rigid if it
satisfies the following equivalent conditions: (i) LND(B) = {0}; (ii) KLND(B) = &.

7.8. Exercise. Let B be a domain of characteristic zero which has transcendence degree
1 over some field kg C B. Show that if B is not rigid then B = ki for some field k
such that ko € k C B. (Hint: let D € LND(B), D # 0, define k = ker D and consider
ko € k C B. Show that k is integral over ky and hence must be a field. Show that there
exists b € B such that D(b) € k* and conclude that B = k!!l.)

7.9. Exercise. Consider the subring B = C[T?,T%] of C[T] = CIYl. Show that B is rigid.

7.10. Exercise. Let B = Z[X,Y] = Z” and D = £ + Y% Since D is triangular, we
have D € LND(B). Moreover, DY = 1. Show that ker D = Z[2X — Y?] and that B is
not a polynomial ring over ker D. (So in 7.3 the hypothesis that B is a Q-algebra is not
superfluous.)

7.11. Definition. Let B be a ring and D € LND(B). A preslice of D is an element s € B
satisfying D(s) # 0 and D?(s) = 0 (i.e., degp(s) = 1).

Remark. 1t is clear that if D € LND(B) and D # 0 then D has a preslice.

Preslices are important because they always exist, and because they have the following
nice property:

7.12. Corollary. Let B be a Q-algebra, D € LND(B) and A = ker(D). If s € B satisfies
Ds # 0 and D?s = 0, then B, = A[s] = (As)M where a = Ds € A\ {0}.

Proof. Let S = {1,a,a?,...} and consider S™'D : S7'B — S™'B. By exercise 2.8,
S™D € 1ND(S7!B) and ker(S7'D) = ST'A. As (S7'D)(s) = a € (S7'B)*, the result
follows from 7.4. U

GEOMETRIC INTERPRETATION OF 7.12

Given A € KLND(B), the inclusion map A — B is a ring homomorphism and hence
determines a morphism of schemes 7 : Spec(B) — Spec(A). It is natural to ask what
are the properties of this morphism. Result 7.12 implies that the general fiber of 7 is an
affine line. More precisely:

7.13. Corollary. Let B be a domain containing Q and let A € KLND(B). Consider the
map 7 : Spec B — Spec A determined by A — B.

Then there exists a dense open set U C Spec A such that the following diagram commutes:

(V) = U x Al
x Aection
U

In particular, for each P € U, the fiber 71 (P) is A;(P), where k(P) is the residue field
of Spec A at the point P.
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Proof. Choose D € LND(B) such that ker D = A. Since D # 0, there exists a preslice
s€ Bof D. Let « = D(s) € A\ {0} and define

U = Spec A\ V().
As A is a domain and a # 0, U is dense in Spec(A). We have:

B — B, Spec B <——7~1(U) <— Spec B,
I R T T
A——A, Spec A U = Spec A,

As B, = (A,)M by 7.12, we also have

1%

Spec(By) Spec(A,) x Al
\ Mn
Spec(Aa)
so we obtain the desired conclusion. U
7.14. Example. Let B = C[X,Y,Z] = CBl and D € Derc(B) defined by D(X) = 0,

D(Y)= X and D(Z) = —2Y. Then D is triangular, so D € LND(B). Let A = ker(D).

Observe that D(B) is included in the ideal (X,Y’) of B, so in particular D does not
have a slice. However Y is a preslice of D, since D(Y) = X # 0 and D*(Y) = 0.
Then, according to 7.12, we have Bx = (Ax)[Y] = (Ax)M. We would like to study the
morphism 7 : Spec B — Spec A determined by A — B, but for that we need to know
exactly what A is. We claim:

A=C[X,XZ+Y?
but we omit the proof (“D” is easy, “C” is more difficult). Observe that A = CPl, since

it is a C-algebra generated by two elements, and these two generators are algebraically
independent over C. So we have Spec(B) = A3, Spec(A) = A% and

T AP — A% m(z,y,2) = (1,22 + y?).

Now it is easy to calculate 7—!(a, b) for any (a,b) € C?, and we find:

an affine line, ifa#0
7' (a,b) = { a union of two affine lines, if a =0 and b # 0
a nonreduced scheme, if (a,b) = (0,0).

