COMPLETE INTERSECTION SURFACES
WITH TRIVIAL MAKAR-LIMANOV INVARIANT

DANIEL DAIGLE AND RATNADHA KOLHATKAR

ABSTRACT. We develop a framework for studying normal rational surfaces which are
connected at infinity and admit an A!-fibration. As an application, we obtain the
following result. Let S be an affine surface over a field of characteristic zero. If S is a
complete intersection and has trivial Makar-Limanov invariant, then S is isomorphic
to a hypersurface of affine 3-space with equation XZ = P(Y'), for some nonconstant
polynomial P(Y') in one variable.

1. INTRODUCTION

Sections 6-8 of this paper define and study a set map (K, B) — (U, p) that “con-
structs” all pairs (U, p) such that U is a normal surface which is connected at infinity
and p : U — V is a surjective morphism whose general fiber is an affine line and whose
codomain V' is an affine nonsingular rational curve (it then follows that U is rational).
One obtains (U, p) from (P! x P!, p;) (where p; : P* x P! — P! is the first projection)
by first performing certain blowings-up, then contracting certain divisors to normal
points, and finally removing certain curves; here, one can think of (K, B) as a “recipe”
that dictates which blowings-up, contractions and removals to perform (for the purpose
of this introduction, we don’t need to know what type of objects K and B are).

The map (K, B) — (U, p) provides a framework for investigating normal rational
surfaces U which are connected at infinity and admit an A'-fibration, and it is one of
the aims of this paper to develop that framework in a methodical way. Accordingly,
sections 6-8 give several results (notably 7.4 and 7.12) that describe how the properties
of the surface U are related to those of the data (K, B). As a first (and minor) reward,
we obtain a 1-line proof of Rentschler’s Theorem (see 7.2). The main application of the
theory is a generalization of a result of Bandman and Makar-Limanov obtained in the
last section of this paper; before presenting this result, we introduce some terminology.
Note that more applications of the theory will be given in the forthcoming [8].

A derivation D : R — R of a ring R is said to be locally nilpotent if, for each = € R,
there exists a positive integer n such that D" (z) = 0. If k is a field of characteristic zero
then the Makar-Limanov invariant of a k-algebra R, denoted ML(R), is the intersection
of the kernels of all locally nilpotent k-derivations of R. Thus k C ML(R) C R
and ML(R) is a subalgebra of R. When ML(R) = k one says that the k-algebra
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R has trivial Makar-Limanov invariant. For an affine variety X over k one defines
ML(X) = ML (Ox(X)), where Ox(X) denotes the coordinate algebra of X; thus
k € ML(X) € Ox(X). One says that X has trivial Makar-Limanov invariant if
ML(X) = k. It is well known that X admits a nontrivial G,-action if and only if the
inclusion ML(X) C Ox(X) is strict. (Remark: the sentence “X is an affine variety
over k” means that X = Spec R where R is an integral domain and a finitely generated
k-algebra. In that case we have Ox(X) = R. Also note that algebraic varieties are
always assumed to be irreducible and reduced. This should be remembered whenever
the words curve, surface, threefold or hypersurface are encountered.)

Given a field k of characteristic zero, let ®(k) denote the class of k-algebras of
the form k[X,Y, Z]/(XZ — P(Y)) for some nonconstant polynomial in one variable
P(Y) € k[Y] \ k. It is well known and easy to see that each member R of ©(k) is
a normal domain satisfying ML(R) = k. Also consider the class of affine surfaces S
over k satisfying Og(S) € D(k), and let this class of surfaces be denoted by the same
symbol ®(k); in other words, a surface belongs to D (k) if and only if it is isomorphic
to a hypersurface of A} with equation zz = P(y), with P nonconstant. By what we
have already said, each member of ®(k) is in particular a normal affine surface with
trivial Makar-Limanov invariant.

Bandman and Makar-Limanov gave an example in [3] of a smooth affine surface S
over C satisfying ML(S) = C and S ¢ ©(C). In the same paper, they proved that
if S is a smooth hypersurface of C? satisfying ML(S) = C, then S € ®(C). In the
present paper we generalize that result by dropping the assumption on smoothness and
by replacing C by an arbitrary field of characteristic zero. We prove the following:

Theorem 9.9. Let R be a two-dimensional' integral domain which contains a field k
of characteristic zero. The following conditions are equivalent.

(a) R € D(k)

(b) ML(R) =k and R is 3-generated as a k-algebra

(¢c) ML(R) =k and R is a complete intersection over k.

Here, we say that a k-algebra R is a complete intersection over k if it is isomorphic to
a quotient k[X1,...,X,]/(f1,..., fp) for some n,p € N, where (f1,..., f,) is a height p
prime ideal of the polynomial ring k[X7,..., X,,]. If R is a complete intersection over
k, we also call Spec R a complete intersection over k. Translating the above result into
geometric language gives the equivalence of (a), (b), (c) in the following:

Theorem. Let k be a field of characteristic zero and S an affine surface over k. The
following conditions are equivalent.
(a) S € D(k)
(b) ML(S) =k and S is isomorphic to a hypersurface of A}
(¢) ML(S) =k and S is a complete intersection over k.
Moreover, if we assume that k is algebraically closed then the above are equivalent to:
(d) ML(S) =k, S is normal, and S\ Sing(S) has trivial canonical class.

I'With respect to Krull dimension.
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The sentence “S'\ Sing(.S) has trivial canonical class” should be understood as mean-
ing that a canonical divisor of the nonsingular surface S\ Sing(5) is linearly equivalent
to zero. Equivalence of (a) and (d) follows from Theorem 9.8. (Note: H. Flenner
informed us that his student Kai Ledwig recently obtained, as part of his thesis work,
the equivalence of (a) and (d) in the case k = C.)

One obvious consequence of the above results is the fact that every hypersurface S
of A} with ML(S) = k belongs to D (k). More generally,

Corollary. Let X be a factorial threefold and a complete intersection over a field k of
characteristic zero. Then every hypersurface S of X with ML(S) = k belongs to © (k).

Indeed, if X is factorial and a complete intersection then every hypersurface of X is
itself a complete intersection, so the claim follows from the theorem.

As a concrete application, let X be Russell’s cubic, i.e., the solution-set of z + 2%y +
22 4+13 = 0 in A}; then X satisfies the hypothesis of the Corollary, so every hypersurface
S of Russell’s cubic with ML(S) = k belongs to © (k).

For another example, observe that if X is a threefold satisfying X x A} = Aﬁ+3 for
some n then X satisfies the hypothesis of the Corollary, so again every hypersurface S
of X with ML(S) = k belongs to © (k).

We stress that, in the last two theorems, equivalence of conditions (a—c) is valid
over any field of characteristic zero. To illustrate how this can be useful, we now give
a new proof of a known result. Consider the polynomial ring B = C[X,Y, Z] and let
0+# D;: B — B (i =1,2) be locally nilpotent derivations satisfying ker(D;) # ker(D5)
and ker(D;) Nker(Ds) # C. Let K be the field of fractions of A = ker(D;) Nker(D,)
and consider the K-algebra R = K ®4 B. Then R € D(K), by the main result of [5].2
Here we just want to point out that this is a trivial consequence of theorem 9.9: it is
clear that R is 3-generated as a K-algebra, and it is easy to see that dim R = 2 and
ML(R) = K; so R € ©(K) by 9.9.

Sections 2 (on tableaux), 3 (on surfaces) and 4-5 (on clusters) are preparatory in
nature. The theory of clusters provides a convenient way of handling arbitrary se-
quences of blowings-up of nonsingular surfaces, and of keeping track of the combina-
torial and arithmetical data associated with such sequences. Other formalisms have
similar purposes (Hamburger-Noether tableaux, characteristic pairs, etc), but clusters
lend themselves particularly well to the type of arguments that have to be made here,
and some of the crucial steps of our reasoning would be difficult to carry out if a differ-
ent formalism were used. Because clusters do not seem to be very well known by affine
algebraic geometers, we found it appropriate to organize the definitions, notations and
facts in an orderly and self-contained fashion, to make it easier on the reader. We do
that in section 4, whereas section 5 offers what we believe to be new results in the
theory of clusters.

