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CONVENTIONS

e The word “ring” means commutative ring with a unity element.

e The group of units of a ring A is denoted A*.

e We write A < B to indicate that A is a subring of B. If A < B, the phrase “B is
affine over A” means that B is finitely generated as an A-algebra.

e A “domain” is an integral domain. If A < B are domains, then the transcendence
degree of Frac(B) over Frac(A) is denoted trdeg 4(B).

e If Ais a ring and n > 0 an integer, A" denotes any A-algebra isomorphic to the
polynomial ring in n variables over A.

1. DERIVATIONS OF A RING

A derivation D of a ring B is a map D : B — B satisfying
D(z+vy)=D(z)+ D(y) and D(zy)= D(x)y+ xD(y), for all z,y € B.

Given a derivation D of a ring B, define the set BP =ker D = {x € B| D(z) = 0} and
note that this is a subring of B. If k < B are rings and D is a derivation of B satisfying
D(k) = {0}, we call D a k-derivation of B; in this case we have k < ker(D) < B. We
use the notations:

Der(B) = set of all derivations of B, Dery(B) = set of all k-derivations of B.
Note that Der(B) is a B-module and that Dery(B) is a B-submodule of Der(B).
1.1. Example. Let k be a ring and B = k[X,,...,X,] = kI"l. Here are two ways to
define a k-derivation of B.

(1) Given (f1,..., fn) € B", there is a unique D € Dery(B) satisfying D(X;) = f; for
all i € {1,...,n} (namely, D = >"" | fi 9/0X;). So Derg(B) is a free B-module
with basis {0/0X1,...,0/0X,}.

(2) Given f = (f1,..., fu—1) € B"!, define the jacobian derivation A; € Dery(B) by

As(g) = det (%), for each g € B. Note that k[f1, ..., fn_1] C ker(Ay).

Exercise 1.1. Let B be aring, D € Der(B), f € B[T] and b € B. Show that
D(f(b)) = f2(b) + f'(b)D(b),

where f’ € B[T] is the T-derivative of f and where f) = Y D(b;)T" € B[T] (where
f=>,bT" b € B). More generally, if f € B[T1,...,T,] and by,...,b, € B then

D(f(bl,...,bn)) = fP)(by, ..., by) + >0 frn(br,. .. b,) D(by),
where fr, = aa—qfi € B[Ty,...,T,].
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1.2. Definition. Let A < B be rings. An element b € B is algebraic over A if there exists
a nonzero polynomial f € A[T]\ {0} such that f(b) = 0 (note that f is not required to be
monic); if b is not algebraic over A, we say that b is transcendental over A; we say that A
is algebraically closed in B if each element of B\ A is transcendental over A.

Exercise 1.2. Let A < B be domains. The set A = {b € B| b is algebraic over A } is
called the algebraic closure of A in B. Show that A=BnL where L is the algebraic
closure of Frac A in Frac B. Consequently, A is a subring of B (A < A < B).

1.3. Lemma. If B is a domain of characteristic zero and D € Der(B) then ker D is
algebraically closed in B.

Proof. Let A = ker D and consider b € B algebraic over A. Let f € A[T] be a nonzero
polynomial of minimal degree such that f(b) = 0. Then
0= D(f(b)) = fPb) + f'(b) D(b) = f'(b)D(b).
We have f' # 0, so f'(b) # 0 by minimality of deg f, so D(b) = 0. O
We mention (without proof) a related result:
1.4. Theorem (Nowicki). Let B be an affine domain over a field k of characteristic zero.
Then, for a k-subalgebra A of B, tfae:

(1) A is algebraically closed in B
(2) A =ker(D) for some D € Derg(B).

Exercise 1.3. If B = ®2,B; is an N-graded domain, By is algebraically closed in B.

Exercise 1.4. Let A < B be domains.

(1) If Frac(A) is algebraically closed in Frac(B) and B N Frac(A) = A, then A is
algebraically closed in B. (The converse does not hold, by part (2).)

(2) Let A = Q and B = Q[X,Y]/(X?+ Y?). Use exercise 1.3 to show that A is
algebraically closed in B; show that Frac A is not algebraically closed in Frac B.
Exercise 1.5. Let B = C[X,Y] = CP and A = C[XY].
(1) Show that Frac(B) is a purely transcendental extension of Frac(A).
(2) Use exercise 1.4 to show that A is algebraically closed in B.

AXY) A(XY)
(3) Consider the jacobian derivation D = a;( BBY =Y & — X% € Derg(B).
0xX oYy

Note that D # 0 and D(XY') = 0; conclude that ker(D) = A.

1.5. Definition. Given a ring B and D € Der(B), define the set
Nil(D) = {z € B| 3en D"(z) =0}.
By exercise 1.7 this is a subring of B, so we have: ker(D) < Nil(D) < B.
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1.6. Example. Let B = Q|[T]] and D = d/dT" : B — B. Then ker(D) = Q and
Nil(D) = Q[T]. Note that Nil(D) is not algebraically closed in B (not even integrally
closed in B): Let b=1+/1+T € B, then b ¢ Nil(D) but b* € Nil(D).

Exercise 1.6. Prove Leibnitz Rule: If B is a ring, D € Der(B), x,y € B and n € N,

n

D) =3 (7)o @D

- 2
=0

Exercise 1.7. Use Leibnitz Rule to show that Nil(D) is closed under multiplication.

2. LOCALLY NILPOTENT DERIVATIONS

2.1. Definition. Let B be any ring.
(1) A derivation D : B — B is locally nilpotent if it satisfies Nil(D) = B, i.e., if
VpepInen D" (b) = 0.
(2) Notations:
LND(B) = set of locally nilpotent derivations B — B
KLND(B) = {ker D| D € LND(B) and D # 0}.

Ifk < B,

LNDg(B) = LND(B) N Derg(B)

KLNDg(B) = {ker D | D € LNDk(B) and D # 0}.
2.2. Examples. Let k be a ring and B = k[ X, ..., X,] = k"
(1) For each i, the partial derivative 8§(¢ : B — B belongs to LNDg(B).
(2) A k-derivation D : B — B is triangular if

Vi D(X;) € k[Xy,...,X;-1] (in particular D(X;) € k).

Every triangular k-derivation is locally nilpotent. Indeed, if D is triangular then
k C Nil(D) and it is easy to see (by induction on i) that Vi X; € Nil(D); so
Nil(D) = B, i.e., D is locally nilpotent.

The sets LND(B) and LNDg(B) are not closed under addition and not closed under
multiplication by elements of B. For instance, let B = Q[X,Y] = QP D, = Y2 and

0X
D, = Xaiy; then Dy, Dy € LND(B) (because they are triangular) but Dy + Dy ¢ LND(B)
(because (D; + D3)?(X) = X). Also, aiX € LND(B) but Xaix ¢ LND(B). However:

2.3. Lemma. Let B be a ring. If Di,Ds € LND(B) satisfy Dy o Dy = Dy o Dy, then
Dy + Dy € LND(B).

Proof. Let Dy, Dy € LND(B) such that Dyo D1 = Do Dy and let b € B. Choose m,n € N
such that DJ*(b) = 0 = D%(b). The hypothesis Dy 0 D; = D; o Dy has the following three



consequences:
Vien Vs (Do Dj)(b) = Di(0) =0,
Vizm Vjen (Do D3)(b) = (D} o Di)(b) = D3(0) =0,
(D1 + Dy)™ ™t = D i jmmin—1 (") Dyo Dj,
so (D + Dy)™™ () = 0. Hence, Dy + Dy € LND(B). O

Exercise 2.1. Let B be a ring, D € LND(B) and A = ker D.
(1) If @ € A then aD € LND(B). (First show that (aD)™ = a™ D" holds for all n € N.)
(2) If S C A is a multiplicatively closed set, then S™'D : S™'B — S~!B belongs to
LND(S™!'B) and ker(S™!D) = ST A.
(3) Let T be an indeterminate and f € B[T]. Then D has a unique extension A €
Der(BI[T]) such that A(T) = f. If f € B, then A € LND(B[T]).
Exercise 2.2. If Ais aring and B = A[T] = A", then {a% | a € A} C LND4(B). Show
that equality holds whenever A is a domain of characteristic zero. Find an example where
the inclusion is strict.

2.4. Definition. Let B be a ring and D € LND(B). Define a map deg,, : B — NU{—oc0}
by degp(z) = max{n € N| D"z # 0} for x € B\ {0}, and deg,(0) = —oco. Note that
ker D = {z € B| degp(z) < 0}. We will see in 2.14 that deg,, has good properties when
B is a domain of characteristic zero.

2.5. Definition. Let B be a ring and D € LND(B). A slice of D is an element s € B
satisfying D(s) = 1. A preslice of D is an element s € B satisfying D(s) # 0 and
D?*(s) =0 (i.e., degp(s) = 1).

It is clear that if D € LND(B) and D # 0 then D has a preslice. However:

2.6. Example. Let k be a field, B = k[X,Y, Z] = kP and consider the k-derivation
D =X2 +YZ. Since D is triangular, it is locally nilpotent. Since D(B) C (X,Y)B,
D does not have a slice.

The next fact has many consequences for locally nilpotent derivations:
2.7. Proposition. Consider rings B < C > Q. If D € LND(B) and v € C then the map
1 n n
B —C, b»—>ZaD (b)~
neN

is a homomorphism of A-algebras, where A = ker(D).

Proof. 1t is clear that the given map preserves addition and restricts to the identity map
on A. So it suffices to verify that

0 <Z D) v) (Z S D) w) =3 2 D)

€N JEN neN



holds for all z,y € B. In the left hand side of (1), the coefficient of ™ is
R ; 1 n! .
> i D(2)D(y) = — > Z,—j,D (@)D (y),
i+j=n itj=n
which is equal to %D"(xy) by Leibnitz Rule. OJ
LOCALLY NILPOTENT DERIVATIONS OF Q—ALGEBRAS
Exercise 2.3. If B is a Q-algebra then Der(B) = Derg(B).
The following result is Proposition 2.1 of [19]:
2.8. Theorem. Let B be a Q-algebra. If D € LND(B) and s € B satisfy Ds = 1 then
B = A[s] = AN, where A = ker(D).
Proof. Consider f(T)=>"",a,T" € A[T]\ {0} (where n >0, a; € A and a,, # 0). Then
DI(f(s)) = fU(s) for all j > 0, where fU)(T) € A[T] denotes the j-th derivative of f;
so D™*(f(s)) = nla, # 0 and in particular f(s) # 0. So s is transcendental over A, i.e.,
Als] = Al
To show that B = Als], consider the homomorphism of A-algebra £ : B — B, {(z) =
3%, 22 (—5)7 (use 2.7 with B = C and v = —s). For each x € B,

J=0 "5

0o Dj+1 . 0o Dj .

D(&(x)) = Z i, SU(_S)J + Z ﬂfb’j(_s)al(_l) =0,
so &£(B) C A; since £ is a A-homomorphism, £(B) = A.

By induction on deg,(x), we show that V,cp © € A[s]. This is clear if degp(x) <0, so
assume that degp(z) > 1. Since x = £(z) + (v — {(z)) where z — {(z) € sB,

(2) r=a+a's, forsomea€ Aandz' €B.

This implies that Dz = D(2’)s + 2’ and it easily follows that

(3) Vst D™(z) = D™(2')s + mD™ ! (a).

Choose m > 1 such that D™ 1(2’) # 0 and D™(2') = 0 (such an m exists because
degp(z) > 1,50 ¢ € A, so 2/ # 0). Then (3) gives D™(x) = mD™ ' (2/) # 0 and
D™ (x) =0, so degp,(2') = degp(z) — 1. By the inductive hypothesis we have z’ € Als];
then (2) gives = € Als]. O

2.9. Corollary. Let B be a Q-algebra, D € LND(B) and A = ker(D). If s € B satisfies
Ds # 0 and D*s = 0, then By = Ag[s] = AY where o = Ds € A\ {0}.

Proof. Let S = {1,a,a? ...} and consider S™'D : S7'B — S™'B. By exercise 2.1,
S7ID € IND(S7!B), ker(S7!D) = S7'A and (S7!D)(s/a) = 1, so the result follows
from 2.8. O]

Exercise 2.4. Let B = Z[X,Y] = Z” and D = % + Y %. Since D is triangular, we
have D € LND(B). Moreover, DY = 1. Show that ker D = Z[2X — Y?] and that B is
not a polynomial ring over ker D. (So in 2.8 the hypothesis that B is a Q-algebra is not
superfluous.)



Exercise 2.5. Let B be a Q-algebra, D € LND(B) and A = ker D. Show:
D: B — Bis surjective <= D(B)NA*#@& <= D hasaslice — B=Al.

LOCALLY NILPOTENT DERIVATIONS OF INTEGRAL DOMAINS

Recall the notation KLND(B) = {ker D| D € LND(B) and D # 0 }.

2.10. Lemma. Let B be a domain of characteristic zero.
(1) If A € KLND(B) then S™'B = (Frac A), where S = A\ {0}; in particular,
trdeg,(B) = 1.
(2) If A,A" € KLND(B) and A C A, then A= A'.
(3) Let A € KLND(B) and let D and D' be nonzero elements of LND o(B). Then there
exist a,a’ € A\ {0} such that aD = d'D’. In particular, D o D' = D’ o D.
(4) If A € KLND(B) then LND4(B) is an A-module.

Proof. Let A € KLND(B); consider D € LND(B), D # 0, such that ker D = A. If we
write S = A\ {0} and K = Frac(A) then exercise 2.1 gives S™'D € LND(S™!B) and
ker(ST!D) = K it is clear that S™'D has a slice, i.e., there exists ¢ € S™'B such that
(S7'D)(t) = 1; then 2.8 implies that S~'B = K[t] = K, which proves assertion (1).

If A, A" € KLND(B) then trdeg,(B) = 1 = trdegy/(B) by part (1). If also A C A’
it follows that A’ is algebraic over A; as A is algebraically closed in B by 1.3, we have
A=A so (2)is true.

Let A € KLND(B) and S = A\ {0}. By part (1), S7'B = K[t] = KM for some
t € ST'B. If D and D' are nonzero elements of LND4(B) then S™'D and S™!'D’ are
nonzero elements of LNDy (K [t]). By exercise 2.2, each nonzero element of LNDy (K[t])
has the form /\% for some \ € K*; it follows that S™'D’ = A\S~!D for some A\ € K* and
consequently aD = o’ D’ for some a,a’ € A\ {0}. It easily follows that D o D" = D' o D,
which proves (3). In view of 2.3, it follows that LND 4(B) is closed under addition, so (4)
is true. U

2.11. Definition. Let A < B be domains. We say that A is factorially closed in B if:
Ve,ye B aye€ A\ {0} = =x,y € A.

Exercise 2.6. Suppose that A is a factorially closed subring of a domain B. Then:
(1) A is algebraically closed in B and A* = B*.
(2) An element of A is irreducible in A iff it is irreducible in B.
(3) If B is a UFD then so is A.

2.12. Definition. A degree function on a ring B is a map deg : B — NU{—o0} satisfying:
(1) Vee B degrx=—00 <= =0
(2) Vz,y € B deg(xy) = degz + degy
(3) Vz,y € B deg(x + y) < max(degx,degy).

Note that if B admits a degree function then it is a domain, by (1) and (2).
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2.13. Lemma. If deg is a degree function on a domain B then {x € B| degx < 0} is a
factorially closed subring of B.