Also observe that the open subset U C Spec A of 7.13 is the set {X # 0} in A? (see how
U is obtained in the proof of 7.13).
As a final remark, note that B # All. Indeed, if B were a polynomial ring in one variable

over A then every fiber of 7 would be an affine line, which is not the case. (In particular,
note the following obvious but important remark: A ¢ B, A =kl?, B =kP¥l =& B = Alll)
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8. LOCALLY NILPOTENT DERIVATIONS AND AUTOMORPHISMS

If B is not an integral domain, it may happen that a nonzero polynomial f(7T') € BI[T]
have infinitely many roots in B. However note the following fact, which is needed in the
proof of 8.3, below:

8.1. Lemma. Let B be a ring and f(T) € B[T|, where T is an indeterminate. If there
exists a field K C B which contains infinitely many roots of f(T), then f(T) = 0.

Proof. By induction on deg;(f). The result is trivial if deg,(f) < 0, so assume that
degr(f) > 0. Pick a € K such that f(a) = 0; since T'— a € B[T] is a monic polynomial,
f(T) = (T — a)g(T) for some ¢g(T') € B[T] such that deg;(g) < degr(f). If b € K\ {a}
is such that f(b) = 0, then (b —a)g(b) = 0 and b —a € B*, so g(b) = 0. So g(b) =0
holds for infinitely many b € K and, by the inductive hypothesis, g(7') = 0. It follows
that f(T) = 0. O

We have seen that the subset LND(B) of Der(B) is usually not closed under addition.
However:

8.2. Lemma. Let B be a ring. If Di,Ds € LND(B) satisfy Dy o D1 = Dy o Dy, then
Dy + Dy € LND(B).

Proof. Let Dy, Dy € LND(B) such that Dyo Dy = Dyo Dy and let b € B. Choose m,n € N
such that DJ*(b) = 0 = D%(b). The hypothesis Dy 0 D; = D; o Dy has the following three
consequences:

View Vjsn (D} o D3)(b) = Di(0) =0,
Vism Vjen (Do D})(b) = (D} o D})(b) = D}(0) =0,
(Dl + DQ)ernil = Zi+j=m+nfl (m‘*‘?—l) Di © D%a

SO (Dl + Dg)m+n_1<b) =0. Hence, D1 + D2 € LND(B). |

If  : B — B is an automorphism of a ring B, then the set B’ = {b € B| 0(b) = b} is a
subring of B called the fized ring of 6. The following is another consequence of 3.3.

8.3. Proposition. Let B be a Q-algebra. Given D € LND(B), define the map
exp(D) : B — B, b— 3 en D)

n!

(a) exp(D) is an automorphism of the Q-algebra B
(b) the fized ring B*PP) = {b € B| exp(D)(b) = b} is equal to ker(D)
(¢) if D1, Dy € LND(B) are such that Dyo Dy = Dy o Dy, then D;+ Dy € LND(B) and
exp(D1 + D3) = exp(D1) o exp(D2) = exp(Ds) o exp(D;)
Proof. If D € LND(B) then exp(D) is equal to the composite map B LR B[T] % B,

where £p is defined in 3.2 and where e; is the evaluation homomorphism at T' = 1, i.e.,
e1(f) = f(1). Since &p is a ring homomorphism by 3.3, exp(D) is a ring homomorphism.



13

As any ring homomorphism B — B is in fact a Q-homomorphism, it follows that exp(D)
is a homomorphism of Q-algebras. Before proving that exp(D) is bijective, we prove
assertion (c).

Consider Dy, Dy € LND(B) such that Dy o D1y = Dy o Dy. By 82, Dy + Dy € LND(B)
so it makes sense to consider the ring homomorphism exp(D; + Dy) : B — B. As an
abbreviation, we write ¢; = exp(D;) for i = 1,2. If b € B,

(€oe)(b) =a <ZjeN D%‘@) =2 jen i1 (D3(b)) = Djen i <Zi€N Di—(z%(b)))

= Cijar P = Toew st Sivgen () (D] 0 DH()
Since Dy 0 D1 = Dj o Dy, we have (Dy + Dy)" = Zi-{—j:n (?) Do Dg for each n € N and
consequently
(e10€)(b) =3, ey = (D1 + Do)"(b) = exp(Dy + Ds)(b).

So exp(Dy) o exp(Dsy) = exp(Dy + Ds), and since Dy + Dy = Do + Dy it follows that
exp(D1) o exp(D3) = exp(Dy) o exp(Dy), so assertion (c¢) is proved.