2Generalizations of this can be found in [7].
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Hence, the objectives of the paper go beyond merely proving Theorem 9.9. They
include laying out a framework suitable for studying normal rational surfaces with Al-
fibrations, and presenting the part of the theory of clusters which is relevant in this
context.

More applications of the theory will be given in the forthcoming paper [8] by the
first author: by exploiting results 7.4 and 7.12 of the present paper and developing
the theory of exact tableaux, one obtains some insight into a class of surfaces which
includes in particular the normal rational hypersurfaces of A* which admit a nontrivial
G,-action.

We thank the referee for his useful comments, which allowed us to improve the clarity
of the paper.

2. TABLEAUX
We gather here some notions which are used in sections 4, 5, 7, and 8.

2.1. Definition. A tableau is a matrix 7" = (2} I £") whose entries are integers satis-
fying ¢; > p; > 1 and ged(p;, ¢;) = 1 for alli =1,...,h. We allow h = 0, in which case
we say that 1" is the empty tableau and write T" = 1. The set of all tableaux is denoted
T. It is sometimes useful to view T as a monoid, the operation being concatenation:

(p1 pk) (pk+1 pe) _

P1 -t Pk Pk+1 "'Pe
c1 vt Ck Ck+1 * Ce

€l " Ck Chk41 "°Cp

and the identity element being the empty tableau 1.

2.2. Definition. Let T'= (%! 7 P») be a tableau.
(a) If T is empty (h = 0), we set 6(7") = 0. If T' is nonempty (h > 1), we define
G = H?:Hl ¢c; for each i € {1,...,h} (in particular, ¢, = 1); then we set

o(T) = (Z?:l ¢i(ci+pi — 1)) / (H?:l Ci) )
which is a positive rational number.
(b) We say that T is ezact if §(T") is an integer.

2.3. Lemma.
(a) { (L) | c€Z and ¢ > 1} is the set of all exact tableauz having 1 column, and
is also the set of all tableaux T satisfying 6(T) = 1.
(b) { (11) | c€Z and c > 1} is the set of all ezact tableauz having 2 columns,
and is included in the set of tableaux T satisfying 0(T) = 2.
(¢) If h >0 and (%} 7221 is an ezact tableau then py, = 1.

Proof. Left to the reader. O

3. PRELIMINARIES ON SURFACES

This section gathers definitions, notations and known facts on algebraic surfaces. All
surfaces are over an algebraically closed field k.
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3.1. Let f : X — Y be a birational morphism of nonsingular surfaces. The center
of f is the finite set cent(f) = {y € Y | f~*(y) contains more than one point }; the
exceptional locus of f is the set exc(f) = f~(cent(f)).

3.2. By a “graph” we mean a finite undirected graph such that no edge relates a vertex
to itself and at most one edge exists between any given pair of vertices. A weighted
graph is a graph in which each vertex is assigned an integer (called its weight). If G
is a weighted graph and x is either a vertex or an edge of GG then one can perform the
blowing-up of G at x, which is an operation which produces a new weighted graph; we
assume that the reader is familiar with blowing-up of weighted graphs, and with its
inverse operation the blowing-down (refer to section 1 of [6], for instance). A vertex e of
a weighted graph G is said to be contractible if (a) e has weight (—1); (b) e has at most
two neighbors; and (c) if e has two neighbors u # v then u, v are not neighbors of each
other. One can perform the blowing-down of G at e if and only if e is a contractible
vertex of G. A weighted graph which doesn’t have any contractible vertex is said to be
minimal. Two weighted graphs are equivalent if one can be obtained from the other
by a finite sequence of blowings-up and blowings-down.

3.3. Definition. Let 1, ..., C, be distinct irreducible curves on a surface W. If
(i) each C; is a nonsingular projective curve included in W\ Sing(W)
(ii) (C;- Cj)w <1 whenever i # j
(iii) C; N C; N C; = @ whenever 1, j, k are distinct,
one says that D = " | C; is an SNC-divisor of W. We sometimes identify an SNC-
divisor D = > | C; with its support supp(D) = Ui, C;. It D = 7" C; is an
SNC-divisor of W then the dual graph of D in W, denoted G(W, D), is the weighted

graph whose vertex-set is {C1, ..., C,}, where distinct vertices C;, C; are joined by an
edge if and only if C; N C; # @, and where the weight of the vertex C; is (C?)w
T2 Tq

3.4. By a “linear chain” we mean a weighted graph of the form ‘¢
(x; € Z). The empty graph is a linear chain. An SNC-divisor whose dual graph is a
linear chain is also called a linear chain.

—e

3.5. If U is a normal surface then there exists an open immersion p : U < W where W
is a complete normal surface and W\ U is the support of an SNC-divisor D of W. The
equivalence class of the dual graph G(W, D) (with respect to equivalence of weighted
graphs) is denoted G [U], and is uniquely determined by the isomorphism class of U.

3.6. Let U be a normal surface. Then there exists a minimal SNC-resolution of sin-
gularities of U, by which we mean a birational and proper morphism o : U — U such
that

(i) U is a nonsingular surface and o restricts to an isomorphism from o~ !(U,) to
Us, where Us = U \ Sing(U);
(i) the set & = 0~!(Sing U) is the support of an SNC-divisor of U;
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(iii) no rational irreducible curve E C € is a contractible vertex of the dual graph
of &in U.
Moreover, the minimal SNC-resolution of singularities of U is unique up to isomor-
phism. If o : U — U is the minimal SNC-resolution of singularities of U and P is a
singular point of U then o~!(P) is the support of an SNC-divisor of U; the set o~ !(P)
is called the resolution locus of P, and the dual graph of o=!(P) in U is called the
resolution graph of P.

3.7. Let X be a nonsingular projective surface, € C X a union of curves, and &4,...,¢&,
the connected components of £. We say that € is algebraically contractible if there exist
a normal surface X and a morphism 7 : X — X satisfying:
o for each i € {1,...,r}, m(&;) is a point P; € X and 7~ 4(P)) = &;;
e T restricts to an isomorphism from 77X \ {P,,...,P.}) =
to X\ {P,...,P}.

If 7 exists then it is unique, and is called the contraction of E.

The following is a consequence of Artin [2] (see also Miyanishi [18], p. 53): If f :
X — Y s a birational morphism of nonsingular projective surfaces and € C X is a
union of curves included in exc(f), then & is algebraically contractible. In fact, one
can say more: let ¢ : X — X be the contraction of & and g : X --» Y the birational
mapping f o ¢™'; then it is clear that g is well defined as a set map; using that X
is normal, one can show that g is actually a morphism. So one obtains the following
statement:

3.8. Let f : X — Y be a birational morphism of nonsingular projective surfaces and
€ C X a union of curves included in exc(f). Then € is algebraically contractible and
f factors as X S X LY, where ¢ is the contraction of & and g is a proper birational
morphism.

3.9. Let W be a projective, nonsingular rational surface. A pencil A on W is called a
PL-ruling if it is base-point-free and if its general member is a projective line. If A is a
P!-ruling of W then by a section of A we mean an irreducible curve H C W such that
H-D =1for any D € A (it then follows that H = P*).

3.10. Let W be a projective, nonsingular rational surface, p : W — P! a surjective
morphism, and A the base-point-free pencil on W corresponding to p. If the general
fiber of p is a projective line, one says that p is a P!-fibration. Note that p is a P!-
fibration if and only if A is a P'-ruling.

3.11. Notation. Recall that, given k € N, there exists a triple (Fy, Ly, Ax) where Fy
is a nonsingular projective rational surface, L, is a base-point-free pencil on F; each
of whose elements is a projective line, and Ay, is a section of L satisfying A? = —k.
Moreover, (Fg, Ly, Ay) is uniquely determined by & up to isomorphism. The surface Fy,
is called the Nagata-Hirzebruch ruled surface of degree k.
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Statements 3.12 and 3.13, below, are well-known consequences of Gizatullin’s results
on P!-fibrations. Refer to [13], [17] or [18].

3.12. Let A be a P'-ruling on a projective, nonsingular rational surface W. Then A has
a section. Moreover, if H is a section of A then there exist a nonsingular projective
surface F and a birational morphism w: W — T satisfying:

(a) The exceptional locus of 7 is the union of the irreducible curves C C W which
are A-verticalP and disjoint from H.