Proof. Obvious. O

2.14. Proposition. Let B be a domain of characteristic zero and D € LND(B). Then the
map

degp : B — NU{—o0}
(defined in 2.4) is a degree function.

Proof. Consider the ring C' = (S™'B)[T], where S = Z \ {0} and T is an indeterminate.
Then B < C > Q, 50 2.7 (with v = T € C) implies that £ : B — C, £(b) = Y200, 28 n,

n!
is a ring homomorphism. Moreover, ¢ is injective because setting 7' = 0 in £(b) gives
b. Now degp, is the composite B LN (S7'B)[T] % NU {—o0}, which is a degree

function on B. O

2.15. Corollary. Let B be a domain of characteristic zero, D € LND(B) and A = ker(D).
Then A is a factorially closed subring of B. In particular A* = B*, and if k is any field
contained in B then D is a k-derivation.

Proof. A = {x € B| degp(z) <0} is clear, so A is factorially closed in B by 2.14 and
2.13. It follows that A* = B* and consequently every field contained in B is in fact
contained in A. OJ

2.16. Theorem. Let B be a domain of characteristic zero and 0 # D € Der(B).
(1) Let b € B\ {0} and consider bD € Der(B). Then

bD € LND(B) <= D € LND(B) and b € ker(D).

(2) Let S C B be a multiplicatively closed set and consider the derivation S™'D :
S™'B — S™'B. Then

S™'D € LND(S7'B) <= D € LND(B) and S C ker(D).
Moreover, if S C ker(D) then ker(S™'D) = S~ ker(D).

(3) Let T be an indeterminate, let f € B[T] and consider the unique extension A €
Der(B[T)) of D such that A(T) = f. Then

A € LND(B[T]) <= D € LND(B) and f € B.

Proof. In each case (1), (2), (3), we prove (=); see exercise 2.1 for («).

(1) Assume that bD is locally nilpotent; since it is also nonzero, there exists s € B such
that (bD)(s) # 0 and (bD)?*(s) = 0. Then bD(s) belongs to the factorially closed subring
ker(bD) of B, so b € ker(bD) = ker(D). It follows that (bD)™ = b"D™ for all n, so D is
locally nilpotent and (=) is true. This proves (1).

(2) Assume that S™'D is locally nilpotent. Since D is a restriction of S™'D, D is
locally nilpotent and B Nker(S™'D) = ker D. Also, S C (S7!B)* C ker(S™'D) by 2.15,
so S C BNnker(S™'D) =ker D and (=) is true.
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If S C ker(D) then (S7'D)(b/s) = (Db)/s for all b € B and s € S, so ker(S™!D) =
S~ ker(D).

(3) Assume that A is locally nilpotent. Then its restriction D is locally nilpotent.
Consider g € B[T]\ B such that A(g) € B; then

B > A(g) = g"/(T) + ¢/ (T)£(T)
and it follows that deg,(f) < 1. Write f = a7+ b (with a,b € B) and denote the leading
term of g by 1™ (with n > 0, o € B\ {0}). Then
0 = (coefficient of T" in A(g)) = D(«) + naa,

so degp(naa) = degp(D(w)) < degp (). Since degp(naa) = degp(a)+degp(a), we have
degp(a) < 0soa=0. Hence, f € B. O

Exercise 2.7. In exercise 1.5, observe that A = ker D is not factorially closed in B.

Exercise 2.8. Let B be a domain of characteristic zero and suppose that D € Der(B)
satisfies D" = 0 for some n > 0. Show that D = 0.

Exercise 2.9. Let B be a domain such that: (1) B has transcendence degree 1 over some
field ko < B of characteristic zero; (2) LND(B) # {0}. Show that B = k[l for some field
k contained in B.

Exercise 2.10. Consider the subring B = C[T?,T%] of C[T] = Cl/. Show that the only
locally nilpotent derivation B — B is the zero derivation.

Exercise 2.11. Let X,Y be indeterminates, k = Q(X) and B = k[Y]/(Y?). If y € B
denotes the residue class of Y then B = Kk[y], y # 0 and y*> = 0. Show that there exists
D € Derg(B) such that D(X) =y and D(y) = 0. Show that D? = 0, so D € LND(B).
However, D is not a k-derivation! (Compare with 2.15.)

Exercise 2.12. Let B be a domain of characteristic zero and D, D’ € LND(B).
(1) Show: kerD =ker D’ <= degp = degp (equality of functions).
(Hint: Use part (3) of 2.10.)

(2) Assume that D and D’ have the same kernel A and that s € B is a preslice of D.
Show that D(s), D'(s) € A\ {0} and D'(s)D = D(s)D'".
(Hint: Consider D'(s)D — D(s)D’ € Der(B).)

IRREDUCIBLE DERIVATIONS

2.17. Definition. Let B be a ring. A derivation D : B — B is irreducible if the only
principal ideal of B which contains D(B) is B.

Exercise 2.13. Let B be a domain and D € Der(B). Show that D is irreducible if and
only if:
D=aA, a€ B, A€ Der(B) = a€B"
, X,

Exercise 2.14. Let k be a field, B = k[X;,..., X,,] = k" and D € Dery(B). Show that
D is irreducible if and only if ged(D Xy, ..., DX,) = 1.
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Exercise 2.15. Let B be a domain containing Q and D € LND(B). Show that if D is
irreducible then:

D is surjective <= DNB*# @ <= D hasaslice <= B = (ker D)I!).

We say that a ring B satisfies the ACC for principal ideals if every strictly increasing
sequence [y C I, C --- of principal ideals of B is a finite sequence, or equivalently if every
nonempty collection of principal ideals of B has a maximal element.! Note that every
UFD and every noetherian ring satisfies this condition.

2.18. Lemma. Let B be a domain and let D € Der(B), D # 0.

(1) If B satisfies the ACC for principal ideals, then there exists an irreducible deriva-
tion Do € Der(B) such that D = aDy for some a € B.

(2) If B is a UFD then the Dy in part (1) is unique up to multiplication by a unit.

Proof. To prove (1), we may assume that D is not irreducible (otherwise the claim is
trivial). Then the set A = {a € B\ B*| D(B) C aB} is nonempty. Fix x € B such that
D(z) # 0 and consider the following (nonempty) collection of principal ideals of B:
S={(2)B|acA}.

By our assumption on B, we may choose a € A in such a way that [ = (%) B is a
maximal element of ¥. As D(B) C aB and B is a domain,  — a~'D(x) defines a map
Dy : B — B. It is easily seen that Dy € Der(B) and, obviously, D = aD,. To show that
Dy is irreducible, consider b € B such that Dy(B) C bB; we have to show that b € B*.
We have D(B) C abB, so ab € A and consequently J = (%) B e . As I C J, we have
I = J because [ is a maximal element of ¥, so % € (%) B and consequently b € B*.
This proves assertion (1).

To prove (2), suppose that B is a UFD and that a; Dy = as D5, where Dy, Dy € Der(B)
are irreducible and ay,ay € B\ {0}; we have to show that D; = uD, for some u € B*.
We may assume that ged(ag, as) = 1. Suppose that a; € B*. Then there exists a prime
element p of B such that p | aj; for every x € B we have p | asDo(z), so p | Da(z); this
means that Dyo(B) C pB, which contradicts the fact that Ds is irreducible. Thus a; is a
unit and (by symmetry) so is as. O

2.19. Corollary. Let B be a domain of characteristic zero satisfying ACC' for principal
ideals, let A € KLND(B) and consider the set

S={D e LNDA(B)| D is an irreducible derivation } .
Then S # @ and LNDs(B) ={aD| a€ Aand D € S }.

Proof. By 2.18, each nonzero element of LND 4(B) has the form aD where a € B\ {0} and
D € Dery(B) is an irreducible derivation. By 2.16, we have D € LND4(B) anda € A. O

2.20. Corollary. Let B be a UFD of characteristic zero and let A € KLND(B). Then
LND4(B) contains an irreducible derivation D, unique up to multiplication by a unit.
Moreover, for any such D we have LND4(B) = {aD | a € A}.

'We are not saying that this maximal element is a maximal ideal!



10

In view of the above facts, we may make the following comments:

2.21. Statement of the problem. Given a ring B, the problem of describing LND(B)
splits into two parts:
(I) Describe KLND(B). In other words, answer the question:
Which subrings of B are kernels of locally nilpotent derivations B — B ¢
(IT) For each A € KLND(B), describe LND 4(B).
o If B is a UFD of characteristic zero, it suffices to give the unique (2.20)
irreducible element of LND 4(B).
e If B is a noetherian domain, it suffices (2.19) to give all irreducible elements
of LND4(B).
Usually, step (I) is more difficult and more interesting than step (II). However the
following exercises show that step (II) is sometimes problematic. In ex. 2.16, B is a
noetherian domain of characteristic zero (and hence satisfies ACC for principal ideals);

in ex. 2.17, B is a domain of characteristic zero which does not satisfy ACC for principal
ideals.

Exercise 2.16. Let R be the subring C[T?, T%] of C[T] = C!Y and let B = R[X,Y] = R,
Let L = X +TY (and note that L ¢ B). For each integer n > 0, define an R-derivation
D,:B— Bby D,(X)=—-T3L" and D,(Y) = T?L".

(1) Verify that D?(X) = 0= D2(Y), so D,, € LNDg(B).

(2) Show that D,, is irreducible.

(3) Fix N > 0 and consider D = T?Dy € LND(B). Show that for each n € {0,..., N}
there exists a,, € B such that D = «a,, D,, (compare with part (2) of 2.18, i.e., note
that uniqueness does not hold here). Show that the D,, all have the same kernel.

Let A denote the kernel of any D,,. By the above, LND4(B) contains the infinite family
{D, | n € N} of irreducible derivations. Actually LND4(B) contains many more irre-
ducible derivations. It is possible to describe the set S of 2.19, but we will not do it
here.

Exercise 2.17. Let a,u,v be indeterminates over C and let R be the C-subalgebra
of C(a,u,v) generated by {a} U {u/a™| ne N} U {v/a"| n € N}. Equivalently, R is
the C-vector space with basis the monomials a‘u/v* such that (i,7,k) € Z x N? and
(1,7,k) € {—1,-2,...} x {(0,0)}.
(1) Show that aR # R and that if f,g € R satisfy fv = gu, then f, g € aR.
(2) Let B = R[X,Y] = R, Deduce from (1) that aB # B and that if f,g € B
satisfy fv = gu, then f, g € aB.
(3) Show that if an R-derivation A : B — B satisfies A(vX —uY’) = 0, then A is not
irreducible.

(4) Consider the R-derivation D = uz% + v : B — B. Show that D € LNDg(B).

Define A = ker D, thus A € KLNDg(B). Show that no element of Der,(B) is an
irreducible derivation (hence no element of LND 4(B) is irreducible).
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A REMARK IN THE FACTORIAL CASE

2.22. Lemma. Let B be a UFD containing Q. If A € KLND(B) and p is a prime element
of A then the following hold:

(1) p is a prime element of B and ANpB = pA. Consequently, we have the inclusion
A/pA < B/pB of domains.
(2) The algebraic closure of A/pA in B/pB is an element of KLND(B/pB).

Proof. Assertion (1) easily follows from the fact that A is factorially closed in B. To
prove (2), consider the transcendence degree d of B/pB over A/pA. By 2.20, we may
consider an irreducible D € LND(B) such that ker D = A. In particular D(B) € pB, so
the “induced” locally nilpotent derivation D/p : B/pB — B/pB is nonzero; it follows
that B/pB has transcendence degree 1 over ker(D/p) and since A/pA < ker(D/p) we get
d>0.

Let 7 : B — B/pB be the canonical epimorphism. Given any f,g € B, there exists
F(T\,T,) € ATy, T3]\ {0} such that F(f,g) = 0 and we may arrange that some coefficient
of F is not in pA; then F™(Ty,Ty) € A/pA[T}, Ty] is not the zero polynomial and satisfies
F® (n(f),n(g)) = 7(F(f,g)) = 0. This shows that any two elements of B/pB are
algebraically dependent over A/pA, so d < 1.

It follows that the algebraic closure of A/pA in B/pB is ker(D/p). O

2.23. Proposition. Let B be a UFD containing Q, D € LND(B) and A = ker D. Suppose
that some nonzero element of AN D(B) is a product of prime elements p of A satisfying:

A/pA is algebraically closed in B/pB.
Then B = Al

Proof. By 2.20, we have D = a Dy for some a € A\{0} and some irreducible Dy € LND(B).
Clearly, ker Dy = A and Dy satisfies the hypothesis of the proposition. So, to prove the
proposition, we may assume that D is irreducible. With this assumption, we show that
D has a slice. Let E C B be the set of elements s € B which satisfy Ds € A\ {0} and:
Ds is a product of prime elements p of A such that A/pA is algebraically closed in B/pB.
By assumption, we have E # &. Given s € E, write Ds = p; ---p, where each p; is a
prime element of A; then s — n is a well-defined map ¢ : E — N and it suffices to show
that ¢(s) = 0 for some s € E. Consider s € F such that {(s) > 0, write Ds =p; ---p, as
before, let p = p,, and note that s + pB belongs to the kernel of D/p : B/pB — B/pB.
Since A/pA is algebraically closed in B/pB, 2.22 gives ker(D/p) = A/pA, so there exists
a € A such that s — a € pB; define s; = (s —a)/p, then s; € B and Ds; = py -+ pp_1, SO
s1 € E and £(s1) < {(s). Hence, there exists s’ € F such that ¢(s') = 0, i.e., Ds' € B*.
By 2.8, we get B = Alll. O

3. AUTOMORPHISMS

3.1. Lemma. Let B be a Q-algebra and f(T) € B[T|, where T is an indeterminate. If
{n € Z| f(n) =0} is an infinite set, then f(T) = 0.



12

Proof. By induction on degy(f). The result is trivial if deg,(f) < 0, so assume that
deg,(f) > 0. Pick n € Z such that f(n) = 0; since ' — n € B[T] is a monic polynomial,
f(T) = (T —n)g(T) for some g(T') € B[T] such that deg,(g) < deg,(f). f m € Z\ {n}
is such that f(m) =0, then (m —n)g(m) =0 and m—n € B*, so g(m) =0. So g(m) =0
holds for infinitely many m € Z and, by the inductive hypothesis, g(7) = 0. It follows
that f(T) = 0. O

The following is another consequence of 2.7.

3.2. Proposition. Let B be a Q-algebra, D € LND(B) and A =ker D. The map
e B B, bi—s ZneN D" (b)

n!
is an automorphism of B as an A-algebra and satisfies A = {b € B|eP(b) = b}. More-
over, if D1, Dy € LND(B) are such that Dy o Dy = Dy o Dy, then Dy + Dy € LND(B)
and

(4) €D1+D2 — eDl o 6D2 — 6D2 o 6D1.

Proof. Applying 2.7 with C' = B and v = 1, we obtain that e” : B — B is a homomor-
phism of A-algebras, which is part of the assertion. We begin by proving equation (4).
Consider Dy, Dy € LND(B) such that Dy o D1 = Dy o Dy. By 2.3, Dy + Dy € LND(B) so
it makes sense to consider the ring homomorphism e”**?2 : B — B. If b € B,

DI(b eP1(D](b) Di(D(b)
(ePtoeP2)(b) = e (ZjeN §$ )> - ZjeN # - ZjeN% (ZieN _1(@'!2 ))

= Cisen P = Toer st Sivgon () (D} 0 DY)
Since Dy 0 Dy = Dy o Dy, we have (D; + Ds)" = ZiJrj:n (7) Do Dg for each n € N and
consequently
(ePr0eP2)(b) = 37, cn 7 (D1 + D2)"(b) = eP P2 (b).