Consider D € LND(B). Since (—D)oD = Do(—D), part (c¢) implies exp(D)oexp(—D) =
exp(—D)oexp(D) = exp(0) = idg, so exp(D) is bijective and the proof of (a) is complete.
It is clear that ker(D) C B*P(P). To prove the reverse inclusion, consider b € B such that

exp(D)(b) = b. Then for every integer n > 0 we have
b= (exp D)"(b) = exp(nD)(b) = 3 7, 55 (nD)’ (b) = 3272 ;D7 (0)n’ = b+ f(n),

J=0 1 =07

where we define f(7) € B[T] by f(T) = >_72, J.—I!Dj(b)Tj. As Q C B and Q contains
infinitely many roots of f(7"), we have f(T') = 0 by 8.1, so in particular D(b) = 0, and
we have shown that B®P(P) C ker(D). So (b) is proved. O

8.4. Exercise. Let B = C[X,Y,Z] = CBl and D € Derc(B) defined by D(X) = 0,
D(Y) =X and D(Z) = —2Y. Then D is triangular, so D € LND(B) and we may consider
the Q-automorphism exp(D) : B — B. Note that exp(D) is actually a C-automorphism,
because C C ker(D) = B*®(P). Compute the images of X,Y and Z by exp(D).

8.5. Let B be a domain containing a field k of characteristic zero. Note that if D € LND(B)
then exp(D) : B — B is a k-automorphism of B (because k C ker(D) = B*P("). So we
have a well-defined set map,

LND(B) — Auty(B), D +—— exp(D).

Of course this map is not a homomorphism, since LND(B) is only a set. Consider the
subgroup (E) of Auty(B) generated by the set E = {exp(D)| D € LND(B)}.

8.6. Lemma. Let B be a domain containing a field k of characteristic zero and consider
the subgroup (E) of Auty(B) generated by the set E = {exp(D)| D € LND(B)}. Then
(E) is a normal subgroup of Auty(B).
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Proof. 1t 6 € Auty(B) and D € LND(B), then §~'oDof € Der(B) and (= toDof)" = §~1o
D"00,s0 0 'oDof) € LND(B). It is easily verified that 0~ oexp(D)of = exp(f~'oDo#),
so 07'Ef C E holds for all § € Auty(B). It follows that (F) <t Auty(B). O

It is interesting to ask how big (E) is, or how small Auty(B)/(FE) is. This of course depends
on B. For instance, if B = kI and n > 2 then it is an open problem to determine the
structure of the group Auty(B), and it is believed that (E) is almost all of Auty(B) (it is
conjectured that Auty(B) is generated by its subgroups (E) and GL,(k)). On the other
hand if B is a rigid ring then (EF) = {1}.

8.7. Exercise. Let B be a domain containing a field k of characteristic zero. Fix a
derivation D € LND(B) and consider the map

k — Auty(B), A — exp(AD).

Show that this is a group homomorphism (k,+) — Autg(B). Show that this homomor-
phism is injective whenever D # 0.

8.8. Exercise. Let B be a domain containing a field k of characteristic zero. Fix a
derivation D € LND(B) and consider the map

k x B — B, (A, b)) — A DD,

where we define A @ b = exp(AD)(b) (so the operation & depends on the choice of D).
Show that this is an action of the group (k, +) on the k-algebra B, i.e., verify the following
conditions:

e 0pb=0bforallbe B

e (M +X)Db=XAN D (N®b) forall \;,\s ckandallbe B

e for each A € k, the map B — B, b — X @ b, is an automorphism of B as a
k-algebra.

9. LOCALLY NILPOTENT DERIVATIONS AND (5,-ACTIONS

Throughout this section, k is an algebraically closed field of characteristic zero and G, (k),
or simply G,, denotes the group (k,+) viewed as an algebraic group. Let X be an affine
algebraic variety over k and let B be the coordinate algebra of X (or if you prefer, let B
be an integral domain which is finitely generated as a k-algebra, and let X = Spec(B)).!

9.1. Definition. An action of G,(k) on X (also called a G,-action on X) is a morphism
a:k x X — X of k-varieties satisfying:

(1) a(0,z) =z for all x € X

(2) a(a+0b,2) = a(a,a(b,x)) for all a,b € k and z € X.
In other words, a G,-action on X is a morphism « : k x X — X satisfying:
(142) The map a— «(a,__) is a group homomorphism (k,+) — Auty(X).

IThe theory could be developed in the more general setting where k is any Q-algebra and B is any
k-algebra (see for instance [1]).
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See 8.3 for the definition of exp(D) : B — B, where D € LND(B). In the following, this
k-automorphism is conveniently denoted e” : B — B.

9.2. We proceed to define a set map

(@) LND(B) — set of actions of G,(k) on Spec(B).