(b) The linear system m.(A) is a base-point-free pencil on F each of whose elements
is a projective line, and the curve w(H) is a section of it.

(c) (F,m(A)) = (Fy,Ly) for some k € N; moreover, if H* < 0 then H* = —k and

3.13. Let A be a P'-ruling on a projective, nonsingular rational surface W. Let H be
a section of A, let D € A and let M be the reduced effective divisor of W satisfying
supp(M) = supp(H + D). Then the following hold.

(a) M is an SNC-divisor of W each of whose irreducible components is a P*.

(b) The dual graph G of M in W is a tree and the vertexr H of G has ezxactly one
neighbor in G (let v denote the unique neighbor of H in G).

(¢) Ewvery vertex of G of weight (—1) is a contractible vertex of G.

(d) If G has more than two vertices then every vertex of G\ {H} has negative weight
and some vertex of G\ {H,v} has weight (—1).

(e) Let p: W — P! be the P -fibration corresponding to A, let C' be an irreducible
component of D satisfying (C*)w = —1, and let o : W — W' be the contraction
of C. Then the rational map po o=t : W --s P is a morphism and a P*-
fibration.

(f) If G has two vertices then the weight of v is 0.

4. PRELIMINARIES ON CLUSTERS

This section recalls the notion of cluster, which provides convenient terminology
and notations for dealing with arbitrary finite sequences of blowings-up of nonsingular
surfaces. Refer to Chapter 1 of [1] for general background.

Throughout this section, we fix a nonsingular algebraic surface S over an alge-
braically closed field of arbitrary characteristic. By a “point over S,” we mean either
a point of S or a point infinitely near a point of S. Consider the partially ordered set
(S*, <), where S* is the set of points over S and P < () means that @) is infinitely near
P. The partial order < is called the natural order, and the symbol “<” will always
stand for that order. The minimal elements of (S*, <) are called “proper points” of
S and correspond bijectively to the closed points of S. We leave it to the reader to
convince himself that (5*, <) can be rigorously defined, and that this can be done in
such a way that the claims contained in this section are true.

3A curve C C W is said to be A-vertical if it is included in the support of an element of A.
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4.1. Definition. A cluster on S is a (possibly empty) finite subset K of S* with the
property that, for any P, Q) € S*, the conditions P < ) and ) € K imply P € K. A
cluster is always regarded as being partially ordered by the natural order. Note that if
K is a cluster on S then each minimal element of K is a proper point of S. If K is a
cluster on S then a subcluster of K is any subset of K which is itself a cluster on S.

4.2. Given P € S§*, define Kp = {:U eS*|z<P } Then Kp is a nonempty cluster
on S, and is totally ordered by natural order.

4.3. Given a cluster K on S, one defines the blowing-up of S along K, denoted
TK SK — S,

as follows. Choose a total order < on K which extends the natural order (which means
that P < Q = P 2 Q), write K = {P,,..., P,} where P, < --- < P,, and consider
S, I oo Iy Sy = S where S; &5 S;_4 is the blowing-up of S;_; at the proper point
P; of S;_y. Then the morphism 7y o---om, : S, — Sy is the blowing-up nx : Sx — 5
of S along K.

Actually, the blowing-up 7 : Sx — S is only defined up to equivalence (given
nonsingular surfaces Y3, Y, and proper birational morphisms f; : Y; — 5 (i = 1,2),

declare that fi, fo are equivalent if there exists an isomorphism of varieties 6 : Y7 — Y5
such that fo 00 = fi).

4.4. If K is a cluster on S and K’ a subcluster of K then K \ K’ is a cluster on Sk
and we have the commutative diagram:

Sk
WKV \Y/
Sk — S

4.5. We write Div(.S) for the group of Weil divisors of S, and CI(S) for the divisor class
group of S.

4.6. Let K be a cluster on S and let mx : Sk — S be the blowing-up of S along
K. Given P € K, one can define the corresponding exceptional curve Ep as follows.
Choose a total order < on K which extends the natural order, write K = {P;,..., P,}

where P, < --- < P,, and consider the factorization
(1) Sk =208, 58 ==5

of T : Sk — S, where S; =% S,_; is the blowing-up of S;_; at the proper point P;
of S;_1. Then there is a unique i such that P = P; and we set Ep = 7, }(P) C S,.
The strict transform (resp. total transform) of Ep on Sk is denoted EX C Sk (resp.
E[P( € Div(Sk)); observe that EX and E? are independent of the choice of <. Given

D e Div(S), we write lN)K,EK € Div(Sk) for the strict transform and total transform
of D, respectively.
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4.7. Given P € S* and D € Div(S), consider the cluster K(py={z € K | z <P} on
S, the corresponding blowing-up 7k, : Sk, — S and the strict transform DX ¢
Div (SK(P)) of D. As P is a proper point of Sk, it makes sense to consider the

multiplicity of P on DX we denote this integer by e p(D) and call it the multiplicity
of P on D. So each point P € S* has a multiplicity on D € Div(S).

4.8. Lemma. Let K be a cluster on S and consider wg : Sg — S.
K

(a) If D € Div(S) then D" = DX+, ,cep(D)Ep.

(b) If k € Div(S) is a canonical divisor of S then B + 3 pex Fﬁ is a canonical
diwvisor of Sk.

Proof. See 1.1.18 and 1.1.26(7) of [1]. O

4.9. Given a cluster K on S and an irreducible curve G C S, we define
Ke={PeK | ep(G)>0},

which is a subcluster of K. In short, Kq is the set of points P € K which lie on a
strict transform of G.

4.10. Definition. Let K be a cluster on S. Choose a total order < which extends the
natural order, and write K = {P;,..., P,} where P, < --- < P,. The pair (K, <)
determines the n x n matrix Q(K, =) = Q(K) = Q defined as follows. For each

j€{1,...,n}, define ay;,...,a,; € N by Ef.fj =", aing (see 4.6 for the notations

ay;
E{Df_ and Eg) Then let Q be the n x n matrix* whose jth column is < : >
We write Q,;(K) for the i-th row of Q(K). For the last row of Q(K) wo may write
Q.(K) (if Q(K) isn x n) or Q.(K) (if we prefer not to mention the “n”).
Given a subset A of K, we write Q4 for the (n — |A|) x n submatrix of Q obtained
by deleting the 7th row of Q for each P; € A.

The following observation is trivial, but useful:

4.11. Lemma. Let K be any cluster on S, choose a total order X extending the natural
order <, write the elements of K as P, < --- < P, and consider the n X n matrix
Q = Q(K, <) = (a;;) defined in 4.10. Then for anyi,j € {1,...,n},

(a) a;; is a nonnegative integer

(¢) if aij # 0, then P; < P; (in particular j <1, so Q is lower triangular).

Proof. These claims follow immediately from E;{j = aljﬁ’g + anjﬁfa(n , which is
the definition of Q. O

“In the terminology of [1], Q is the inverse of the proximity matrix of the cluster K.
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CONCENTRIC CLUSTERS AND TABLEAUX

Recall that if K is a cluster on S and < is the natural order, then (K, <) is a partially
ordered set.

4.12. Definition. A cluster K on S is said to be concentric if (K, <) is totally ordered.

Consider a sequence S, = --- =% Sy = S, where S; =5 S,_; is the blowing-up of
S;—1 at a proper point P; of S;_y. Then K ={Py,...,P,} isaclusteron S, mjo---om,
is the blowing-up of S along K, and the condition
(2) mi(Py1) =P foralli=1,....n—1

is equivalent to K being concentric. Sequences S, ~% --- *% Sy = S satisfying (2)
determine combinatorial and arithmetical objects which have been studied extensively
by algebraic geometers. In 4.13, we explain how a concentric cluster determines a
tableau (refer to 2.1 for the definition of tableau).

4.13. Definition. Consider a triple (S, K, C) of the following type:

(%) S is a nonsingular projective surface, K is a concentric cluster on S, C' C S is
a nonsingular irreducible curve and, if K # &, C passes through the unique
minimal element of K.

Then (S, K, C) determines a tableau T'(S, K, C') € T which we now proceed to define.