So eP1 o eP2 = eP1+P2 which proves equation (4).

Consider D € LND(B) and let A = ker(D). Since (—D)o D = D o (—D), equation (4)
gives eP oe™P = e P oeP = e =idp, so e is an A-automorphism of B.

There remains to prove that A = {b € B| e?(b) = b}, where “C” is clear. Consider
b € B such that e”(b) = b. Then for every integer n > 0 we have

b= (eP)"(b) = e"P(b) = 3272, 5 (nD) (b) = 3272 5 DY (D)0’ = b+ f(n),

where we define f(T) € B[T] by f(T) = >, +D?(b)T7. By 3.1 we have f(T) =0, so in

j=171

particular D(b) = 0. O

3.3. Lemma. Given rings Q <k < B, consider the subgroup (F) of Auty(B) generated
by the set E = {e” ‘ D € LNDk(B)}. Then (E) is a normal subgroup of Auty(B).

Proof. 1f 6 € Auty(B) and D € LNDy(B), then 67! o Do € Dery(B) and (= o Do )" =
0='oD"00, 500 oDof e LNDk(B). It is easily verified that =L oeP 0 = e P 5o
6~'Ef C E holds for all § € Auty(B). It follows that (E) < Auty(B). O
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Exercise 3.1. Let B be a domain containing Q, let D € LND(B) and consider e” : B —
B. Show that if k is any field contained in B then e? is a k-automorphism of B.

Exercise 3.2. With B and D as in 2.6, consider ¢” : B — B. Note that e” is a
k-automorphism of B. Compute e”(X), e?(Y) and e (7).

Exercise 3.3. Consider rings Q < k < B and let D € LNDg(B). Show that A — e s
a group homomorphism (k, +) — Auty(B) with kernel {\ € k| AD = 0}.

4. (G,~-ACTIONS

THE SIMPLE MINDED VIEWPOINT

4.1. Definition. Let k be an algebraically closed field of characteristic zero. Then the
symbol G, (k) denotes the group (k, +) viewed as an algebraic group. If X is a k-variety,
an algebraic action of G,(k) on X is a morphism « : k x X — X which satisfies:

(1) a(0,z) =z forall z € X
(2) ala+b,x) = ala,a(b,x)) for all a,b € k and = € X.
In other words, an action is a morphism « : k x X — X satisfying:
(142) The map a+— a(a,__) is a group homomorphism (k, +) — Auty(X).
4.2. Let k be an algebraically closed field of characteristic zero and B a k-algebra. We
claim that there is a bijection
(5) LNDg(B) — set of actions of G,(k) on Spec(B).
Indeed, fix D € LNDg(B); then (exercise 3.3) we have the group homomorphism
(k, +) — Autx(B), A\ — e,
applying the functor Spec, we obtain the group homomorphism
(k,+) — Autg(Spec B), A — Spec(et).
To conclude that we have an action, there remains to verify that the map
a : k x Spec B — Spec B, (A, ) — (Spec e*P)(z)

is a morphism in the sense of algebraic geometry. Note that we may identify k x Spec B
with Spec (k[T ®x B) = Spec(B[T]) where T is an indeterminate. By 2.7, D determines
the homomorphism of k-algebras £ : B — B[T], £(b) = > Jen %Tj , and one can verify
that Spec(§) = «; so « is a morphism.

This shows that (5) is a well-defined map. The fact that it is bijective will be shown in
4.12, below.
4.3. Example. Let B = C[X,Y, 7] = CPl and D = X & + (Y? + XY)£ € LNDc(B).
Then D determines an action « : C x C3 — C3 which we now compute. We have

AP(Z) =3 aD)"(Z) _ S A pn(Z)

n=0 n! n=0 n!

2 3
=Z+MNY?+XY)+ %(QXY + X% + %(2)(2),
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and similarly e*?(X) = X and e*?(Y) =Y + (AD)(Y) =Y + AX. So, given A € C and
(z,y,z2) € C3,
2 23
a (N (2,y,2) — (o, y+ Az, 2+ Ay +ay) + ?(Qxy + %) + gscz)

4.4. If a group G acts on a ring B,
G x B— B, (g,b) — gb,

then one defines the ring of invariants B¢ = {b € B|Vyee gb=>b}. In the situation
described in 4.2, we fix D € LNDg(B) and we let the group G, = (k,+) act on the
k-algebra B,

G.(k) x B — B, (A, b) — e*P(b).

For any b € B we have
be B <= Vg (b)) =b €2 Vg b€ ker(AD) < b € ker(D),
so BY% =ker(D). Note that this is a genuine equality, not just an isomorphism.

Next, we describe the fixed points of a G,-action on Spec(B).

4.5. Proposition. Let Q < k < B be rings, let D € LNDg(B) and let m be a mazimal
ideal of B. Then tfae:

(1) For all X € k, e*’(m) =m

(2) m 2 D(B).

Proof. Suppose that (2) holds. Given A € k and b € m, we have D’(b) € m for all
j €N, soer(b) = > e %gb))\j € m; this shows that e*’(m) C m, and since e*” is an
automorphism we must have e*’(m) = m. So (2) implies (1).

Conversely, suppose that (1) holds. The first step is to prove that
(6) D(m) Cm.
Let b € m. Define f(T) = 372, %@Tj € BI[T] and note that f(\) = e*(b) for all
A € k. Since (1) holds, we have f(A) € m for all A € k, so in particular this holds for
all A\ € Q. Consider the field xk = B/m, the canonical epimorphism 7 : B — & and the
polynomial f™ € k[T]. Then Q C x and f™(\) =0 for all A € Q; so f™ =0, i.e., all
coefficients of f(7') belong to m. In particular D(b) € m, which proves (6).

By (6), 6(b+m) = D(b) + m is a well-defined locally nilpotent derivation 6 : K — k.
By 2.15, 0 = 0; this means that D(B) C m, i.e., (2) holds. O

In view of 4.5, the following is natural:
4.6. Definition. Let B be a ring and D € LND(B). The elements of the set
Fix(D) = {p € Spec(B) | p 2 D(B)}
are called the fized points of D. Note that Fix(D) is a closed subset of Spec(B).
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THE RIGOROUS APPROACH

We prove that (5) is a bijective map in a more general setting, i.e., when k is any
Q-algebra. Some parts of the following discussion are even valid for any ring k.

4.7. Definition. For an arbitrary ring k, one defines the group scheme G, (k) as follows.
Let G,(k) = G, = Spec(k[T]) as a scheme over k, where 7" is an indeterminate, and let
the group operation be the morphism

Gy = Gy x G,
which corresponds to the k-homomorphism
k[T] — Kk[X,Y]
T — X+4Y.

Remark. We write G, x G, as an abbreviation of G, Xgpeck G, the fibered product over
Spec(k). The same remark applies to all products below.

4.8. Definition. Let k < B be rings and let X = Spec B. An algebraic action of G,(k)
on X (or simply a G,-action on X) is a morphism over k

a:Guk)x X =X
satisfying the following two conditions:
(1) The composition X —— G, x X -2 X is 1x, where ¢ is defined as follows. Let
evg : B[T] — B be the B-homomorphism which maps T to 0; then € = Spec(evy).
(2) The diagram:
Gox Gy x X 1eaxe G, x X

ot | o

(07
Gy, x X —_— X
1s commutative.

4.9. Definition. Let B be a ring. Given a ring homomorphism ¢ : B — B[T] and an
element h of B[X,Y], let ¢" : B[X,Y] — B[X,Y] be the unique ring homomorphism
satisfying ©"(X) = X and ¢"(Y) = Y and making the diagram

BIX,Y] £ B[X,Y]

P
B ——  B[T]
©
commute, where evy, is the B-homomorphism mapping 7" on h and v is the inclusion map.

4.10. Proposition. Letk be a ring, B a k-algebra and ¢ : B — B[T| a k-homomorphism.
Then the following are equivalent.

(1) Spec(p) : Gu(k) x Spec B — Spec B is an action.
(2) ¢° =idpx,y] and @* T =¥ 0 p¥.
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(3) The assignment a — @ gives a group homomorphism from (k[X,Y], +) to
Autk[xyy} B[X, Y]
Proof. Let ¢ : B — B[T] be a k-homomorphism and Spec(y) : G, (k) x Spec B — Spec B

the corresponding morphism. Condition (1) of 4.8 is equivalent to the composition
B % B[T] &% B
being the identity of B, which is equivalent to ¢° = idpx y].
On the other hand, condition (2) of 4.8 is equivalent to the diagram

BIX,Y] «—“— B[T]

™) | Ik

B[T] «—— B

being commutative, where evx,y is the B-homomorphism which maps 7" to X 4+ Y and
where ¢ is defined by ¢(T) = X and, for b € B, ¢(b) = ¥ (b).
Note that the composite map

B[T] ©% B[X,Y] 5 BIX,Y]
maps T to X and, for each b € B, b to ¢¥ (b). So p¥ oevy = 1. Consequently,

(8) pop=p  oevxop=¢ op¥o,

where v : B < B[X,Y] is the inclusion homomorphism. On the other hand,

(9) evx iy op = oX T o

by definition of ¥ ™. By (8) and (9), commutativity of diagram (7) is equivalent to
(10) KV ov=0pYopXor

Since XY (resp. p¥ o ¢¥) maps X to X and Y to Y, equation (10) is equivalent to
PXHY = Y 6 X

This proves the equivalence of the first two conditions, in the statement of the propo-
sition. The implication (3 = 2) being obvious, there remains only to show that
(2 = 3). So assume that (2) holds.

We first show that, given u,v € k[X, Y], """ = ¢" o p". Since """ (resp. p¥ o ")
maps X on X and Y on Y, it’s enough to show that o™ (b) = (¢" o ©*)(b) for all b € B.

Fix b € B and write
p(b) =Y bT'

1€EN

p(b) =Y by’

jEN

and, for each i € N,
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Also, let E : B[X,Y] — B[X,Y] be the B-homomorphism satisfying F(X) = u and
E(Y) = v. Since ¢" is a k[X, Y]-homomorphism, we have ¢"(u) = u and this allows us

to write
ieN ieN ieN jeN

On the other hand,

o" ("

<Zb * ) =2 ¢ )X =3 D byYIX',

ieN ieN ieN jeN

so we have

@' (" (b)) = E((¢" o ™)(b)) = E(¢*T (b))

_E<Zb (X +Y) ) D ba(u+ o)t = (D).

neN neN
Hence, ¢"*" = ¢" o p". Since (2) is assumed to hold, we also have ¢° = idpixy). It
follows that, for each u € k[X,Y], ¢" 0 ™ = idpx,y] = ¢ * o ¢*, which shows that
(Pu € Autk[X,y} B[X, Y] ]

4.11. Assume that k is a Q-algebra and let B be a k-algebra. We show that the concept
of a G, (k)-action on Spec B is equivalent to that of a locally nilpotent k-derivation B — B.
By 4.10, ¢ — Spec(y) is a bijection from
d f .
= { ¢ € Hom(B, B[T]) | ¢" = idpx,y] and ¥ =" 0™}
to the set of Ga( )-actions on Spec B. We now proceed to define bijections ¥ — LNDy(B)

and LNDg(B) — 3 which are inverse of each other.

4.11.1. For this part, we may let k be any ring. Given ¢ € X, let D, : B — B be the

composition

B % BT Y% BIT] =% B,
where d/dT is the usual T-derivative. We show that D, € LNDy(B). Begin by observing
that ¢ satisfies

(11) evgop = idp,

since this is equivalent to ¢” = idp[x,y], which holds by assumption.
Clearly, D, preserves addition and, given z,y € B,

D,(an) = eva (o(a) ) = eva (ol)etw) )
= v () o) + 9(a) - (000

= v (00 ) evalol) + evaleta) evo (57600 ) 2 Dofady-+aD, (),



Thus, D, € Dery(B). Next, we claim that the diagram

(12) e e

B 2, B

is commutative. To see this, consider b € B and write

p(b) => bT' € B[T).

ieN
Then
D e )X =" (Z bzXZ) = (¥ (1) = V(b)) = D bu (X + V)"
ieN ieN neN
AN A .
=3 b, Z (Z)X 1= Z <Zbi+j< Z, )YJ) X
neN i+j=n €N \jeN
and consequently
(13) p(bi) = Z bitj <Z + j) T’ (for all 7+ € N).
— i
j

On the other hand, we have D,(b) = by by definition of D, so

— (13) - i_ d i d
P(Dy(b)) = @(b1) = Zbiﬂ(l + 1)1 = a7 Z bil" = d_T(SO(b))’
1€N 1€EN
which shows that (12) is a commutative diagram. It follows that, for each n € N,

BT Y% B

(14) T“" &

n

B —— B

18

is commutative. Since d/dT is locally nilpotent and ¢ is injective (by (11)), D,, is locally

nilpotent. Thus we have a well-defined map
Y — LNDgk(B)
o = D,.
4.11.2. Assume that k is a Q-algebra. Given D € LNDg(B), consider the map
pv:B — B[T]
b — > en D) m

n!

and note that ¢ is a homomorphism of k-algebras (see 2.7). In order to show that ¢ € ¥,

consider A : B[X,Y] — B[X,Y] defined by A(f) = fP). Clearly,
A€ LNDg[x,y] B[X, Y]
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For each h € k[X,Y], we have h € ker A and consequently hA € LNDyx,y) B[X,Y]. By
3.2, we may consider e € Autyxy) B[X, Y], and in fact we claim that

(15) "t =M BIX,Y] — BIX,Y].

To show this, we have to verify that e satisfies the definition of ¢", i.e., the following
three conditions: (i) e"*(X) = X; (ii) e"*(Y) =Y and (iii) the diagram

BIX,Y] -22% BIX,Y]

(16) g [

B —— B[T]

is commutative. Now (i) and (ii) are trivial and, for each b € B,

(2on)(p) = 2p) = 30 PEO)_5m DO, (Z i) T") — evi(o0)).

n! n! n!
neN neN neN

0 (16) commutes and (15) holds.
So ¥ =€ = idp(x,y) and 3.2 implies
GXHY  XARYA YA G XA Y X

because (XA)o (YA)=(YA)o (XA). Sop € X.

4.11.3. We show that the maps LNDy B M2 s and ¥ M LNDy B are inverse of each
other.

If D € LND B then define ¢ : B — B[T] as in 4.11.2; then D,, (defined as in 4.11.1) is
immediately seen to be equal to D.
Conversely, let ¢ € X, define D,, as in 4.11.1 and let & : B — B[T] be the map

JOESY D:L('b) ™.

neN
To verify that ® = ¢, consider b € B and write
=> b,T"
neN

Since ¢ € X, diagram (14) is commutative (for all n € N) and in particular the constant

term of ( ) (¢(b)) is equal to that of gp(DZ(b)). In other words we have n!b, = D (D),
so b, = (for all n € N) and
Dg®)
o) =3 2 T = (i),

neN
Thus ® = ¢, which means that the composition > — LNDy B — X is idy.