D — ap
Let D € LND(B). By Exercise 8.7, we have the group homomorphism
(k, +) — Auty(B), A —s e
applying the functor Spec, we obtain the group homomorphism
(k,+) — Auty(Spec B), A — Spec (e*”).
Then define the following map:
ap : k x Spec B — Spec B, (A, ) — (Specew)(aﬁ).

To conclude that ap is an action of G, on Spec(B), there only remains to verify that it
is a morphism in the sense of algebraic geometry. Note that we may identify k x Spec B
with Spec (k[T] ®x B) = Spec(B[T]) where T is an indeterminate. By 3.3, D determines
the homomorphism of k-algebras {p : B — B[T], {p(b) = >~y
that Spec(£p) = ap; so ap is a morphism and hence an action.
This shows that (4) is a well-defined map.

J ; .
%Tﬂ , and one can verify

9.3. Theorem. The set map

LND(B) —  set of actions of G,(k) on Spec(B),
D — «ap

defined in 9.2, is bijective.

We refer to [1] for the proof of 9.3. Note that, under this bijection, the zero derivation
corresponds to the trivial action. So B is rigid (see 7.7) if and only if the only G,-action
on X = Spec(B) is the trivial one.

9.4. Example. Let B = C[X,Y,Z] = C¥l and D = X2 + (Y?+ XY)Z € LND(B).
Then D determines an action ap : C x C3> — C? which we now compute (note that we
are identifying Spec(B) with C?). We have

AM(Z) = 302, PO = 50, D (2)

A2 A3
=Z+ANY?+ XY) + ?(QXY + X?%) + E(2)(2),
and similarly e*’(X) = X and e*?(Y) =Y + (AD)(Y) =Y + AX. So, given A € C and
(Q?, Y, Z) € (C37
2 A2 N
ap + (N (2,9,2)) — (2, y+ Az, 2+ Ay* +ay) + E(Qxvac ) + Pk ).

Our next objective is to describe the fixed points and the ring of invariants of a G,-action.
Let us first define these notions.
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9.5. Definition. Suppose that o : G x X — X, (g, ) — gz, is an action of an algebraic
group G on X = Spec(B).

(1) A fized point of o is a closed point z € X satisfying V,eq gz = .
(2) The action o determines an action

GXB—)B) (g7b)'_)gb7

of G on B, which, in turn, determines the subring B = {b € B| V,eq gb = b} of
B. We call B¢ the ring of invariants of the G-action o on X.

9.6. Definition. Given D € LND(B), define
Fix(D) = {p € Spec(B) | p 2 D(B)}
Note that Fix(D) is a closed subset of Spec(B).

9.7. Proposition. Let D € LND(B) and consider the G,-action ap on X = Spec(B)
defined in 9.2 and 9.3.

(1) The ring of invariants of ap is the subring ker(D) of B.
(2) The fized points of ap are precisely the closed points which belong to Fix(D).

Proof. The action ap of G, on X determines the following action of G, on B:
kx B— B, (A, b) — e*P(b).
For any b € B we have
be B% = Vi (b)) =b £ Vie b € ker(AD) < b € ker(D),

which proves assertion (1). Assertion (2) is a corrolary of 9.8, below. O
9.8. Proposition. Let k and B be rings such that Q C k C B, and let D € LNDg(B).
Then, for a maximal ideal m of B, the following are equivalent:

(1) For all X € k, e*P(m) =m

(2) m 2 D(B).
Proof. Suppose that (2) holds. Given A € k and b € m, we have Di(b) € m for all
j €N, s0eM(b) =37, D;gb) N € m; this shows that e*”(m) C m, and since e*P is an

automorphism we must have e*’(m) = m. So (2) implies (1).

Conversely, suppose that (1) holds. The first step is to prove that
(5) D(m) Cm.
Let b € m. Define f(T) = Y. D7 ¢ B[T] and note that f(\) = e*P(b) for all

=0 1

A € k. Since (1) holds, we hajve f (J)\) € m for all A € k, so in particular this holds for
all A\ € Q. Consider the field xk = B/m, the canonical epimorphism 7 : B — k and the
polynomial f™ € k[T]. Then Q C x and f™()\) =0 for all A € Q; so f™ =0, i.e., all
coefficients of f(T') belong to m. In particular D(b) € m, which proves (5).

By (5), 6(b+m) = D(b) + m is a well-defined locally nilpotent derivation 0 : kK — k. By

5.5, § = 0; this means that D(B) C m, i.e., (2) holds. d
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9.9. Exercise. Let B = C[X,Y, Z] = CP¥land D = X2+ (Y?4+XY)Z € LND(B). Then
D determines an action ap on C3, see 9.4. Find the set of fixed points of this action.
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