Write K = {P,,...,P,} with P, < --- < P, (where < is the natural order) and
factor mx : S — S as

S =Sy &L S &2 &S, = Sk

where 7; is the blowing-up of S;_; at P;; also let E; = m; *(P;) C S;. For each i such that
1 <@ < n, note that the point P; € S;_; belongs to either 1 or 2 irreducible components
of the closed subset (my0---om_1) 1 (C) of S;_1; if P, belongs to 1 component (resp. 2
components), we say that m; is sprouting (resp. subdivisional) with respect to (S, C).
Clearly, if K # @ then m; is sprouting with respect to (S, C'). Let h(S, K, C') denote the
number of blowings-up among 7, ..., m, which are sprouting with respect to (S, C).
We now define the tableau 7'(S, K, C).

4.13.1. If h(S, K,C) =0 (i.e., K = @), we set T(S, K,C) =1 (the empty tableau).

4.13.2. Assume that h(S, K,C) =1, i.e., K # @ and 7 is the only sprouting blowing-
up among mq, ..., T,. Lhen 7TI_(1<C) is the support of an SNC-divisor of S,, whose dual
graph is a linear chain as follows:

w2 enmn (g
(3) CH e et En
p c

where CX C S, denotes the strict transform of C. Let p and ¢ be the determinants®
of the subtrees indicated by the braces in diagram (3) and define 7'(S, K, C) = (7). It

For the definition of the determinant of a weighted graph, see for instance 3.15 of [9]; note that
the determinant of the empty weighted graph is equal to 1.
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is well known that p, ¢ are integers satisfying 1 < p < ¢ and ged(p, ¢) = 1; thus (’C’) is
indeed a tableau.

4.13.3. More generally, assume that h(S,K,C) > 1 and let j; < --- < j, (where
h = h(S, K,C)) be the elements of

{j | 1 <j <nand 7; is sprouting with respect to (5, C) }

Note that j; = 1 and also define j, 1 =n+ 1 and Ey = C. For each v € {1,...,h},
let K, = {H | 4 §i<jy+1};then

(Sj,—1, Ky, Ej,_1) satisfies condition (x) of 4.13 and h(S;, -1, K,, E;,—1) = 1,

so it makes sense to define (I’C’Z) =T(S;,-1,K,,Ej,_1) as in 4.13.2. This defines (JZ:)
for v =1,..., h. We may therefore define

T(S,K,C) = (B,

Ch

4.14. Remarks. Suppose that (S, K,C) satisfies condition (%) of 4.13 and let the
notation (P;, m;, E;, etc.) be as in 4.13.
(a) The number of columns of the tableau T'(S, K,C) is equal to the number
h(S, K,C) of blowings-up among 7y, ..., T, which are sprouting with respect
to (S,C). In particular, T(S, K,C) =1 if and only if K = &; and T(S, K, C)
has 1 column if and only if K # @ and m is the only sprouting blowing-up.
(b) K = K¢ if and only if T'(S, K,C) = (3‘:) for some ¢ > 1 (indeed, K = K¢ is
equivalent to “h(S, K, C) = 1 and E,, is a neighbor of CK in diagram (3)"; cf. 4.9
for the definition of K¢). Also, K is a singleton if and only if T'(S, K, C) = (i)
(c) f T(S, K, C) has at least two columns and j is any element of {2,...,n} such
that 7; is sprouting then
(S,K’,C) and (S;_1, K", E;_;) satisfy condition (x) of 4.13 and there
holds T'(S, K,C) =T(S,K',C)T(Sj_1, K", E;_4),
where we define K’ = {P,...,Pj_1} and K" ={P;,..., P,}.

Given the importance of 4.13, we give:

4.15. Example. We use the following notations: S; = S;_; is the blowing-up of S;_;
at P € S;_1, B; = m;'(P,) € S;, and if ' C S; is a curve and j > 4 then the strict
transform of I'" on S; is denoted by the same symbol I'. We consider a sequence of
blowings-up S; — - -- = S; =5 Sy = S satisfying the following conditions.

Let C' C S be a nonsingular curve, let P, € Sy = S be any point of C, let P, € S}
be the point B4 NC, let P3 € S5 be the point Es N C, let P, € S5 be the point Fy N Ej3,
and let Ps € S4 be a point of F; which does not belong to Fy U Ej.

This gives S5 —> --- 2% S; ™% Sy = S, and K = {Py,..., Ps} is a concentric cluster
on S. Clearly, (5, K, C) satisfies condition (x) of 4.13. Also suppose that C' C S is a
nonsingular curve such that C' # C and (C"- C)p, = 2; then (5, K, (") also satisfies
condition (*) of 4.13. We compute the tableaux T'(S, K, C') and T'(S, K, C").



12 DANIEL DAIGLE AND RATNADHA KOLHATKAR

(a) (S, K,C). Since m; and 75 are the blowings-up which are sprouting with respect
to (5,C), T(S, K, C) has two columns: T(S, K,C) = (%1 #2). Using the clusters K; =
{P, Py, P;, P,} on S and Ky = {Ps} on Sy, we find that (’C’i) = T(S,K;,C) and
(ﬁ;) = T(S4, Ko, Ey). The dual graphs of (71 0--- o)~ (C) and 73 *(E,) are

-2 -1 -3 -2 -1
c E, E. E: E and E. E,
3 4 2 1 4 N~ Es N~
V2 V5 1 1

where, in the first (resp. the second) graph, the weight of C' (resp. of E,) is not indicated,
as it is irrelevant; so T(S, K1,C) = (g) and T(Sy, K3, Ey) = G), and consequently
T(S7K70) = (g %)

(b) (S, K,C"). As my, w3, 75 are the blowings-up which are sprouting with respect to
(S,C"), we have 3 columns: T'(S, K,C") = (21 22 03). Let Ky = { P, P,}, Ky = {Ps, P, },
and Kg = {P5}, then T(S, Kl,O) = (Zc’i)’ T(SQ,KQ,EQ) = (Ic);)’ and T(S4,K3,E4) =
(’C’;’) The reader may verify that 7'(S, K,C") = (111).

4.16. Notation. Let K be a cluster on S and =< a total order on K extending the
natural order. Write K = {P,,..., P,} where P, < --- < P,. Given a subset A of K,
define the n x 1 matrix

o 1 if PeA,
1= : where a; =
an 0 if P ¢ A

Given (S, K, C) satisfying condition (x) of 4.13, we will need (in section 7) to compute
the products Q.(K)1x and Q.(K)1g, (Q.(K) is defined in 4.10, K¢ in 4.9, 15 and
1, in 4.16). Result 4.18 answers this question, but first we need the following:

4.17. Notation. Let p, ¢ be integers satisfying 1 < p < ¢ and ged(p, ¢) = 1 (or equiva-
lently, (?) € 7). Consider the Euclidean algorithm of (zg, 1) = (¢, p):

To = Q171 + T2

Ts—2 = (s—1Ts—1 + Ts

Ts—1 = (4sTs
where all z; and ¢; are positive integers and x; > --- > x, = 1. Then we define:

X(p,c) = ( T1...%1 Tg...Ty ... Tg...Tg ),
—— ——
q1 q2 qs

which is a 1 x t matrix with t =¢; + -+ + ¢,.
Remark. It is easily verified that Y ;_, ¢iz; = ¢+ p — 1 (this will be used later).
4.18. Proposition. Suppose that (S, K, C) satisfies condition (%) of 4.13 and write

T(S,K,C)= (%170,
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Suppose that K # @ (or equivalently, h > 1). For each j € {1,... h}, define ¢; =
Hf:jﬂ ¢; (so in particular ¢,y = ¢, and ¢, = 1).
(a) QuK) = (a1 X(pr,c1) -+ & X(pn,cn))
(b) If we write K = {Py,...,P,} where P, < --- < P,, then K¢ = {Py,...,P,}
where m = [c;/p].°
(€) Qu(E)1x =0 &ici +pi— 1) and Qu(K) 1k, = [\ .
The rest of the section is devoted to the proof of 4.18.