Proposition 4.10 and paragraph 4.11 prove the following:
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4.12. Theorem. Let k be a Q-algebra and B a k-algebra. Given D € LNDy B, let ¢ : B —
BI[T)] be the k-homomorphism defined in 4.11.2 and let aup = Spec(p) : G, (k) x Spec B —
Spec B. Then
LNDy B —  set of G,(k)-actions on Spec B
D — ap

1s a well-defined bijection.

5. VARIABLES AND COORDINATE SYSTEMS

5.1. Proposition. Let R be any ring and consider the polynomial algebra R[ X, ..., X,]
inn variables over R. If f1,..., fn € R[ X1, ..., X,] satisfy R[f1,..., fn] = R[X1,..., X,],
then fi,..., f. are algebraically independent over R.

The significance of 5.1 is that (fi,..., f,) can then be used as a new set of variables
for the polynomial ring, i.e., it is as good as (X, ..., X,,). For the proof of 5.1 we need:

5.1.1. Let B be a noetherian ring and p : B — B a surjective ring homomorphism. Then
@ 1s an automorphism of B.

Proof. Suppose that ¢ is not injective and pick y € kery, y # 0. If n is any positive
integer then ¢" : B — B is surjective, so there exists z,, € B such that ¢"(z,) = y; then
©"(z,) # 0 and " (z,) = 0, which shows that all inclusions are strict in the infinite
sequence of ideals ker(¢) C ker(¢?) C ker(p®) C ---. This contradicts the assumption
that B is noetherian. 0J

We prove the following statement, which is equivalent to 5.1.

5.1.2. Let R be any ring and consider the polynomial algebra R[ X4, ..., X,] in n variables
over R. If ¢ : R[Xy,...,X,] — R[Xy,...,X,] is a surjective homomorphism of R-
algebras, then ¢ is an automorphism of R[X1, ..., X,].

Proof. Let h € ker ¢; we show that h = 0. Write B = R[ X1, ..., X,]. Choose ¢1,...,9, €
B such that ¢(g;) = X;. There exists a finite subset of R which contains all coefficients of
©(X;) and g; for 1 < i < n, and all coefficients of h. Thus there exists a noetherian ring
Ry < R such that ¢(X;), g; and h all belong to By = Ro[X7, ..., X,]. Then ¢ restricts to a
surjective ring homomorphism g : By — By satisfying ¢o(h) = 0. Since By is noetherian,
©o is injective by 5.1.1; so h = 0. U

5.2. Definition. Suppose that R < B are rings and B = R™. A wariable of B over

R is an element f € B satisfying B = R[f, fa,..., fa] for some fo,... f, € B. A
coordinate system of B over R is an ordered n-tuple (f1,. .., f,) of elements of B satisfying

B = R[flaafn]
Exercise 5.1. Let k be a field, B = k[X,Y] = ki2| R, = k[X] and R, = k[Y] and note

that B = R[lll and B = RS}. Let f = X +Y? € B. Show that f is a variable of B over
R, but not a variable of B over R;.
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5.3. Definition. Suppose that B is a polynomial ring over some field k. Then, by a
variable of B, we mean a variable of B over k; by a coordinate system of B, we mean
a coordinate system of B over k. This makes sense because k = {0} U B* is uniquely
determined by B, i.e., there is only one field over which B is a polynomial ring.

Exercise 5.2. Let k be a field, B = k[T, X,Y] = kPl and R = k[T and note that
B =RP. Let f=TX +Y?c B. Show that f is not a variable of B over R, but that it
is a variable of k(T")[X, Y].

6. R-DERIVATIONS OF R[X,Y]
In this section R is a domain containing Q, B = R[X,Y] = R and K = Frac(R). To
what extent can we describe LNDg(B)? (Keep in mind paragraph 2.21.)
Recall from 1.1 that, given P € B, we may define an R-derivation Ap : B — B by
0
Ap = _PYO—X + PX@%’ or equivalently Ap(h) = f;); f::

Then we have R[P] < ker(Ap).

for all h € B.

Exercise 6.1. Show that for any P, P, € B, Ap =Ap, & P — P, € R.

Exercise 6.2. Let D = 2 +Y % : Z[X,Y] — Z[X,Y]. Show that D is locally nilpotent
but is not of the form Ap with P € Z[X,Y]. So, in 6.2 (see below), the hypothesis that
R contains Q is needed.

6.1. Definition. An element P of B is generically univariate if the following equivalent
conditions hold:

e P € K[U], for some variable U of K[X,Y]
e there exists a coordinate system (U, V') of K[X,Y] such that P € K[U].

6.2. Lemma.
(1) KLNDR(B) = {BNKIU]| U is a variable of K[X,Y]}.
(2) For each A € KLNDg(B), we have LND4(B) = {Ap| P € A}.
(3) LNDR(B) = {Ap| P € B is generically univariate}.
Proof. Given 0 # D € LNDg(B), consider the locally nilpotent derivation § = S™1D :

K[X,Y] — K[X,Y], where S = R\ {0}. By Rentschler’'s Theorem, there exists a

coordinate system (U,V) of K[X,Y] and f(U) € K[U] such that § = f(U)Z. Let

F(U) € K[U] be such that F'(U) = f(U) and agy = 0, where F(U) = .. a;;X'Y?
(a;j € K). Let A =| X Y| € K* and define P = A"'F(U) € K[X,Y]. Then

vx o | =AU gy oy | =0=46(U)
and

[V [= AT O [V v | = FO) = 6(v),
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so 0(H) = gf{ f,i | for any H € K[X,Y]. In particular Px = D(Y) and Py = —D(X),
so Px, Py € B; together with Q C R and agy = 0, this gives P € B and consequently
D = Ap, proving “C” in each of assertions (3) and (2). As ker D = BNkerd = BNK|[U],
“C” of (1) is also proved.

Next, let U be any variable of K[X,Y] and let P € BN K[U], P ¢ R; we show that
Ap : B — B is locally nilpotent and that ker Ap = BN K[U]. This will imply “2” in all
three assertions.

Write P = ®(U) where ® is a polynomial in one variable with coefficients in K; choose V'
such that (U, V) is a coordinate system of K[X,Y]. Consider the K —derivation §=S"1Ap
of K[X,Y], where S = R\ {0}. For any H € K[X,Y] we have 6(H) = | ;X [ | =
(V) Zf( g‘; , 80 8(U) = 0 and §(V) € K[U]; thus § is locally nilpotent and so is its
restriction Ap. As P ¢ R, we have ®(U) # 0 and hence § # 0. Note that K[U] C ker o
and, by Rentschler’s Theorem, K[X,Y] = (ker §)I!; as K[X,Y] = K[U]!, we get ker § =
K[U] and consequently ker Ap = BNkerd = BN K[U]. O

Comments. Result 6.2 is a partial solution to problems (I) and (II) of 2.21, but not a
very satisfactory solution. For instance, consider an element A of KLNDg(B). Then 6.2
does not say what are the irreducible derivations in LND 4(B) (this is a hard question, in
view of exercises 2.16 and 2.17); neither does it describe A a an R-algebra. Regarding
this last question, we know that A has transcendence degree 1 over R (by 2.10 we have
trdeg,(B) = 1, so trdegr(A) = 1). Is A always finitely generated as an R-algebra? Is
A = RW always true?
e By 6.3, A is not necessarely a finitely generated R-algebra.
e By 6.5, if R is a UFD then A = R,
o [f we assume that R is a noetherian normal domain containing QQ then Bhatwadekar
and Dutta [2] give a complete description of A. In particular, they show that A is
not necessarely a finitely generated R-algebra (even with R normal).

6.3. Example. Let R be the subring C[T?,T?] of C[T] = C!, let B = R[X,Y] = R,
P =T?X + T3 € B and consider Ap : B — B. Note that P is a variable of K[X,Y],
where K = Frac(R) = C(T), so by 6.2 we have Ap € LNDg(B) and ker Ap = BN K[P)].
We show that ker Ap is not finitely generated as an R-algebra. (A different proof is given
in [1].)

Define an N?-grading on S = C[T, X, Y] = CPl by deg(T) = (1,0), deg(X) = (1,1) and
deg(Y) = (0,1). Since B = C[T?, T3, X,Y] where T? T%, X, Y are homogeneous elements
of S it follows that B is a homogeneous subring of S, i.e., if b € B then all homogeneous
components of b belong to B. So B is a graded ring, B = EB(Z jenz B jy, and it is easy to see
that Ap is a homogeneous derivation of B; consequently A = ker(Ap) is a homogeneous
subring of B. The subring R[P] of A is also homogeneous, because R[P] = C[T? T3, P]
where T2, T3 and P are homogeneous. We claim:

(17) Each homogeneous element of R[P] has the form AT?P? for some A € C
and (i,7) € N2
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In fact it is clear that each element of R[P] is a finite sum of terms AT°P7. Since
deg(T"P7) = i(1,0) + j(3,1) is an injective function of (i, 7), the claim (17) is clear.
Next we show:

(18) A is the C-vector space spanned by {T%(X +TY) | i > 2 and j € N}.

Let V = Spang {T/(X +TY)’| i > 2 and j € N}, then V C A is clear. Conversely, let h
be a homogeneous element of A; to prove (18), it suffices to show that h € V. By 6.2 we
have A = BNC(T)[P] so f(T)h € R[P] for some f(T) € R\{0}. Then each homogeneous
component of f(T)h belongs to R[P], so T*h € R[P] for some k € N. By (17), we get
TFh = NT" PJ_ for some A € C and (iy,j) € N? so h = \TY(X +TY)? for some i € Z and
j € N. Since h € B, we have i > 2 and consequently h € V| which proves (18).

Finally, let g, = T*(X +TY )" for each n > 0 and note that g, is homogeneous of degree
(n+2,n). By (18) we have A = R|g1, ga, . . .| and if A is a finitely generated R-algebra then
A=Rlg,...,9m] =C[T3 go, 91, .., Gm] for some m. However, deg(g,,+1) does not belong

to the semigroup generated by deg(T?), deg(go), ..., deg(gm). SO gmi1 & Rlg1;-- - Gm)
and A is not finitely generated. OJ
Exercise 6.3. Verify that deg(g,,+1) & ( deg(T?), deg(go), - .., deg(gm) )-

THE CASE WHERE R 1S A UFD

The following useful fact (6.4) was proved in [16] and [15], and is valid without assuming
that R has characteristic zero.

6.4. Let R and A be UFD’s satisfying R < A < R for some n. If trdegr(A) = 1 then
A= RW,

6.5. Proposition. Let R be a UFD of characteristic zero and B = R[X,Y] = RP. If
A € KLNDg(B), then A = RI.

Proof. Since R is a UFD, so is B. Since B is a domain of characteristic zero and A €
KLND(B), A is factorially closed in B by 2.15; so exercise 2.6 implies that A is a UFD.
Hence R < A < B = R are UFD’s. We have trdeg ,(B) = 1 by 2.10, so trdeg(A) = 1;
by 6.4, we conclude that A = RI. U

Remark. The MSc thesis [1] of Joost Berson contains the following result: Let R be a
UFD of characteristic zero, B = R[X,Y] = R? and D € Derg(B). If D # 0 then
ker D = R[P] for some P € B. (That is, the kernel is either R or RI.)

6.6. Theorem. Let R be a UFD containing Q, B = R[X,Y] = R? and K = FracR.
Consider the set
P={PeB | gedg(Px,Py)=1 and P is a variable of K[X,Y] }.
Then the following hold.
(1) For P € B, tfae:
(a) Pe®
(b) Ap: B — B is locally nilpotent and irreducible
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(c) R[P] € KLNDg(B).

Consequently, KLNDgr(B) = { R[P] | PP }.
(2) If R[P] € KLNDR(B), then LNDg(p|(B) = {aAp| a € R[P]}.
(3) LNDg(B) = {alAp| P € P and o € R[P]}.

Proof. (1) Let P € P. By 6.2, Ap : B — B is locally nilpotent. If I is a principal ideal
of B such that Ap(B) C I then Py = Ap(Y) and Py = —Ap(X) belong to I, so the ged
condition implies that I = B; so Ap is irreducible and we showed that (a) implies (b).
Suppose that (b) holds. By 6.5, ker Ap = R[W] for some W € B. Thus P € R[W] and
we may write P = f(W) with f(T) € R[T], T an indeterminate. Now Ap(Y) = Px =
FW)YWx and Ap(X) = =Py = —f/(W)Wy, so Ap(B) C f/(W)B; by irreducibility of
Ap, we get f'(W) € B* = R*. Consequently f(T) = uT + r with u € R* and r € R, so
ker Ap = R[W] = R[P] and (c) holds. Finally, suppose that (c) holds. Let S = R\ {0},
then ST'R[P] = K[P] belongs to KLND(K X, Y]) by exercise 2.1, so Rentschler’s Theorem
implies that P is a variable of K[X,Y]. Thus Py and Py are relatively prime in K[X, Y],
which implies that » € R\ {0} where we define r = gedg(Px, Py). Then, if ¢ € R is
the constant term of P € R[X,Y], r divides every coefficient of P — ¢ (we are using
Q C R here). So P —c¢ = rP’ for some P’ € B. As R[P] is factorially closed in B and
rP" € R[P]\ {0}, we get P' € R[P]. Hence R[P] = R[P’] and consequently r € R* and
gedg(Px, Py) = 1. So (c) implies (a) and conditions (a—c) are therefore equivalent. Then
KLNDg(B) = { R[P] | P € ? }is clear and assertion (1) is proved.

If R[P] € KLNDR(B) then, by (1), Ap belongs to LNDg(pj(B) and is irreducible. So (2)
follows from 2.20. Assertion (3) follows from (1) and (2). O

Exercise 6.4. Let R, B and P be as in 6.6.

(1) Show that { Ap| P € P} is the set of irreducible elements of LNDg(B).
(2) Show that if P € P then Ap(B) contains a nonzero element of R.

Exercise 6.5. Let k be a field of characteristic zero, B = k[X,Y, Z] = kI¥ and define
D € Dery(B) by DX =0, DY = X and DZ = Y2 Show that D is irreducible. With
R = k[X], verify that D € LNDg(B) and find P € P such that D = Ap. What is ker D ?

Exercise 6.6. Let R be the subring C[T2,T%] of C[T] = CIYl and B = R[X,Y] = RI.
Consider the R-derivation Ay : B — B where W = T*(X + TY)? € B. Note that
W is generically univariate and hence Ay is locally nilpotent by 6.2. Show that Ay
is irreducible, and is not of the form aAp where P € B is a variable of K[X,Y] and
a € ker Ay (where K = Frac R = C(T')). Compare with part (3) of 6.6.

VARIABLES AND SLICES

We shall prove the following criterion for deciding if a polynomial is a variable:
6.7. Theorem. Let R be a UFD containing Q.
For an element P of B = R[X,Y] = R, tfae:
(1) P is a variable of B over R.
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(2) Ap : B — B is locally nilpotent and (Px, Py)B = B.
Before proving 6.7, we deduce:

6.8. Corollary. Let R be a UFD containing Q, B = R and D € LNDR(B). Tfae:
(1) 1 belongs to the ideal of B generated by D(B)
(2) 1 € D(B).