4.18.1. Lemma. Suppose that (S, K, C') satisfies condition (x) of 4.13 and that T'(S, K,C) =
(’C’) with p # 1. Define q¢ and r by

c=qp+r (¢greN, 0<r<p).
With notations (S = Sy <+ Sy &% --- &~ S, P, E;) as in 4.13, the following hold:

(a) KC = {Pl,...,Pq+1}
(b) Let K' = {P 1, Pyta, ..., Py}; then K' is a cluster on S,, (Sy, K', E,) satisfies
condition (x) of 4.13 and T(S,, K', E,) = (;)

Proof. One can check that the dual graph of (m;0---om,) ! (C) in S, is as follows:

-1 -2 -2 -2
4 .. . - . cee—a TR — ~
(4) oKk EK, E  N—~—— EF EK, EEX EE
N e’
. " >
P v

C
where, as usual, the numbers under the braces are determinants. In particular, E(ﬁl

meets CX in S, = Sk, so P, is the greatest element of K¢ and (a) is true.

Let K" = {P,41, Pjso, ..., P,}; then it is clear that K’ is a cluster on S, and that
(Sy, K', E,) satisfies condition (x) of 4.13. Moreover, (4) shows that the dual graph of
(Tge1 0+ -om,) " YE,) in S, is

-1

— ... P, P - e e o
K K N————— K
q+1 En Eq

T

p
and this picture immediately implies that 7'(S,, K', E,) = (;) So we are done. O
4.18.2. Lemma. Suppose that (S, K,C') satisfies condition (x) of 4.13 and that

T(S,K,C) = (p).

C

(a) If we write K = {Py,...,P,} where P, < --- < Py, then K¢ = {Py,..., Py}
where m = [c¢/p].
(b) The last row of Q(K) is Q.(K) = X(p,c).

SFor x € R, let [2] = min ([z, 00) N Z).
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Proof. By 4.18.1, assertion (a) is true whenever p # 1; it is a simple matter to verify
that it continues to be true when p = 1. Assertion (b) is proved by induction on
the number s of equations in the Euclidean algorithm (we let the notation be as in
4.17). If s = 1 then p = 1, in which case the claim is easy to prove. Assume that
s > 1, ie., that p # 1. Write K’ = {FP, 11, Py 42,..., P}, By 4.18.1, (S,,, K', E,))
satisfies condition (x) of 4.13 and T'(S,,, K', E,,) = (2) The number of equations in
the Euclidean algorithm of (zq,x2) is precisely s — 1, so by the inductive hypothesis
the Lemma is true for the triple (S,,, K’, E,, ). This gives:

(&) K, ={Pu+1,--- Potm}, where m = [x1/5]

/ !/
D) QuK)= (@2 ...a0 ... xy...7).

—_——
q2 qs

(Remark: until the end of the proof, we use the definition of m given in (a’), not the
one given in the statement of the lemma.) It follows that

QuK)=(ar ... apq x2...73 ... Ty...2;)
q2 qs

where, for each j € {1,...,¢q1}, a; is the coefficient of E,, in the divisor Fj{ € Div(S,).
To complete the proof, there only remains to show that a; = x; for all j =1,...,¢.
For each j € {1,..., ¢}, let E; C S, be the strict transform of E; and set

Dj = EJ’ + EjH +ot th € Div(S,).
Then D; is the total transform of E; in S, and consequently Ej{ = Ef/. Thus

Ef =D} =DX+ Y ep(D)Ep

by 4.8. Now ep(D;) = ep(Ey,) for all P € K’, and by (b’) we have

ep(E,) 1, if P€{Py 41, .., Ppim},
o 0, if Pe K'\{Pyi1,.-., Ppim}.

So Fj( = ﬁjK/ +>0, Ei +;- The coefficient of E,, in this divisor is
aj = sum of the first m entries in the row Q.(K') = ( Ty ... Xy ... Tg...Ts )
S—— S——
q2 ds

Taking into account that

@+1, ifz#1,

m = [z1/xz] = .

q2, if 2y =1,

we obtain a; = x; in all cases, which completes the proof. Il

4.18.3. Lemma. Suppose that (S, K,C) satisfies condition (x) of 4.13 and let the no-
tation (m; : S; — Si_1, Pi, etc) be as in 4.13. Suppose that T(S, K,C) has at least
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two columns, let j > 1 be the greatest element of {1,...,n} such that m; is sprout-
ing with respect to (S,C), and consider the clusters K' = {Py,...,Pj_1} on S and
K" ={P;,...,P.} on Sj_1. Define (*) = T(S;_1, K", E;_1) and note that this is the
rightmost column of T'(S, K,C). Then

Q.(K) = ( cQu(K) Q.(K")).

That is, if Qu(K') = (a1 -+ aj—1 ) and Qu(K")=(a; -+ a, ), then
Q.(K) = ( ca; -+ caj_1 a; -+ ay )
Proof. 1t is clear that Q.(K) = (o -+ ;-1 a; --- a, ) where, for each v €

{1,...,7 — 1}, a, is the coefficient of E,, in the divisor Ef € Div(S,). The integer
v being fixed, let D = E, € Div(S;_1) and note that for each P € K" we have
ep(D) = ayep(E;_1). So the coefficient o, of E,, in

—K —K" — K"
v =

E D" =DX' 4 Z GP(D)Eg = DX" 1 q, Z ep(Ej1)Ep
PeK" PeK"
is o, = a,y, where y denotes the unique entry of the following 1 x 1 matrix:

ep; (Ej-1)
Q*<K//) . . )
ep, (Bj—1)

Now y is the sum of the first m entries of Q.(K"), where m = [KF, |. Recall that
T(Sj_1, K", Ej_1) = (IZ) and let ¢;, z; be the natural numbers determined by the Eu-
clidean algorithm of (z¢,z1) = (¢,p) (notation as in 4.17). Then 4.18.2 implies that
m = [¢/p] and that

Q*(K”):(xl...xl Ty ... Ty ... xs...xs),
—_—— —— —_———
q1 q2 qs
so y = xg = ¢ and «,, = a,c. This proves the Lemma. O

Proof of 4.18. We prove (a) and (b) by induction on h. By 4.18.2, the result is true
when A = 1. Assume that h > 1. As in 4.13.3, let j > 1 be the greatest element of

{1,...,n} such that 7, is sprouting and consider the clusters K’ = {Py,..., P;_;} and
K" ={P;,...,P,}. Then the definition of T'(S, K, C) gives
T(S,K',C)= (& 87)) and T(S;, K", Ej) = ().
Now 4.18.3 implies that Q.(K) = (¢, Q.(K’) Q.(K")) and the inductive hypothesis
gives
Q.(K") = X(pn,cn) = enX (pn, cn)
Q*(K/) = (éllX(pb c) o0 Gy X(Pho1, Ch—l))

. o Trh—1 . . .
with & = [[;Z;,, ¢ = ¢;/ci. This proves assertion (a).
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As ; is sprouting we have P; ¢ CK' so Kc C K’ and hence K¢ = K{,. By the
inductive hypothesis, K, = { Py, ..., P,,} where m = [¢;/p1], so (b) is proved.

It was remarked at the end of 4.17 that the sum of all entries in X (p,c) is c+p—1;
this together with assertion (a) gives the first part of assertion (c¢). To prove the last
claim, let m = [¢1/p1]; then, by assertion (b), the product Q.(K)1g, is the sum of the
first m entries of Q. (K), which is equal to the sum of the first m entries of ¢; X (p1, ¢1).

We leave it to the reader to verify that this is equal to H?:l . O

5. FURTHER PROPERTIES OF CLUSTERS

The aim of this section is to prove 5.3 and 5.5, which appear to be new results in
the theory of clusters. The first one is very general. The second one has been designed
for a specific use, but it turns out that the situation to which it applies is still fairly
general. The two results are of interest for their own sake.

Result 5.3 is needed for proving 5.5, and 5.5 is used in the proof of 8.3.

Throughout, we fix a nonsingular projective surface S over an algebraically closed
field, and we consider clusters on S.

5.1. Definition. Let K be a cluster on S and (Q,G) a pair such that G C S is a
nonsingular curve and @) is a minimal element of K satisfying () € G. Let < be a
total order on K extending the natural order <, and write K = {P,..., P,} where
P < -+ < P,. We say that (K, =X) is (Q, G)-ezhaustive if, for each i € {1,...,n}
satisfying P; > @, the conditions (a) and (b) below are satisfied.