Proof. Suppose that (1) holds. In particular, D is an irreducible derivation so (ex. 6.4) for
some P € P we have D = Ap and ker D = R[P]. Result 6.7 implies that P is a variable
of B over R, so B = R[P]M = (ker D)!!; then exercise 2.15 implies that (2) holds. O

Remarks.

e Condition (1) of 6.8 states that D is fix-point-free (see 4.6) and (2) says that D has
a slice. So the claim is that if D is fix-point-free then it has a slice (the converse
is trivial).

e Results 6.7 and 6.8 are two ways to say the same thing: We obtained 6.8 as a
corollary of 6.7, but we could have done it the other way around.

e Both 6.7 and 6.8 remain valid when R is any Q-algebra (see [17]). We restrict
ourselves to the UFD case because the proof is considerably easier.

The proof of 6.7 requires some preliminaries.

6.9. Lemma. Consider rings Q < R < S and R[X,Y] < S[X,Y], where X,Y are
indeterminates over S. If P € B = R[X,Y] satisfies (Px,Py)B = B, then BN S[P] =
R[P].

In fact we prove the following more general version (A is defined in 1.1 and (A;B)
denotes the ideal of B generated by As(B)):

6.10. Lemma. Consider rings Q < R < S and R[Xq,...,X,] < S[Xy,...,X,], where
Xi,..., X, are indeterminates over S. Write B = R[Xy,..., X,]. If f = (f1,---, fu_1) €
B"! satisfies (A;B) = B, then BN S[f1,..., fa-1] = R[f1, -, fu-1]-

Proof. Since the ideal (A;B) is generated by A¢(X7), ..., Af(X,), the assumption (AyB) =
B implies that there exist b, ..., b, € B such that >, b;A¢(X;) = 1. Then the matrix

(fl)Xl (fl)Xn

(fn—.l))ﬁ s (fn—.l)Xn
by by,

has all its entries in B and has determinant 1; so M ~! exists and has all its entries in B.
We claim that the S-homomorphism evy : S[T4,...,T,-1] — S[Xy,...,X,] defined by
O(T) — P(f) satisfies

(19) evi'(B) = R[Ty, ..., T 4].

M=
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Suppose that (19) is false and choose ®(7T") € S[T4,...,T,-1] \ R[T1,...,T,—1] of minimal
total degree such that ®(f) € B. The chain rule gives

(fx, - (fu)x.

(®(f)x, - 2(Nx) = (®n(f) -+ Or ., (f)) : :
(fot)xs - (Fa)x,

= (®r(f) -+ @r,, () 0)M,

SO:

(20) (@®(Nxi -+ @(f)x,) M= (P (f) -+ @5, (f) 0).

Since ®(f) belongs to B, so does ®(f)x, for every j. So the left hand side of (20) has
entries in B and consequently @7, (f),...,®r,_,(f) € B. By minimality of the degree of
®, we must have

O (T), ..., &7, (T) € RIT}, ..., Ty_i.

Since Q C R, it follows that ®(T) = A\+U(T) for some A\ € S and ¥(T) € R[T},..., T, 1].
Then A = ®(f) — U(f) € B, i.e., A € R. Consequently ®(T) € R[Ty,...,T,-1], a
contradiction. So (19) is true and the desired result follows. O

6.11. Lemma. Let R be a domain containing Q and P € B = R[X,Y] = R If
Ap: B — B is locally nilpotent and (Px, Py)B = B,
then ker Ap = R[P] and there exists Q € B such that Ap(Q) € R\ {0}.
Proof. Let K = Frac R and S = R\{0}; consider the locally nilpotent derivation S™'Ap of

K[X,Y]. By Rentschler’s Theorem, ker(S™'Ap) = K|[V] for some variable V of K[X,Y];
then the conditions P € K[V] and 1 € (Px, Py) imply that K[P] = K[V]; so P is

a variable of K[X,Y] and we may choose ) € B such that K[P,Q] = K[X,Y]; then
B3 Ap(Q ]ggﬂeKﬁwAﬂ)eR\m}

Note that R[X,Y]N K[P] = R[P] by 6.9, so ker Ap = BNker(S™'Ap) = BN K[P] =
R[P] and we are done. O

Proof of 6.7. If (1) holds then Ap is locally nilpotent by 6.2; also, there exists @ €
R[X,Y] such that R[P,Q] = R[X,Y] and any such @ satisfies ’QX oy Y| € R*. So (1)
implies (2).

Suppose that (2) holds; we deduce (1). By 6.11, we have:

(21) ker Ap = R[P]

(22) Ap(Q) € R\ {0} for some @ € B.
We shall prove a condition stronger than (22), namely:

(23) Ap(Qp) € R*  for some Qg € B.

Note that if (23) is true then 2.8 gives B = (ker Ap)l) = R[P]) and we are done. To
prove (23) we consider the “length function” ¢: R\ {0} — N defined by ¢(py---p,) =n
for any product of prime elements py,...,p, of R (and where ¢(u) = 0 if u € R*). Pick
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Q € B such that Ap(Q) € R\ {0}; if £(ApQ) = 0 then we are done, so suppose that
E(A pQ) > 0. Then there exists a prime element ¢ of R which divides Ap(Q) in R. Let
R = R/qR and let m : R[X,Y] — R[X,Y] be the unique extension of the canonical
homomorphism R — R which maps X +— X and Y +— Y. Let h = n(P) € R[X,Y] and

consider Ay, : R[X,Y] — R[X,Y]. We claim:
(24) Ay, is locally nilpotent and 1 belongs to the ideal (hx, hy) of R[X,Y].

Indeed, it is clear that 7 is surjective and that

R[X,Y] - R[X,Y]

g T

RIX,Y] -5 RIX,Y]

commutes, so Ay, is locally nilpotent; applying 7 to an equation aPy +bPy =1 (a,b € B)
gives m(a)hx + w(b)hy = 1, so 1 € (hx,hy)R[X,Y] and (24) holds. Moreover, R is a
domain which contains Q (because Q < R). Applying 6.11 to h € R[X,Y] we conclude
that ker A, = R[h], or equivalently

(26) ker A, = w(R[P)).

It follows that 7(Q) € m(R[P]), because ¢ divides Ap(Q) in R and (25) commutes. So
there exists ®(7") € R[T] such that @ + ®(P) € kerm = ¢B. Define Q' = (Q + ®(P))/q¢;
then @' € B and Ap(Q') = %AP(Q) € R\ {0}, so £(ApQ") < {(ApQ). This argument

shows that there exists Qo € B such that ¢(ApQy) = 0, and this proves (23). O

LOCALLY NILPOTENT DERIVATIONS OF k[ OF LOW RANK

In this section we let B = k™, where n > 1 and k is a field of characteristic zero.

6.12. Definition. Let D : B — B be a k-derivation. The rank of D is the least r €
{0,1,...,n} for which there exists a coordinate system (73,...,7T,_., X1,...,X,) of B
satisfying

k[Ty,..., T, CkerD.

Given such a coordinate system, we may write

0 0
D = fl(T’X)a—Xl +"‘+fr(TaX)8X

with f;(T,X) e B=K[T\,..., T, X1,...,X,] for all i. In this sense,

‘ The rank of D 1is the least number of partial derivatives needed for expressing D.

The following claims are clear:

erank D=0 < D=0
e If two derivations have the same kernel then they have the same rank.
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6.13. Example. Let B =Kk[X,Y,Z] and D = % + 5 + 2 : B — B. Since (X - Z,Y —
Z,7) is a coordinate system of B and k[X — Z,Y — Z] C ker D, we have rank D < 1.
Since D # 0, we conclude that rank D = 1. Writing (U, V., W) = (X — Z,Y — Z,Z), we
have D = 0:% + 02 + 530> = 5%. (Remark: 3 # %, even though W = Z.)
Exercise 6.7. Verify the following claims.

(1) rank D = 1 <= ker D =kl and B = (ker D)!!

(2) rank D < n <= ker D contains a variable of B.
Exercise 6.8. Let B = k[X,Y, Z] = kP¥l and define D € LND(B) by DX =0, DY = X

and DZ =Y. Verify that D is an irreducible derivation which does not have a slice;
deduce that B is not (ker D) (see ex. 2.15). Conclude that rank D = 2.

Remark. One can reformulate Rentschler’s Theorem as:

If D is a locally nilpotent derivation of k[X,Y] =k, then rank D < 2.

However we will see later that if n > 2 then there exist locally nilpotent derivations of
k" of rank n.

6.14. Notation. Given a coordinate system v = (77, ...,T,,_2, X, Y) of B and an element
P € B, define
A} =—Pyx +Px2 : B— B.
Note that A} is a k[T1, ..., T,_s]-derivation of B and that k[T, ..., T, o, P] < ker A}.
6.15. Corollary. For a k-derivation D # 0 of B = k™, tfae:
(1) D is locally nilpotent and rank D < 2
(2) D = aA), for some v, P and o satisfying:
o v=(T1,...,T,9,X,Y) is a coordinate system of B
e P € B satisfies gedg(Px, Py) = 1 and is a variable of k(Th, ..., T,—2)[X,Y].
e « is a nonzero element of k[T, ..., T, o, P].
Moreover, if the above two conditions hold then:
(3) ker D =K[Ty,...,T,_2, P]
(4) A} is an irreducible locally nilpotent derivation

(5) AL(B) contains a nonzero element of K[Ty, ..., T, 2.

Proof. Suppose that D satisfies condition (1). As rank D < 2, there exists a coordinate
system v = (T4,...,T, 2, X,Y) of B satisfying k[T},...,T, 2] C ker D. Define R =
K[T},...,T,_2] and note that this is a UFD containing Q; we have B = R[X,Y] = RP
and D € LNDg(B), so 6.6 can be applied to this situation. It follows that (2) holds. The
other assertions are left to the reader. O

7. PRELIMINARIES FOR SECTION 8

The following facts are needed in the next section.
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7.1. Theorem (Miyanishi). Let k be a field of characteristic zero and B = kPP, If
A € KLND(B) then A =kl

The case k = C of 7.1 was proved by Miyanishi in [14]; it is not difficult to show that
the result remains valid if k is any field of characteristic zero.

For the next result, let k be a field of characteristic zero and B = k[X(, X1, X5] = k.
Recall that any f,g € B determine a k-derivation
Ixo fxi fxq

9xo 9x, 9X,
e} o) o)

: B— B

Agrg) =

Xy 9X; 0Xqg

satisfying k[f, g] C ker Ay ).

7.2. Theorem. Let k be a field of characteristic zero and B = k[Xo, X1, X»] = kb
Let f,g € B be such that k[f,g] € KLND(B). Then the k-derivation Ay + B — B

is irreducible, locally nilpotent and satisfies ker A(sqy = k[f,g]. Consequently we have
LND4(B) = { al(f.) ’ a € A}, where A =K[f, g].

Result 7.2 is Corollary 2.6 of [3]. The nontrivial claim in that result is the fact that
A, is an irreducible derivation. Once this is known, the other assertions follow from
2.20.

7.3. Graded rings. Every graded ring considered in sections 7 and 8 is either Z-graded
or N-graded. Let R = €, R; be a graded ring.

(1) If z € R; \ {0} then we write degz = i.

(2) A subring A of R is said to be homogeneous if A = @,(ANR;). If this is the case
then we set A; = AN R; and regard A = @, A; as a graded ring.

(3) If D : R — R is a derivation, we say that D is homogeneous if there exists an
integer n such that D(R;) C R;, holds for all ¢; note that n is unique if D # 0;
we say that D is homogeneous of degree n. Observe that if D is homogeneous
then ker D is a homogeneous subring of R.

(4) If S is a multiplicatively closed subset of | J;(R;\ {0}) then the localized ring S™*R
inherits a Z-grading in a natural way: If z € R;\{0} and s € S then /s is declared
to be homogeneous of degree deg z — deg s. If we write S™'R = R = @, _; R; then
Ro is a subring of R, called the homogeneous localization of R with respect to S.
If S={1,f f%...} where f € R;\ {0} for some i, we write R; = S~'R =R and
Ry = Ro.

Exercise 7.1. Let p, q be relatively prime positive integers and let k be any field. Define
an N-grading on R = k[X,Y] = kl? by declaring that Ry = k, X € R, and Y € R,.
Consider the ring R(xy), i.e., the homogeneous localization of R with respect to the
multiplicative set {1, XY, (XY)? ... }. Show that Rixy) = k[, "] where £ = X7/Y?.
Also show that Ry) = k[¢] = kI and that Rx) = k[¢7!] =kl

The next two facts (7.4 and 7.5) are needed in the proof of 8.8:
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7.4. Lemma. Let R =@ R, be a Z-graded UFD satisfying:
Foralln € Z, if R, # 0 then R, N R* # &.
Then Ry is a UFD.

7.5. Lemma. Let R = @ R,, be a Z-graded domain and Q) a homogeneous subring of R
satisfying:
Foralln € Z, if R, # 0 then Q, N Q" # <.
Then tfae:
(1) There exists a homogeneous element v of R such that R = Q[v] = Q!

(2) Ro = (Qo)M.
Exercise 7.2. Prove 7.4 and 7.5.
The following is needed in the proof of 7.7.1:

7.6. Lemma. Let k be a field, A = k'l (r > 1) and let A = @ienA; be a grading such
that Ay = k. If f1,..., fn are homogeneous elements of A satisfying k[f1,..., fu] = A,
then there is a subset {g1,...,9.} of {f1,-.., [n} satisfying A =K[g1,...,g.]

Proof. Consider a subset {g1,...,g:} of {fi,..., f.} satisfying A = k[gi,...,g] and
minimal with respect to this property (in particular, deg(g;) > 0 for all 7). Let R =
K[Ty,...,T,] = k¥, with grading R = @;enR; determined by Ry = k and deg(T}) =
deg(g;). Then the surjective k-homomorphism e: R — A, e(¢) = ¢(g1,-- -, gs), is homo-
geneous of degree zero. It suffices to show that the prime ideal p = ker e is zero. Assume
the contrary. Note that (71,...,7s) 2 p, i.e., the variety V(p) C A® passes through
the origin. Since the origin is a smooth point (A is smooth over k), and since p is gener-
ated by its homogeneous elements, the jacobian condition implies that some homogeneous
¢ € p contains a term A7; (A € k*). Since ¢ is homogeneous and deg(7;) > 0 for all
i, o= NI € k[Th,...,T;—1,Tj1,...Ts], so g; € Klg1,---,9j-1,9j+1,- - - gs), contradicting
minimality of {¢1,...,9s}- O

7.7. Fix a field k of characteristic zero and a triple w = (ag, a1, as) of positive integers.
Let B = k[Xy, X1, X5] = kP®l. The symbol (B,w) means B regarded as an N-graded ring,
B = ®;enB;, where By =k and X; € B,, for i € {0,1,2}. Consider the following subsets
of LND(B) and KLND(B) respectively:

LND(B,w) = {D € LND(B)| D is homogeneous with respect to the grading of (B,w) }

KLND(B,w) ={ kerD | D € LND(B,w) and D #0 }.

7.7.1. Lemma. For a subalgebra A of B, tfae:
(1) A € KLND(B,w)
(2) A € KLND(B) and A is a homogeneous subring of B
(3) A € KLND(B) and A =K[f, g] for some homogeneous f,g.

Moreover, if A =K|[f,g] satisfies condition (3) then

LND4(B,w) = { ol } o is a homogeneous element of A }.
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Proof. 1t is obvious that (1) implies (2). If (2) holds then Miyanishi’s theorem 7.1 tells
us that A = kl?; then (3) follows from 7.6.