We introduce the notation which is needed for stating these conditions. Consider

the subcluster K; = {P,..., P;} of K (where i is such that P; > Q) and factor 7k as
Sk TG Sk, ™, S Let G, be the dual graph of Wl}il(G) in Sk, ; note that G; is a tree

and that E}ID? and GEi are distinct vertices of it; let

EXi -
(5) S < (where C, = G* and 5 > 1)
be the unique simple path in G; from E]If to GXi. Then the conditions that are required
to hold are the following:
(a) If s > 2 then C,_; N C,s N cent(mg\k,) = D;
(b) if s > 2 then (CoU---UCs_q) Ncent(mi\k,) = 2.

5.2. Remark. Let K be a cluster on S, G C S a nonsingular curve, ) a minimal
element of K satisfying () € G and < a total order on K extending the natural order.
Also consider the subcluster K’ = {x eEK |z>0Q } of K and the restriction <’ of <
to K'. Then (K, <) is (Q, G)-exhaustive if and only if (K’, =') is (Q, G)-exhaustive.

5.3. Lemma. Let K be a cluster on S, let Q1, ..., Q, be distinct minimal elements of K
and Gy, . .., G, nonsingular curves on S such that Q; € G; for all i (where Gy, ..., G,
are not necessarily distinct). Then there exists a total order = on K which extends
the natural order and such that (K,=) is simultaneously (Q;, G;)-exhaustive for all
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i=1,...,r. Moreover, given an arbitrary total order <o on the set {Q1,...,Q,}, we
can choose =X so that its restriction to {Q1,...,Q,} be <.

Proof. We first prove the following special case:

(6) Let K be a cluster on S which has a unique minimal element Q, and let G C S
be a nonsingular curve such that () € G. Then there exists a total order < on
K which extends the natural order and such that (K, <) is (Q, G)-ezhaustive.

Let K’ be any subcluster of K such that K’ # K. Factor mx as
S — S T S

and let D be the unique SNC-divisor of Sk: such that 75, (G) = supp(D). Note that
the dual graph § = G(Sk+, D) of D in Sk is a tree and consider the vertex GK' of .
If D; is an irreducible component of D then let d(D;) be the distance, in the tree G,
between the vertices GK' and D; (i.e., the length of the unique simple path in § going
from GX' to D;.) If x € D then let Dy,..., D, be the distinct irreducible components
of D such that x € D; (son =1 or 2) and set

f(@)=(min{d(D;) | 1<i<n}, max{d(D;) | 1<i<n}).
This defines a set map f : D — N2. Let N? be ordered by the lexicographic order and
define a strict partial order <1 on the set D by stipulating that
forany z,y € D, <y <= f(x) <iex f(¥).

Note that cent(mx\ k) is a nonempty finite set of points of D; by a satellite of K', we
mean a minimal element of (cent(WK\ K, <]) .7 We stress that if K’ is any subcluster of
K such that K’ # K then there exists at least one satellite P of K’ and for any such
P, K" U{P} is a subcluster of K. It follows that there exists at least one sequence
gc{ph}tc{pP,Ph}C---Cc{h,...,P} =K

of subclusters of K such that, for each ¢ € {1,...,n}, P; is a satellite of {Py,..., P,_1}
(in particular P, = @ is the unique satellite of @). Define a total order < on K by
P, < .. < P, and note that < extends the natural order.

We claim that (K, <) is (@, G)-exhaustive. To see this, fix ¢ € {1,...,n} and let
us verify that conditions (a) and (b) of 5.1 are satisfied for P, € K. Consider the
factorization

Sk = Sn "% Spy —— -+ 5 Sy =8
of mg : Sk — S, where m; : §; — S;_1 is the blowing-up of S;_; at P;. Then

TE\K; 1 TK,
Sy = S S 5

"In other words, the elements P € cent(7x\ ) satisfying f(P) = min{ f(z) | € cent(mp\x/) }
are the satellites of K.
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where K; 1 ={Py,...,P,1}, K; ={P,...,P_1, P;} and P, is a satellite of K;_;. This
means that P; is a minimal element of (A, <), where we define M = cent(mx\k, ,).
Let the notation be as in (5). There is nothing to prove if s = 1, so assume that s > 2;
note that m;(Cy), ..., m;(C) are distinct curves on S; ;. If some point z € CoU---UCy
belongs to cent(mg\k,) then y = m;(x) must lie on m;(Cs) U- - - Um;(C,) and must be an
element of M; as P, € m;(Ch) \ (mi(Ca) U+ - Um(Cy)), the definition of the relation <
on M implies that y < P;, which contradicts the fact that P; is a satellite of K; ;. So,
such a point  does not exist and consequently (Cy U --- U C,) Ncent(mx\k,) = @. It
follows that (a) and (b) hold for P,. So (K, =) is (@, G)-exhaustive and (6) is proved.
Now suppose that K, Q1,...,Q, and Gy, ..., G, satisfy the hypothesis of 5.3. For
eachi € {1,...,r}, let K; = {z € K | > Q; }; also define K, = K \ (U_, K;).
Then K = U::ll K; where Ky, ..., K, 1 are pairwise disjoint subclusters of K and, for
each i < r, K; has exactly one minimal element @;. It follows from (6) that, for each
i € {1,...,r}, there exists a total order <; on K; which extends the natural order
and such that (K, <;) is (Q;, G;)-exhaustive; let also <,.; be any total order on K,
which extends the natural order, and let <y be an arbitrary total order on the set Ky =
{Q1,...,Q,}. Choose a total order < on K such that, for each ¢ € {0,1,...,r + 1},
the restriction of < to K; is =;. Then < extends the natural order on K, because if
r € K;,y€ K; and 1 <17 < j, then z,y are not comparable by natural order. By 5.2,
(K, =) is (Qi, G;)-exhaustive for each i € {1,...,7}. d

Recall from the introduction of section 4 that S* is the set of “points over S.”

5.4. Definition. Any nonsingular curve G C S determines a map Ty : S* — T as
follows. Given P € S* we consider the set Kp = {2 € S* | # < P}, which is
a nonempty concentric cluster over S, and the unique minimal element () of Kp. If
Q € G then (S, Kp, Q) satisfies condition (x) of 4.13, so the tableau T(S, Kp,G) € T
is defined; we define T (P) = T'(S, Kp, G) in this case. If Q ¢ G then set T¢(P) =1
(the empty tableau). Note that T;(P) # 1 if and only if Q € G.

5.5. Proposition. Let (K, G, Py, Z) be such that K is a nonempty cluster on S, G C S
is a nonsingular curve, Py is a minimal element of K such that P, € G, and Z C Sk
is a (possibly empty) finite union of curves satisfying:

(i) Z is a proper subset of mi' (Py)

(i) the dual graph of L = G5 U Z in S is a linear chain

(iii) Eﬁl is either included in Z or disjoint from Z

(iv) Py is not a mazimal element of Kg
(v) each irreducible component C of Z satisfies (C*)g,, < —2.

Then there exists P € K satisfying P > Py, E]éf NL #3 and E{f ¢ L, and such that
the tableau T (P) is one of the following:

(a) Te(P) = (%) for some p,c such that 1 <p < ¢

(b) Te(P) = (’; zlv) for some p,c, N such that 1 < p < c and N > 1.
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Proof. First consider the case where Z = @. Let P be a maximal element of { r e Kg |
x> P } Then P > P, and P is a maximal element of K¢; consequently Eﬁf NL # 9,
EX ¢ L and Te(P) =T(S,Kp,G) = (i) for some ¢ > 1. If ¢ = 1 then P = P;, which
contradicts (iv), so in fact ¢ > 1 and T (P) is of the form displayed in (a).

From now-on, assume that Z # @. As Z is a nonempty proper subset of 7' (P),
the set
(7) A={PecK |ESNZ+@and E5 ¢ 7}

is nonempty. By 5.3, we may choose a total order < on K which extends the natural
order <, such that (K, <) is (P}, G)-exhaustive, and such that P; is the least element
of (K, =X); write K = {Pl,...,Pnj, Py < .-+ < B, Let P be the least element of
(A,=). Then P satisfies P> P, ER N L # @ and Ef € L.