It is easy to see that if f,g € B are homogeneous then so is Ay ) : B — B. In view of
7.2, we obtain that (3) implies both (1) and the description of LND4(B,w). O

Remark. Zurkowski [21] gives a direct proof (i.e. a proof which does not rely on Miyanishi’s
result) of the fact that if A € KLND(B,w) then A = k[f, g] for some homogeneous f,g. A
simplified version of Zurkowski’s argument is given in Daan Holtackers’MSc thesis [12].

7.8. Weighted projective planes. Fix an algebraically closed field k and a triple
w = (ag, a1, ay) of positive integers. Consider the N-graded ring B = k[X,, X1, X,] = kI
where By =k and (for all i € {0, 1,2}) X; € B,,. The Proj of that graded ring is denoted
P, and is called the weighted projective plane determined by weights w = (ag, a1, as). One
can see that P, is an algebraic surface which is projective and normal.

Concretely, define an equivalence relation ~ on the set k3 \ {(0,0,0)} by declaring that
(xo, 21, x2) ~ (Yo, Y1, y2) if for some ¢t € k* we have (yo, y1,y2) = (1%, t* 21,t*25). Then
P, is the set of equivalence classes, and each equivalence class is called a point of P,,. The
equivalence class of (xg, z1,x2) is denoted (g : 1 : x2).

If h € B is homogeneous with respect to the above grading, then the zero set of h is
well-defined: V(h) = {(z¢ : 1 : x2) € P, | h(xg : z1 : 25) = 0}.

Note that if w = (1,1,1) then P, = P? is the usual projective plane.

8. HOMOGENEOUS DERIVATIONS OF k3!

The references for this section are: [4], [5], [9], [10], [6]. In this section, k is an alge-
braically closed field of characteristic zero, B = k[ Xy, X1, Xo] = kPl and w = (ag, a1, as),
where ag, a1, as are positive integers. The symbol (B, w) means B regarded as an N-graded
ring, B = @;enB;, where By = k and X; € B, for i € {0,1,2}. Our goal is to describe
the sets LND(B,w) and KLND(B,w) defined in 7.7. By result 7.7.1, we may formulate our
problem as follows (where homogeneity of f, g is relative to the grading of (B,w)):

8.1. Which homogeneous elements f,g € B are such that kK[f, g] € KLND(B,w) ¢

8.2. Example. Consider Freudenburg’s first example of a rank 3 locally nilpotent deriva-
tion of kI¥) namely, k[f, g] € KLND(B) where

f=XoX, — X7, g=X5+2X3X 1 Xy — 2X3X? + X3X35 - 2Xo X7 X3 + X Xs.

In fact we have k[f, g] € KLND(B, w) where w = (1,1, 1). In view of question 8.1, we want
to understand the properties of f, g, or equivalently the properties of the curves F' = V (f)
and G =V (g) in P2. We ask:

What is the affine surface P2\ (FUG) ?

To identify that surface, blow-up P? 8 times, as follows:
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25

7 (F UG) = union of the 10 curves pictured in S

Then P?\ (FUG) = S minus those 10 curves. Further blowing-up and blowing-down
transforms “S minus the 10 curves” into:

N

Thus S’ = P? and P? \ (F U G) = P? minus two lines. So we conclude:
(27) The surface P*\ (F UG) is isomorphic to AL x A’

where Al denotes A! minus a point. We will see in 8.8 that every element Kk[f,g] of
KLND(B,w) satisfies (27), and conversely.

Sl

We now return to the general situation, i.e., let (B,w) be as in the introduction of
the present section. Note that if d = ged(ag, a1,a9) and W' = (ag/d,a1/d, as/d) then
a derivation of B is w-homogeneous if and only if it is w’-homogeneous; so LND(B,w) =
LND(B,w’) and KLND(B,w) = KLND(B, w') and consequently we may assume throughout:
(28) ged(ag, ar, az) = 1.

Assumption (28) is in effect until the end of section 8. The problem splits into two cases:
“Easy” case: ag,ay,as are not pairwise relatively prime.
Hard case: ag, a1, ay are pairwise relatively prime.

Before discussing how to answer question 8.1 in each case, we define:

8.3. A homogeneous coordinate system of B is an ordered triple (ug, u1, us) of homogeneous
elements of B satisfying k[ug, u1, us] = B.

Exercise 8.1. If (ug, u, us) is any homogeneous coordinate system of B then the triple
(deg ug, deg uy, deg us) is a permutation of (ag, aq, as).
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THE “EASY” CASE

Assume that w = (ag, a1, as) satisfies (28) and:

(29) ag, ai, az are not pairwise relatively prime.

8.4. Example. Suppose that w = (4,6,7). Note that k[X(, X;] € KLND(B,w) and that
ged(deg Xy, deg X;) = 2; thus:

k[f,g] € KLND(B,w) = ged(deg f,degg) = 1.
Compare with 8.7.

Exercise 8.2. With w = (4,6, 7), verify that k[Xo, X2X; + X3] € KLND(B, w).

Under assumption (29), one can show that all elements of LND(B,w) have rank < 3.
More precisely, the main result is as follows:
8.5. Theorem. Let A € KLND(B,w). Then there exists a homogeneous coordinate system
(Xo, X1, Xs) of B such that one of the following conditions holds:

(1) A=Kk[X,, X4].

(2) ged(deg Xo,deg X3) = 1 and A = k[ X, X§X1 + (X0, X2)], for some e € N and
some ¥(Xo, Xa) € k[Xo, Xo] such that X§X1 + ¥(Xo, Xa) is homogeneous and
irreductble.

(3) ged(deg Xo,deg X7) = 1 = ged(deg Xo,deg Xs) and A = k[ Xy, P] for some ho-
mogeneous P € B which satisfies gcdg(Px,, Px,) = 1 and which is a variable of
k(Xo)[ X1, Xa.

Refer to [6] for the proof of 8.5 and also for that of the following:
8.6. Corollary. If gcd(a;,a;) > 1 for all {i,j} C {0,1,2}, then:
KLND(B,w) = { k[Xo, X1], k[Xo, Xs], kK[X1, X5] }.

THE HARD CASE
Until the end of section 8, we assume that w = (ag, a;, as) satisfies:
(30) ag, ay, as are pairwise relatively prime.
Then the first result is:

8.7. Proposition. Suppose that K[f, g] is an element of KLND(B,w), where f,g are ho-
mogeneous. Then ged(deg f,degg) = 1.

Proof. This is a corollary to Theorem 3.7 of [4]. A different proof is given in [5]. O

8.8. Theorem ([4], Theorem 3.5). For homogeneous elements f,g € B, tfae:
(1) K[/, g] € KIND(B, )
(2) f,g are irreducible and P,\V (fg) = AlxA' (isomorphism of algebraic surfaces).

See 7.8 for the definition of P,. Note that 8.8 replaces the problem of describing
KLND(B,w) by a problem of geometry, namely:
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What are all pairs of curves Cy,Cy in P, such that P, \ (C;UCy) = Al x Al?

Proof of 8.8. Note that condition 8.8(2) is equivalent to:
8.8(2')  f, g are irreducible and Bz = Kk[C, (YW for some ¢ € By, such that ¢ €k,

where By, denotes the homogeneous localization of B at the set {1, fg, (f9)* (fg)*,...}.
We assume throughout that at least one of conditions 8.8(1), 8.8(2) (or 8.8(2")) holds. Let
p=deg f, ¢ = degg and A =Kk[f, g]. We claim:

(31) ged(p,q) = 1 and f, g are irreducible and not associates.

Indeed, if 8.8(1) holds then ged(p, g) = 1 by 8.7 and f, g are not associates as trdegy (A) =
2 by 2.10; as f, g are irreducible in A and A is factorially closed in B, it follows that f, g are
irreducible in B. On the other hand, if 8.8(2) holds then the Picard group of P, \ V(fg)
is trivial; as this group is Z/dZ where d = gcd(p, q), we get ged(p,q) = 1. If f, g are
associates then B(sy) = B(s2) = By and it is easily verified that B:f) = k*, but this is
impossible because 8.8(2') implies that some unit of B, does not belong to k; so f, g are
not associates. This shows that (31) is true. It follows that if we define § = f9/g” € B4y
then

(32) Aig) =K[€, €7
Suppose that 8.8(1) holds; we shall now prove that 8.8(2') is satisfied. In view of (31)
and (32), it suffices to show that

(33) Bz = (A¢sg)":

By 8.8(1), A = ker D for some 0 # D € LND(B,w); then Ay, is the kernel of the
localization Dy, : By, — By, of D. By (31), we may choose 7, j € Z such that pi + ¢j +
deg(D) = 0; define D = fig’ Dy,, then D : By, — By, is locally nilpotent, homogeneous
of degree zero and has kernel Ay,; the restriction Dy : B(rg) — B(sq) of D is locally
nilpotent and ker(Dy) = Ay, N B(sg) = A(rg)- We claim that

(34) B(fg) iS a UFD
and that each irreducible element 7 of Ay, satisfies:
(35) A(rg)/TA(sg) 1s algebraically closed in By /7 Bsg).

Indeed, note that the Z-graded factorial domain R = By, satisfies the hypothesis of
7.4 because ged(p,q) = 1; thus (34) holds. Since k is an algebraically closed field by
assumption, we have Az /mA(q) = k by (32) and hence (35) holds. From (34), (35) and
2.23, we obtain (33). This shows that 8.8(1) implies 8.8(2’).

Conversely, suppose that 8.8(2") holds. In order to prove 8.8(1), it suffices to show that
A € KLND(B) (then condition (3) of 7.7.1 is satisfied).

As ( is a unit of Bz, we have ¢ = Af'g’ for some X € k* and i, € Z; we also have
0 = deg( = pi + qj, and it follows from ged(p, q¢) = 1 that ¢ = A" for some n € Z. We
also have £ € BY, \ = K[(, (71", so & = u¢™ for some p € k* and m € Z. We conclude

(f9)
that mn = 1 and that k[¢, (] = k[§,£7] = A(sy). Thus 8.8(2') implies that (33) holds;
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by 7.5 we obtain B, = A%, so in particular Ay, is the kernel of some D € LND(By,).
Consider D’ = f“g"D € LND(By,), where u,v € N are such that f“¢"D(X;) € B for
all i € {0,1,2} (recall that B = k[Xo, X1, X3]). Then D'(B) C B and the restriction
D : B — B of D’ satisfies D € LND(B) and ker D = Ay, N B. So there remains only to
show that Ay, N B = A. As a first step, we prove:

(36) AN fB = fA.

It suffices to verify that if h € AN fB and h is homogeneous then h € fA. As h €
A = K[f, g], we have h = fa + 3 where a € A and (3 € k[g]; by homogeneity of h, we
have in fact § = Ag™ for some A\ € k and n € N. Then A\¢" € fB. We have f } ¢"
by (31), s0 A =0 and h = fa € fA. This proves (36) and, by symmetry, we also have
ANgB = gA. Tt follows by induction that AN fig?B = fig?A for all i,5 € N, and
consequently Ay, N B = A. Thus A € KLND(B) and we have shown that 8.8(2) implies
8.8(1). O

AFFINE RULINGS AND LOCALLY NILPOTENT DERIVATIONS

There is a rich interplay between the theory of algebraic surfaces and homogeneous
locally nilpotent derivations of kil. As an example, [6] contains the following result:

8.9. Theorem. Consider (B,w), where w is any triple of positive integers. Given any
A, A" € KLND(B,w), there ezists a finite sequence of local slice constructions which trans-
forms A into A'.

The statement of 8.9 is purely algebraic, but we don’t know how to give a direct,
algebraic proof of it. In the following paragraphs, we indicate how geometry can be used
to prove the “hard case” of that result, i.e., the case where w is pairwise relatively prime.
(We will not discuss the “easy case”, whose proof does not require geometry.)

8.10. Definition. Fix an algebraic surface X which is complete, normal and rational (for
instance, X =P,). An explicit affine ruling of X is a morphism p : U — P! satisfying:
(1) The image of p is an open subset I # & of P!
(2) U # @ is an open subset of X such that U =T x Al

(3) p is the composition U —— T' x Al 225 ey p1,

8.11. Example. Consider (B,w) and P, as before, where w = (ao,ai,as2) is pairwise
relatively prime. Consider an element k[f, g] of KLND(B,w), where f, g are homogeneous.
We show that the ordered pair (f, g) determines an explicit affine ruling of P,,.

Let p = deg f, ¢ = deg g and & = f7/gP, then k[¢,£7!] is a subring of B(s,). Applying
the functor Spec to the inclusion homomorphism k[, £7!] < By, yields a morphism
U — T, where U = Spec B(sy) = P, \ (V(f) UV (g)) and I = Speck[¢, {71 = P! minus
two points. As shown in the proof of 8.8, we have Brq) = k[, €11 this means that the
composition U — I' — P! (which we denote p: U — P?!) is an explicit affine ruling of P,,.
Moreover, the map p is described by:

p: U — P!

(xo Tx xg) — (f($o,$1,9€2)q : 9(900757017952)1))

(37)
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8.12. Let X be a surface as in 8.10 and let p: U — P! be an explicit affine ruling of X.

(1) If T” # @ is an open subset of the image of p then the restriction p’ : p~}(I") — P!
of p is an explicit affine ruling of X; we write p’ < p in this situation.

(2) If 6 : P' — P! is an automorphism then the composite p’ : U -2 P! 2, Plis an
explicit affine ruling of X; we write p < p’ in this case.

Consider the set S of explicit affine rulings of X. Two elements p, p’ € S are equivalent if
there exists a finite sequence py, . .., p, of elements of S satisfying py = p, p, = p’ and

Vicn — pi S piy1 OF g1 S P OF P X Py
By an affine ruling of X, we mean an equivalence class of explicit affine rulings of X. We

write
AFRUL(X) = set of affine rulings of X.

8.12.1. Each explicit affine ruling p : U — P! of X extends to a rational map X --+ P!
defined everywhere outside a finite set of points (because X is normal); in turn, this
rational map determines a linear system A on X without fixed components. Then p — A
is a well-defined map and one can see that two explicit affine rulings are equivalent if
and only if they determine the same linear system. (The image of the map p — A is a
certain collection of linear systems on X; one may consider that these linear systems are
the affine rulings—this is how the notion of affine ruling is defined in papers [9], [10] and

[6].)
8.13. Theorem. Consider (B,w) and P, as before, where w = (ag, a1, as) is pairwise
relatively prime. Then the process described in 8.11 determines a well-defined bijection

KLND(B,w) — AFRUL(P,).

Comments. Let A € KLND(B,w). Then example 8.11 shows that each homogeneous
coordinate system (f,g) of A determines an explicit affine ruling of P,, and it is not
difficult to see that if (f,¢) and (f’,¢') are two homogeneous coordinate systems of A
then the corresponding explicit affine rulings are equivalent; thus one gets a well-defined
set map KLND(B,w) — AFRUL(P,,). It is proved in [6] that this map is bijective. O

So describing KLND(B,w) “reduces” to describing AFRUL(P,,). Paper [10] gives a geo-
metric classification of AFRUL(PP,,) and [6] derives algebraic consequences for KLND (B, w).
To conclude this section, we mention some aspects of that work; this part is very sketchy,
we only give a vague idea of how this works.