We claim that T(;(P) is as required by the Proposition, i.e., satisfies (a) or (b).

This claim is clear if P € Kg. Indeed, we then have T(P) = (1) for some ¢ > 1,
and if ¢ = 1 then P = P}, so P, € A, which contradicts (iii); so in fact ¢ > 1 and
T (P) is of the form displayed in (a). So from now-on we may assume that

(8) P ¢ K.
Let ¢ be such that P = P; and define
Kp={QeK|Q<P} and K,={P,....,.P}={QeK|Q=<P}.

Then Kp C K; are subclusters of K, so mx factors as in the following diagram

Sic
9 mml G = (S, T (G))
Sk, K i = 9(Sk,, . (G))

(note that K; \ Kp is a cluster on Sk, and K \ K is a cluster on Sk,) where we also
define the dual graphs G, §; and Gp (which are in fact trees). Let

.
Ep* Cq

(10) Vi = S (where Cy = G and s > 1)

be the unique simple path in G; going from Eff to GXi. Observe that if s = 1 then
EF meets G*¢ in Sk,, which contradicts (8); so:

(11) 5> 2.
We claim that if s > 2 then the following hold:
(12) For each j € {2,...,5 — 1}, (C‘]Z)SKi < -2

13 for each 7 € {2,...,s — 1}, C; is not a branch point of G;.
J
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Indeed, consider any j € {2,...,s — 1}. Observe that the dual graph of £ in Sk is
connected and is a subgraph of the tree G; as GK C £ and Eﬁf NL # @, it follows
that the simple path v in § going from EX to GX is included in £, except for its
initial vertex E{_—f As Cj_1,C},Cj4q are vertices of +;, it follows that 6’;{1,6’;{, 6fi1
are vertices of v and consequently:

C'inIUC'JKUC'filQL and C’JKQZ.

Because (K, =) is (P, G)-exhaustive and P > P, the center of 7\, : Sk — Sk, is
disjoint from Co U --- U Cs_4 (this is 5.1(b)); so:

cent(mi\k,) NCj = O.

In particular, (C?)g, is equal to the self-intersection number of (ZK in Sk, which is at

most (—2) by (v) (because we noted that @K C Z). So (12) is proved.

We prove (13) by contradiction: suppose that j € {2,...,s — 1} is such that C; is a
branch point of §;. Then C; has a neighbor Egl (in G;) which does not belong to ~;;
note that R € K; and R # P = P;, so R < P. We observed in the above paragraph
that cent(mx\x,) N C; = ; as C; meets each one of EXi ¢,y and Cj4y in Sk, it

follows that 6’JK still meets each one of Eg, 6’JK_1 and C’fil in Sk. So we have the
following subgraph of G:

ER
cK, CK CK

Since 5;{1 U @K U éfil C £ and £ does not have branch points, Eg ¢ £ and hence
EX ¢ Z; on the other hand, we have EX N Z + @, because EX N @K £ @:soRe A
(cf. (7)). We already observed that R < P, so this contradicts the fact that P is the
least element of (A, <). This proves (13).

Now consider the unique simple path yp in §p going from Effp to GKr:

(14) Yp = E’?P_’t .. L (where D, = G¥P and r > 1).

Then

(15) r>2,

for otherwise we would have a contradiction with (8). We claim that if » > 2 then:
(16) For each j € {2,...,7 — 1}, D; is not a branch point of Gp.

Indeed, suppose that j € {2,...,7 — 1} is such that D, is a branch point of §p. Then
the strict transform of D; via mg,\k, : Sk; — Sk, is a branch point of §; and is equal
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to C}, for some j; € {2,...,s — 1}; this contradicts (13), so (16) is proved. It follows

from (16) that T (P) is one of the following tableaux:®
(&) Ta(P) = ()" (?) for some v,p,c such that v >0 and 1 <p < ¢
(b') Te(P) = (})V (P v ) for some v, p,c, N such that v > 0,1 <p<cand N >1

(¢") Ta(P) = (})" for some v > 1.
Indeed, if T¢(P) is not one of them then Tg(P) = G)V(IC’)T’ where v > 0, (%) # (3),
T’ € T, and where T” is neither 1 nor of the form (]1V) Recall that T(P) = T'(S, Kp, G)
where Kp is concentric. Write Kp = {Q1,...,Qn} where P, = Q1 < Q2 < - - < Q,, =

P, and factor mg, : Sk, — S as
(17) SKP:SmF—m>"'12—)S111—>SOZS,

where 5 SEN S;—1 is the blowing-up of S;_; at @; € S;_;. Refer to 4.13 and 4.14 for
the following argument. As T'(S, Kp,G) = G)V@) T’, the blowings-up 7y, ..., T, 1 are
sprouting, and at least one of m, o,..., 7T, is sprouting; let ¢ be the least element of
{v+2,...,m} such that m is sprouting. Then 7, factors as

ﬂ'K//

s
S = S =5 S,

where K' = {Q1,...,Q¢ 1} and K" = {Qy,...,Qn}, and we have T(S,K',G) =
(1) (%) and T(S,—1, K", E;_1) = T" (where E; denotes the curve T (Q;) C S)).

For j € {0,...,m}, let 3; be the dual graph of (7 o - om;) ' (G) in S;. As
(p ) =+ (}), Ey_1 has two neighbors in H,_; and consequently its strict transform in S,

(&
is a branch point of H, (because 7, is sprouting); so Efi”l is a branch point of H,,. As

T' + 1, it follows that K” # @, so E,, and EX" are distinct vertices of H,,. If these
two vertices are neighbors in H,, then 7" = ( Jb) for some N > 1, which contradicts
our assumption; so F,, and Egi”l are not neighbors. Also, our choice of ¢ implies that
¢ > 1 and hence that Eﬁ”l is not the strict transform of G.

We have shown that Gp = J,, has a branch point which is distinct from éKP,
distinct from Ep = FE,,, and which is not a neighbor of Ep. As vp passes through
every branch point of Gp, it follows that this branch point is one of Do, ..., D, 1,
which contradicts (16).

This proves that Tg(P) is one of the tableaux described in statements (a’—’). To
complete the proof of the Proposition, we have to show that the first column of T (P)
is not (}) The following trivial fact will be used below:

(18) Let H' be a weighted tree obtained from a weighted tree H by a finite se-

u v

quence of blowings-up. Suppose that % ¥ is a subgraph of H and that

v .. 2 % is a subgraph of H'. If no w; is a branch point of

H' or has weight (—1) in H', then p = 0, i.e., u, v are neighbors in H'.

8The notation uses the fact that the set T of tableaux is a monoid; for instance (})D is the tableau
(1:1) where there are v columns.
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Let us first prove:
(19) The point D,_1 N D, of Sk, does not belong to cent(mm ).

Refer to (14) and (9) for the notation, and recall that » > 2 by (15) (so that D,_; and
Ep are distinct vertices in yp). As D,_; is a vertex of vp distinct from Ep and G&r,
it follows that DT | is a vertex of ~; distinct from E{f and GXi; thus D " = Cj for

some j € {1,...,s —1}. Now G; is obtained from Gp by a sequence of blowings-up,
Dy—1 GKp D, Cjt1 Cs—1  GKi

is a subgraph of §p and _ - is a subgraph of G;; by
(13), (12) and (18), it follows that DX, and G* are neighbors in G;.

Consider the factorization Sx 7rK\Kz> Sk, 7rKZA\KP> Skp of T\ i, and let Q € Sk, be

the point D,_; N D,. We showed that Efjl and GKi meet in Sk,, 50 Q ¢ cent(mTx\rkp)
and Wl}j\KP(Q) is the point Cs_1 N C5 in Sk,; now this point does not belong to
cent(mx\k,) because (K, =) is (P, G)-exhaustive, P, > P, and s > 2. Consequently
71'1_{{ k(@) is a single point, which proves (19).

Consider the concentric subcluster X = {x €EKg | xz>h } of K. We claim:
(20) X C Kp.