8.14. (1) Fix a surface X as in 8.10. To each affine ruling A € AFRUL(X), one
associates a set P(A) and, given P € P(A), one defines an element A x P of
AFRUL(X). The cardinality of the set P(A) is that of the ground field k. The
object P may be thought of as a “recipe” for modifying A and the affine ruling
A % P is obtained by modifying A according to P. The modification is achieved by
performing a (possibly long) sequence of blowings-up and blowings-down. Given
A, N € AFRUL(X), we call A" a modification of A if there exists P € P(A) such
that A * P = A’. Then one shows that if A’ is a modification of A then A is a
modification of A’.
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(2) Using the description of AFRUL(PP,,) given in [10], paper [6] proves that if w is any
triple of positive integers then:

Given any two affine rulings A, N of P, there exists a finite sequence
of modifications which transforms A into A’.

(3) Suppose that w is pairwise relatively prime, let A, A’ € KLND(B,w) and let A, A’ €
AFRUL(P,,) be the images of A and A’ respectively, under the bijection of 8.13.
Then [6] also proves:

If N’ is a modification of A then A’ can be obtained from A by a “local
slice construction”.

Parts (2) and (3) of 8.14 immediately imply that 8.9 is true when w is pairwise relatively
prime. Regarding the case where w is not pairwise relatively prime, we will only say that
its proof is much easier and does not require geometry.

9. DANIELEWSKI SURFACES AND LOCAL SLICE CONSTRUCTION

In this section, k is any field of characteristic zero.

We present some general facts about Danielewski surfaces and then use some of that
material to clarify Freudenburg’s “local slice construction”. The main reference for this
section is [7], but note that some of the results (notably 9.5.2 and 9.6) can also be found
in the work of Makar-Limanov (see [7] for references).

9.1. Definition. Let B be a k-algebra. We call B a Danielewsk: surface over k it B is
isomorphic to

(38) k[X,Y, Z]/ (XY — ¢(Z))

for some ¢(Z) € k[Z]\k (where XY, Z are indeterminates). If B is a Danielewski surface
over k then any triple (z,y,2) € B? satisfying B = k[z,y, 2] and zy € k[z] \ k is called a
coordinate system of B.

9.2. Example. Let B = k[U,V] = kP then B is a Danielewski surface over k (take
¢ of degree 1 in (38)). The triple (U, V,UV) is a coordinate system of the Danielewski
surface B. The triple (z,y,z) = (0,U, V) satisfies B = k[z, y, z] and zy € k[z], but is not
a coordinate system of B because xy € k.

9.3. Lemma. Let B be a Danielewski surface over k.
(1) B is a normal domain, trdeg, B = 2 and B* = k*.
(2) B has at least one coordinate system.

(3) If (z,y, 2) is any coordinate system of B then there exists a unique D € LND(B)
such that D(x) = 0 and D(z) = x. Moreover, D is irreducible, ker D = k[z] and
LNDy[,|(B) = {aD | a € k[z]}.

(4) Let (x,y,z) be a coordinate system of B and let I be the principal ideal k[z] Nz B
of k[z]. Then zy is a generator of I.

Proof. We may assume that B = k[X,Y, Z]/(XY — ¢(Z)) where ¢(Z) € k[Z] \ k. As
W(Z) # 0, XY —9(Z) is an irreducible element of k[X,Y, Z]; so it is clear that B is a
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domain and that trdegy, (B) = 2. Let m; : k[X,Y, Z] — B be the canonical epimorphism.
Observe that if m (X)m(Y) = A € k then XY —\ € ker 7wy, so XY —(Z) divides XY — A
in k[X,Y, Z]; this is absurd because deg, (XY — ¥(Z)) > 0, so m(X)m(Y) ¢ k and it
follows that (71(X),m(Y),m(Z)) is a coordinate system of B, proving assertion (2).

Let (z,y, z) be any coordinate system of B and consider the surjective k-homomorphism
7w : k[X,Y,Z] — B which maps X,Y,Z to z,y, z respectively. As B is a domain of
transcendence degree 2 over k, ker 7 is a principal ideal generated by an irreducible element
of k[ X,Y, Z]. Since zy € k|z] \ k, there exists ¢(Z) € k[Z] such that deg, ¢(Z) > 0 and
xy = @(z); then P = XY — p(Z) belongs to kerm and is irreducible; consequently
ker 7 = (P). Thus we may assume that B = k[X,Y, Z]/(XY — ¢(Z)) and that 7 is the
canonical epimorphism. Let n = deg,(P) = deg, ¢(Z) and recall that n > 0. Viewing
P as a polynomial in Z with coefficients in k[X, Y], we note that its leading coefficient
belongs to k[.X, Y]*; so, by the division algorithm, for each F' € k[X,Y, Z] there exists a
unique pair (@, G) of elements of k[X,Y, Z] satisfying F' = PQ + G and deg,(G) < n;
consequently,

(39) For each b € B, there exists a unique G € k[X, Y, Z] such that deg,(G) < n and
b=G(z,y,z2)

or equivalently:

(40) x,y are algebraically independent over k and B is a free module over k[z, y] with
basis {1,z2,...,2""1}.

From (40) we deduce:

(41) k(z) N B = k|x].

Indeed, if b # 0 belongs to k(xz) N B then write b = >°,_, a;2" (with a; € k[z,y]); then

there exist a,a’ € k[z]\ {0} such that «’ = ab=3",_, (aq;)z*, which implies that a; = 0 for

all i > 0; so b € k[z,y]Nk(z) = k[z] and (41) is true. Note that y = 27 1p(z) € k(z)[2], so

it is clear that k[z, 2] C B C k(z)[2]; thus if we let S = k[z] \ {0} then S™'B =k(z)[z] =

k(z), from which we deduce:

(42) k[z] is factorially closed (and hence algebraically closed) in B.

Indeed, if by, by € B satisfy biby € k[z]\ {0} then by, by are units of S~'B = k(z)!! and so
belong to BNk(x) = k[z]. Statement (42) implies that B* = k[x]*; as x is transcendental
over k by (40), we obtain B* = k*. We claim:

(43) B =k(z)[z] Nk(y)[z] (intersection in Frac B).

Consider g € k(x)[z] Nk(y)[z] and write § = F(x,y,2)/f(x) = G(z,y,2)/g(y) where
F(X,Y,Z),G(X,Y,Z) € k[X,Y, Z], f(X) € k[X] and g(Y) € k[Y]. By (39), we may
arrange that deg,(F) < n and deg,(G) < n. Then g(y)F(z,y,2) = f(z)G(z,y, z) and
the uniqueness claim in (39) implies that g(Y)F(X,Y, Z) = f(X)G(X,Y, Z) in k[X,Y, Z].
So f| Fink[X,Y,Z], ie., F = fQ where Q € k[X,Y, Z]; thus § = Q(z,y,2) € B and
(43) is true. As k(z)[z] = k(z)™ and k(y)[z] = k(y)!!l are normal, so is their intersection
B. Assertion (1) is proved.
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It is easy to see that the k-derivation z-2 of the field k(z,z) = Frac(B) maps B into
itself; let D : B — B be the restriction, then clearly D is locally nilpotent and is the only
k-derivation of B which maps z to 0 and z to . We have k[z] < ker D < B; consideration
of transcendence degrees shows that ker D is algebraic over k[z|, so ker D = kx| by (42).
Let us now prove:

(44) LNDy[p)(B) = {aD| a € k[z]}.

Consider a nonzero element D’ of LNDg[,)(B) and note that ker D’ = k[z]. Exercise 2.12
implies that D’(z) € k[z] \ {0} and that D(z)D" = D'(z)D, so

(45) zD' = D'(z)D.

By (40), we may write D'y = . .

(46) Yicn(rai)?’ = zD'(y) = D'(2)D(y) = D'(2)¢'(2).

As D'z € k[z], (46) and (40) imply that V; xa; = A\;D'(2), where the \; € k are defined
by ¢'(Z) = ¥,_,, XZ" (and hence are not all zero). So D'z € klz] N ak[z,y] = zk[z],
ie., D'z = xa for some « € k[z]. Thus (45) gives D’ = «aD, which proves (44). It
follows that D is irreducible. Indeed, 2.19 implies that D = gDy for some oy € k]
and some irreducible Dy € LNDy(B); then (44) gives Dy = aD for some a € klz], so
D = apaD and hence o, ag € k*. So D is irreducible and assertion (3) is proved. To
prove assertion (4), consider:

a;z* where a; € K[z, y], so

u

k[Z] —“s k[X,Y, Z]

vlg lﬂ

ko] —L KXY, Z)/(XY — 9(2)) — KXY, 2)/(X, XY ~ o(2))
Then it is clear that
(47)  ker(goou) =K[Z] N (X, XY - ¢(2)) = k[Z] N <X, o(2)) = p(Z)K(Z)
and ker(g o f) = p(2)k|z] follows by applying v to (47). A

I =Xer (k[z] — B — B/xB) =ker(go f

we conclude that I = p(2)k[z] = xyk[z]. O
Exercise 9.1. Suppose that B is a Danielewski surface over k and that (z,y,z) is a

coordinate system of B. Show:

(1) (y,x, z) is a coordinate system of B; give an example where (z,z,y) is not a coor-
dinate system of B. Show that, for any «, 5,7 € k*, (azx, By,vz) is a coordinate
system of B.

(2) Any two elements of {x,y, z} are algebraically independent over k.

(3) k[z],k[y] € KLND(B) and k[z] Nk[y] = k.

9.4. Lemma. Let B be a Danielewski surface overk and let (x,y, z) and (z',y', 2") be two
coordinate systems of B. If k|x] = k(2’| and k[z] = k[2], then k[y] = Kk[v/].
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Proof. Since (2,4, 2') is a coordinate system and k[z] = k[2'], it follows that (z', ¢/, z) is a
coordinate system. By 9.3, we may consider D, D’ € LND(B) such that Dz =z, D'z = 2’
and ker D = k(] = ker D'; since D' is irreducible and LNDy,(B) = {aD | a € k[z]}, we
have D' = AD for some X\ € k*. Then 2’ = D'z = ADz = Az and consequenty (z,v’, 2)
is a coordinate system. Applying part (4) of 9.3 to each of (x,y, 2), (z,9’, z) shows that
each of zy,xy’ is a generator of the principal ideal I of k[z] defined by I = k[z] N zB.
Thus zy = pxy’ for some p € k*, so y = py’ and consequently k[y] = k[y/']. O

TAME AUTOMORPHISMS OF DANIELEWSKI SURFACES
9.5. Fix a coordinate system v = (x,y, z) of a Danielewski surface B over k.

9.5.1. Definition.
e Define 7 € Auty(B) by 7(z) =y, 7(y) = = and 7(2) = 2.
e For each f € k[z], define Ay € Auty(B) by Af(z) =z and As(2) = z + zf(z).
e Let G, be the subgroup of Auty(B) generated by {7} U{Af| f € k[z]}.
We call G, the tame subgroup of Auty(B).
The assignment (o, A) — «(A), where o € Auty(B) and A € KLND(B), is a left-action

of the group Auty(B) on the set KLND(B). We restrict this action to the subgroup G, of
Auty(B), then the main result of [8] is:

9.5.2. Transitivity Theorem. The action of G-, on KLND(B) is transitive.

As a corollary to the Transitivity Theorem, we obtain the following generalization of
Rentschler’s Theorem (recall that kI is a special case of Danielewski surface):

9.5.3. Corollary. Given any D' € LND(B), there exists § € G., such that § o Do 6! =
f(z)D for some f(z) € k|x], where D is the unique element of LND(B) satisfying Dx =0
and D(z) = x.

ISOMORPHISMS BETWEEN DANIELEWSKI SURFACES

Although we don’t need it for our purpose, we mention the following fact (see for
instance 2.10 of [7]).

9.6. Proposition. Let ¢,1 € k[Z] \ k and consider the Danielewski surfaces (overk):
BoKX.Y,Z)/(XY — (7)) and B =KX,Y,Z/(XY - 0(2).
Then B is k-isomorphic to B’ if and only if there exist 0 € Auty(k[Z]) and X\ € k* such
that ¥ = \0(p).
TWO CHARACTERIZATIONS OF DANIELEWSKI SURFACES

The following results are Theorems 2.5 and 2.6 of [7].

9.7. Theorem. Let B be a domain containing a field k of characteristic zero, let z € B
and let Dy, Dy € LND(B). Suppose that (z, D1, Do) satisfies:

(i) ker Dy # ker D,

(ii) For eachi = 1,2, ker D; = k!l and D;(z) € ker D; \ {0}.
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Then B is a Danielewski surface over k. Moreover, if Dy, Dy are irreducible then one of
the following holds:

(1) B =k and Dy(z), Dy(2) € k*
(2) B #k and (D,(2), Dy(2), 2) is a coordinate system of B.

9.8. Theorem. Let B be a UFD containing a field k of characteristic zero. Suppose that
D € LND(B) and z € B satisfy:

ker D = k[Dz] = k.
Then B is a Danielewski surface over k and the following hold:

(1) If D is irreducible then there exists y € B such that (Dz,y,z) is a coordinate
system of B.

(2) If D is not irreducible then B = k[z, Dz] = k2.

TWO LEMMAS ON LOCALIZATION

These facts have nothing to do with Danielewski surfaces, but we need them for the
discussion of local slice construction.

9.9. Notation. Given integral domains R < B, we write Bg = S™'B where S = R\ {0}
(so Rgr = FracR). If D : B — B is a derivation, we also write Dp = S™'D : B — Bp.

9.10. Lemma. Let R < B be domains, where B is finitely generated as an R-algebra.
Then A — Ag is a bijection KLNDg(B) — KLND(Bg), with inverse A — AN B.

Proof. Given A € KLNDg(B), choose D € LNDg(B) \ {0} such that ker D = A. By
exercise 2.1, Dg : Bgp — Bp is locally nilpotent and has kernel Ag. Since B is a domain,
Dp, is an extension of D; this implies that D # 0 (so Ar € KLND(Bg)) and A = ker D =
B Nker D = BN Ag, showing that A : KLNDg(B) — KLND(Bg) (A — Ag) is well-
defined and injective. To show that A is surjective, consider A € KLND(Bg). Choose
D € LND(Bg) \ {0} such that ker D = A; note that D is an Rp-derivation, because Rp
is a field contained in Bg (see 2.15). By assumption, we have B = R[by, ..., b,| for some
bi,...,b, € B. For each i € {1,...,n}, we have D(b;) € Bg; so there exists r € R\ {0}
satisfying V; rD(b;) € B. Since the derivation rD : Bg — Br maps R to 0 and maps
each b; in B, it maps B into itself; also, D is locally nilpotent, since r € ker D. Let
D : B — B be the restriction of rD, then D € LNDg(B) and ker D = A, where we define
A = BnNA. Since D has a unique extension to a derivation of Br, we have Dr = rD; in
particular Dg # 0, so D # 0 and A € KLNDg(B); by exercise 2.1 the kernel of Dp is Ag,
so we obtain A = A = A(A). So A is surjective. O

9.11. Lemma. Let B be a UFD, R a factorially closed subring of B and D : B — B an
irreducible R-derivation. Then Dy : B — Bp is irreducible.

Proof. Assume the contrary; then there exists b € Bg \ Br" such that Dr(Bg) C bBg. In
fact, such an element b may be chosen in B. Then some prime factor p € B of b satisfies
p € Br*. Since D is irreducible and p ¢ B*, we may choose x € B such that Dx & pB.
Since D(z) = Dg(z) € pBg, there exists r € R\ {0} such that p | rD(z) in B. Then p | r
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in B; since r € R\ {0} and R is an factorially closed subring of B, p € R\ {0}. Thus
p € Br", a contradiction. d

LOCAL SLICE CONSTRUCTION REVISITED

Adopting the viewpoint of Danielewski surfaces allows us to clarify and generalize
the notion of “local slice construction”. We do this in two steps. The first approach
(9.12) closely follows Freudenburg’s method in the case B = kIl but only gives a partial
clarification; the second approach (9.15) is simpler and more general.

Let k be any field of characteristic zero.

9.12. Let B be a k-affine UFD. Suppose that (A, R, w) satisfies:
(i) A € KLND(B)
(ii) R is a k-subalgebra of A such that Agp = K/ (where K = Rpy)
(iii) w € B satisfies Ap = K[Dw], where D : B — B is the unique® irreducible
derivation with kernel A (thus D € LND(B) and D # 0; see 2.20).

Then (A, R,w) determines an element A’ of KLND(B) which we now proceed to define.

We say that A’ is obtained from (A, R,w) by “local slice construction”, and we write
A" =1LSCc(A, R, w).

9.12.1. Proposition and definition. Let B, (A, R,w), K and D be as in 9.12. Then
Br is a Danielewski surface over K and there exists v € B such that (Dw,v,w) is a
coordinate system of Br. More generally, consider any (u,v) € B X B satisfying

(48) (u,v,w) is a coordinate system of Br and Ar = K[u].
Then the following hold:
(1) The ring K[v] is independent of the choice of (u,v) satisfying (48).
(2) The ring K[v] N B belongs to KLNDg(B).
We define LSC(A, R,w) = K[v] N B.

Remark. R[v] < LSC(A, R,w) < K[v], so LSC(A, R, w) is the unique element of KLND(B)
which contains R[v].

Proof of 9.12.1. By exercise 2.1, D : B — Bpg is locally nilpotent and has kernel
Ar = K. Since (Bg)* = (Ag)* = K*, it follows that the ring R’ = BN K is factorially
closed in B; thus Dgp : B — Bp is irreducible by 9.11. As R < R’ < K, we have
Br = Br and D = Dpg/, so Dy is irreducible. It follows from 9.8 that By is a Danielewski
surface over K and that, for some v € Bg, (Dw,v,w) is a coordinate system of Bg.
Multiplying v by a suitable element of R\ {0}, we may arrange that v € B; then the pair
(Dw,v) € B x B satisfies (48).

Assertion (1) is an immediate consequence of 9.4. If (u, v) satisfies (48) then (u, v, w) is
a coordinate system of B so exercise 9.1 implies that K [v] € KLND(Bg); then K[v]NB €
KLNDg(B) by 9.10. O

2D is unique up to multiplication by an element of B*.
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9.13. Example. We revisit Freudenburg’s “(2,5)-example”. Let B = k[X,Y, Z] and
f=XZ—Y? then A=K[X, f] € KLND(B). To perform a LSC on A, we define:

R=k[f] and w=X*+YFf

We claim that (A, R, w) satisfy conditions (i)—(iii) of 9.12. Indeed, the unique irreducible
D € Der(B) with kernel Ais D = Axp) = —X2 —2Y 2 so Dw=D(X3+Y[f) =
fDY = =X f. Writing K = Frac R = k(f), we have

K[Dw] = k(f)[=Xf] = k(f)[X] = Ag,

so conditions (i)—(iii) hold.

By 9.12.1, it follows that Br = k(f)[X,Y, Z] is a Danielewski surface over k( f) and that,
for a suitable v € B, (=X f,v,w) is a coordinate system of Bg; consequently, (X, v, w) is
a coordinate system of By so (X, v) satisfies condition (48). To compute v, we consider
the equation Xv = ¢(w), where ¢(T') € K[T] has positive T-degree. Replacing v and
©(T) by rv and re(T') respectively, where r € R\ {0}, we may assume that o(T") € R[T].
In other words, we seek an irreducible ®(S,T) € k[S, T| satisfying:

Xv=9(f,w), deg; P >0.

Following Freudenburg’s technique we set X = 0 and find ®(-Y?, —Y3) = 0, from which
we find ® = S3 +T2. So Xv = f? + w? and hence

v=X°+2X3Y 7 —2X?YV? + X?7% —2XY?Z? + Y Z.

Then LSC(A, R, w) is the unique element of KLND(B) containing R[v] = Kk[f, v]; one can
see that LSC(A, R, w) = k[f, v].

Remark. In the above example, we know that Bp is a Danielewski surface over k(f), that
(X,v,w) is a coordinate system of Bg and that Xv = f3 + w?; consequently Bpg is the
Danielewski surface k(f)[X1, Xo, X3]/(X1 Xy — X2 — f3).

9.14. Example. Let B = k[T, Ty, X,Y, Z] = kP! and consider A € LND(B) defined by
A(Tl) =0= A(Tg), A(X) = Tl, A(Y) = TQ, A(Z) =1 + L, where L = TQX — T1Y

The derivation A was studied by Winkelman in [18]. We show that it can be obtained
from 0/0Z by performing one LSC.

Let D = 8/8Z, A =ker(D) = k[T1,Ts, X, Y], R = k|[T}, Ts, L] < A and
w=X(T1Z —X(1+ L)). Then Dw = XT;. Writing K = Frac R = k(T},T», L), we have
Ar = K[X,)Y] = K[X| = K|XT\| = K[Dw] so (A, R,w) satisfies conditions (i)-(iii) of
9.12. By 9.12.1, Bp is a Danielewski surface over K and, for a suitable v € B, (XT}, v, w)
is a coordinate system of Bpg; thus (X, v, w) is a coordinate system of Bp.

We seek v. Note that Y € K[X, 7], so Bgr = K[X,Z] = K (which is a Danielewski
surface). As Br = K[X,Z] = K|X, Th'Z — X(1 + L)] = K[X,v], where we write
v="T27—-X(1+ L), it follows that (X,v, Xv) = (X,v,w) is a coordinate system of
the Danielewski surface Br. Thus (X, v) satisfies (48). Consequently LSC(A, R, w) is the
unique element of KLND(B) which contains R[v] = k[T, Ts, L,v]. As k[T1,T3, L,v] <
ker A is clear, we have LSC(A, R, w) = ker A.
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Paragraph 9.15 reformulates the notion of local slice construction in such a way that
the concept is now completely transparent (but the practical calculations are the same as
before).

9.15. Suppose that A € KLND(B), where B is any domain of characteristic zero. To
perform a LSC on A,

(1) Choose a subring R < A such that Bp is a Danielewski surface over K = Ry and
B is finitely generated as an R-algebra.

(2) Choose a coordinate system (u,v,w) of Bg such that Ap = K][u].

(3) Define A’ = K[v]N B and declare that A’ is obtained from A by performing a local
slice construction.

Comments.

e In step (1), there may not exist a ring R with the desired properties; in that
case, it is impossible to perform a LSC on A. Assuming that such rings R exist,
finding one may be difficult in practice. Note that the same difficulty exists in the
approach of 9.12, i.e., one has to “find” a triple (A, R, w) in order to perform a
LSC.

e Once we have a ring R as in step (1), 9.10 implies that Ar belongs to KLND(Bg);
then the theory of Danielewski surfaces implies that there exist infinitely many
coordinate systems (u, v, w) of Bg satisfying Ap = Klu| as in step (2).

e Result 9.10 also implies that, in step (3), A’ € KLND(B) and A’ # A.

e It is clear that if A’ can be obtained from A by performing a local slice construction,
then A can be obtained from A’ by performing a local slice construction.

Remark. Of course one could further generalize the LSC by replacing, in 9.15, the class
of Danielewski surfaces by any other class of rings for which we understand the locally
nilpotent derivations. However:

e We don’t know which class of rings would give a useful theory.

e The class of Danielewski surfaces seems to be “the right choice”, and perhaps the
only natural choice, if our aim is to understand the ring B = k. Indeed, the
study of homogeneous locally nilpotent derivations of k¥ leads naturally to that
class of rings, because the geometric modification of affine rulings turns out to be
nothing else than LSC (see part (3) of 8.14). So the arbitrariness character of the
LSC disappears when we consider the homogeneous theory of k.

9.16. Definition. Given a domain B of characteristic zero, define the graph KLND(DB)
whose vertex-set is KLND(B) and in which distinct vertices A, A’ € KLND(B) are joined
by an edge if one can be obtained from the other by LSC (defined as in 9.15).

More precisely, KLND(B) is a non-oriented graph such that there is at most one edge
between any two vertices, and where no edge connects a vertex to itself. Note that there
is a natural action of Auty(B) on KLND(B).

9.17. Example. If B is a Danielewski surface over some field k of characteristic zero then
KLND(B) is a connected graph with |k| vertices. It is a tree if and only if degy > 3,
where B =k[X,Y, Z]/(XY — p(2)).
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9.18. Corollary. Let B = kP! where k is a field of characteristic zero and consider two
elements K[f, g] and k[ f, h] of KLND(B), where K[f, h] is obtained from k[f, g] by LSC (or
vice-versa). Then KLNDys(B) contains [k| elements and any two of them are related by
a sequence of LSCs.

Proof. By definition 9.15 of the LSC, there exists a ring R < k[f, g] Nk[f, h] such that Bg
is a Danielewski surface over Rp. It is easy to see that R = k[f] has the desired property.
Note that the bijection KLND(Bgr) — KLNDg(B) of 9.10 preserves edges, when regarded
as a map from KLND(Bg) to KLND(B); thus the assertion follows from 9.17. O

9.19. Example. Let B be a domain of transcendence degree 2 over a field k of charac-
teristic zero. Suppose that ML(B) = k (where ML(B) is the intersection of ker(D) for all
D € LND(B)) and that B is not a Danielewski surface over k. Then KLND(B) is a graph
with |k| vertices and no edges.

10. PoLyNnoMIALS f(X,Y,Z) WHOSE GENERIC FIBER IS A DANIELEWSKI SURFACE

The graph KLND(B) is an invariant of the ring B and, presumably, can be used for
investigating the structure of B. However 9.19 shows that, for certain rings, it is totally
useless to consider that graph. In the case B = k¥, it seems that KLND(B) contains just
the right amount of edges to be interesting.

From now-on, let B = k¥l where k is a field of characteristic zero. The main question
is:
Question 1. What is the structure of KLND(B) ?

Of course, this is very difficult. A particularly intriguing aspect of question 1 is:

Question 2. Which subalgebras R of B satisfy: Bp is a Danielewski surface over Rg ?

Exercise 10.1. If R is a subalgebra of B such that By is a Danielewski surface over Rpg,
then so is R' = B N Frac(R). Moreover, Bg = Br and R’ is factorially closed in B.

In view of this exercise, there is no loss of generality if we restrict question 2 to rings
R which are factorially closed in B. In other words, question 2 should be replaced by:

Question 3. Which subalgebras R of B satisfy:

(%) Bpr is a Danielewski surface over Rr and R is factorially closed in B.
We shall now discuss question 3.
10.1. Lemma. If R is a subalgebra of B satisfying (%) then R = k.

Proof. Since By, is a Danielewski surface over Rr we have trdegy B = 2, so trdeg, R = 1.
We also have |KLND(Bg)| > 1, so |KLNDg(B)| > 1 by 9.10. Pick distinct A, A" €
KLNDg(B). By a result in Freudenburg’s lectures, ANA’ is either k or kl'); since ANA’ O R
and trdeg, R = 1, we have ANA’ = kIl and AN A’ is algebraic over R. As R is factorially
closed in B by assumption, it is algebraically closed in B and hence R = AnA’ =k, O
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10.2. Definition. Let f € B = k[X,Y,Z] and R = k[f]. The k(f)-algebra By =
k(f)[X,Y, Z] is called the generic fiber of f. If Bg is a Danielewski surface over Rg = k(f),
we call f a polynomial “whose generic fiber is a Danielewski surface”.

10.3. Lemma. If f € B is a polynomial whose generic fiber is a Danielewski surface then
k[f] is factorially closed in B.

Proof. The fact that k(f)[X,Y, Z] is a Danielewski surface over k(f) implies that
k(f)[X, Y, Z]" = k(f)"

and it follows that R = k(f) N B is factorially closed in B; as Bg = k(f)[X,Y, Z] is clear,
we obtain that R satisfies (x). By 10.1, it follows that R = k|[g] for some g € B, so we
have k[f] C k[g] and k(f) = k(g). Consequently, k[f] = k[g] and hence k[f] is factorially
closed in B. O

Combining 10.1 and 10.3 gives:

10.4. Corollary. The rings R which answer question 3 are exactly the k[f] where f € B
is a polynomial whose generic fiber is a Danielewski surface.

Note that 10.4 replaces question 3 by

Question 4. Describe the class (call it “C”) of polynomials f € B whose generic fiber
is a Danielewski surface.

Let us make a few comments concerning the class C.

(1) If the local slice construction turns out to be significant in the study of k¥ (and
at this time it seems to be an interesting idea) then the above facts suggest that
the class € should also play a significant role.

(2) The class € contains in particular all variables: If f is a variable of B then
k(f)[X,Y,Z] = k(f)? is a Danielewski surface, so f € €. Also note the con-
verse: If f € B satisfies k(f)[X,Y,Z] = k(f)? then a result of Kaliman [13]
implies that f is a variable of B.

(3) The polynomials {Hn}zo:l all belong to € (these are the standard-homogeneous
polynomials of degrees 1,2,5,13,34,... which were defined inductively in one of
Freudenburg’s lectures). If we assume that k is algebraically closed then, as a
corollary to [11], one can show that the H,, are the only® standard-homogeneous
elements of €. The same list of polynomials has arisen in the work of several
researchers (for instance Kashiwara or Gizatullin) investigating problems which
have apparently nothing to do with the LSC. Also note that the zero-set of Hj in
P? is Yoshihara’s quintic [20].

(4) The elements of € which are homogeneous with respect to some positive weights
w = (ag, a1, az) are partially understood: See the discussion of Gizatullin curves
below. However many elements of € are not homogeneous (with respect to positive
weights). For instance, if ¢(Z) € k[Z] is any nonconstant polynomial then XY —
©(Z) is a member of € (these are among the simplest members of C).

3Up to a linear automorphism of k[X,Y, Z].
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(5) Suppose that f € €. Then it is not difficult to see that the general fiber of f is a
Danielewski surface, i.e., k[X,Y, Z]/(f — A) is a Danielewski surface for almost all
A € k. However, in most cases there does not exist an automorphism of k[ X, Y, Z]
which maps f — A to a polynomial of the form XY — ¢(Z). In other words, this
gives Danielewski surfaces which are embedded in A? in non-standard ways (this
is the case for H, — A when n > 3 and A # 0).

From now-on, assume that k is an algebraically closed field of characteristic zero and
let w = (ag,a1,az), where ag, ay,as are pairwise relatively prime positive integers. Let
B = kBl and consider (B,w) and P, as in section 8.

10.5. Definition. Let us say that a curve C'in P,, is a Gizatullin curve if it is irreducible,
rational and such that:

(%) The affine surface P, \ C is completable by a zig-zag.

10.6. Theorem. Consider an irreducible f € B which is w-homogeneous. Then tfae:

(1) V(f) C P, is a Gizatullin curve.
(2) f € C, i.e., the generic fiber of f is a Danielewski surface.

This result is equivalent to Proposition 7.3 of [11]. That paper also explains how to
construct all Gizatullin curves of P, for any w. In this sense we can say that the w-
homogeneous elements of € are (at least partially) understood.
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