Indeed, suppose that X ¢ Kp and consider the least element Q of X \ Kp. Then Q
is a minimal element of K \ Kp and hence a proper point of Sk, and an element of
cent(Ti\kp). As @ € X, Q must be the point D,_; N D,. This contradicts (19), so
(20) is true.

Let us use again the notation Kp = {Q1,...,Qn}t, A=) < -+ < @, = P, and
factor mg, asin (17). By (iv), X contains at least two elements; so (20) implies that
Q1, Q2 € X, which implies that 7 (see (17)) is a subdivisional blowing-up. Hence, the
first column of T'(S, Kp, G) is not G) This completes the proof. O

6. CONSTRUCTION OF CERTAIN NORMAL SURFACES

The aim of this section is to define a set map P — € and study some of its properties.
We define € in 6.1, P in 6.3, and the map P — € in 6.5. The map P — € will serve as
a framework for studylng a certain class of surfaces.

All varieties are over an algebraically closed field k of characteristic zero.

6.1. Notation. Let C be the set of pairs (U, p) where U is a normal surface which is
connected at infinity, p : U — V is a surjective morphism whose general fiber is an
affine line, and V is a curve isomorphic to an open subset W of P! such that W # @
and W # P!. Note that the fact that p exists implies that U is also rational. Elements
(U, p) and (U, p') of € (where p: U — V and p' : U' — V') are said to be equivalent
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if there exists a commutative diagram

1%

U—=U'

|

V—V
where the horizontal arrows are isomorphisms of varieties. The set of equivalence
classes is denoted € and the equivalence class of (U, p) € € is denoted [U, p] € C.

6.2. Notations. Until the end of section 6, let .S, 1L, 0o, F, A be the following objects:
S=Fy=P' xP'and L = {{z} xP' | 2 € P' } (so L is a pencil on 5);
choose a point of P! and call it “co”;

F = {oo} xP! (so F € L);

A =P x {oo} (so A is a section of L and (A?%)g = 0).

6.3. Definition. Let P be the set of pairs (K, B) satisfying:

e K is a cluster on S all of whose minimal elements are points of S\ (F U A);

e B is the support of a divisor on Sk (where 7 : S — S denotes the blowing-up
of S along K) and satisfies FK UAK C BC 7' (FUAUG U---UG,), for
some finite subset {G1,...,Gs} of L;

e cach irreducible component C' of B satisfies (C?)g, # —1.

For each (K, B) € P we write B = By, U &, where By, is the connected component
of B which contains FX U AX and € is the union of the other connected components
of B. Observe that € C exc(mg) and that each irreducible component E of € satisfies
(E?)s, < —2.

6.4. Remark. Let (K,B) € P and let Fy,..., F,,C,...,C; denote the distinct ele-
ments of {G el | GF C B}, where F; Nmin K = @ and C; N min K # &. Then
n > 1 (because F € {F},...,F,}), t > 0, and the dual graph G(Sk, B ) of By in Sk
has the form

R )

AK

(21) o (n>1,t>0)

o :
g @
where Ny, ..., N; are branches in which every vertex has weight < —2 and dK is the
vertex of IN; which is adjacent to AX.

6.5. Definition. We proceed to define a set map from P to €. Let (K, B) € P, and write
B = B,UE asin 6.3. As € C exc(mk), paragraph 3.8 implies that € is algebraically
contractible in the sense of 3.7 and that 7y : Sk — S factors as Sx — Sk — S,
where @ is the contraction of €& and 7 is a proper birational morphism. Note that
5 (&) is exactly the singular locus of the normal complete surface Sk (indeed, each
irreducible component F of & satisfies (E?)g, < —2; so, for each connected component
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&; of &, the point 7(&;) must be singular). Let p; : S = P! x P! — P! be the first
projection and note that L (cf. 6.2) is the set of fibers of p;. We have:

TK S
Sk P!

Consider the set I'(x p) of pairs (U, p) satisfying:

Sk

6.5.1. U is a surface, p : U — V is a surjective morphism, and there exist open
immersions U < Sk and V — P! such that

QL gt pt

(1) the diagram i J/ is commutative;
p

(2) the image of U — Sk is equal to the complement of 5(Bu) in Sk;
(3) the image of V < P! does not contain the point oo of PL.

We claim that I' k p) € C. To see this, let us first check that ['kp) # . Indeed,
let U C Sk be the complement of 7(By) in Sk, and let V' C P! be the image of
U via p; o . Then restricting p; o 7 gives a surjective morphism p : U — V which
makes diagram 6.5.1(1) commute. Since the inverse image of co € P! by p; o T is
7 L(F) = a(F¥), which is included in 7(Bs) and hence disjoint from U, we have
(0. ¢] g V. So (U, p) S F(K,B)-

We also note that if (U, p) is any element of I'(x py then U is normal and connected
at infinity (because Sk is normal and 7(Bs,) is connected), and the general fiber of p
is an affine line (because if P is a general point of P! then (p, o) !(P) is a projective
line in Sk which meets 7(B.,) in one point). This shows that ['k,p) € C. It is clear
that 'k gy is an equivalence class, i.e., an element of C, and that (K,B) = I'x.p
defines a set map from P to C.

Let the notation (Uk, sy, p(k,p)) stand for an arbitrary element of I'(x ). So the set
map that we have just defined is

P— €, (K, B) = [Uk,), p(k,B)]-
If it is convenient, we may choose Uk p) to be the complement of 7(Bs) in Sk.

6.6. Lemma. Let (K, B) € P and let the notation be as in 6.5.

(a) There is an isomorphism of surfaces Uik py \ Sing(Uik,p)) = Sk \ B.

(b) The dual graph G(Sk, Bso) is a minimal element of G [Uk,p)] (cf. 3.5).

(c) Consider the morphism 6 : Sk \ B — Sk \ 0(Bs) =& Uk,p) obtained by
restricting the morphism @ of 6.5. Then & is the minimal SNC-resolution of
singularities of Uik py (cf. 3.6) and 67 (SingUk,p)) = €. So the connected
components of & are the resolution loci of the singular points of Uk p).
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Proof. Refer to 6.5 and take U = Uk p) to be the complement of 7(B) in Sk. Then
T restricts to an isomorphism from Sk \ B to U \ Sing(U), so (a) is proved.

As @ also restricts to an isomorphism from a neighborhood of B, to a neighborhood
of 7(Bs ), we see that 7(By,) is a connected SNC-divisor of Sk whose dual graph can
be identified with G(Sk, Boo). As 7(Bw) is the complement of U, §(Sk, Bx) € Geo|U].
From (21), we see that no vertex of §(Sk, Bx) has weight (—1), so §(Sk, Bx) is a
minimal element of G, [U]. So (b) is proved.

It is clear from 6.5 that & : Sk — Sk is the minimal SNC-resolution of singularities
of Sk. Assertion (c) follows from this. d

6.7. Proposition. The set map P — C defined in 6.5 is surjective.

Proof. Let (U, p) € C. Here, p: U — V is a surjective morphism with general fiber A!,
and V is isomorphic to an open subset W of P! such that W # & and W # P!

Let 0 : U — U be a minimal SNC-resolution of singularities of U (cf. 3.6). Let
p: U — V be the composite U = U 2 V and note that p is a surjective morphism
whose general fiber is A!. There exists a commutative diagram

U——U
o

yspt
where the “—” are open immersions, U is a nonsingular projective surface, U \ Uis
the support of an SNC-divisor of U and p is a morphism. Here, when choosing the
open immersion j : V < P! we make sure that oo € P!\ V (the point oo of P! was
fixed at the beginning of the section). Let A be the base-point-free pencil on U which
corresponds to p. As the general fiber of p is Al and chark = 0, it follows that the
general fiber of p is a P! which meets U \ U in one point. Consequently, exactly one
irreducible component H of U \ U is A-horizontal,? and 7 restricts to an isomorphism
from H to P'. We summarize this as:

(23) A is a Pl-ruling on U, exactly one irreducible component H of U \ U is A-
horizontal, and H is a section of A.

So U \ U is a tree of projective lines (by 3.13 and the fact that U is connected at
infinity). By parts (a), (c) and (e) of 3.13, if C' is a vertical component of U \ U
such that (C?)7 = —1 then C' meets at most two other irreducible components of
U\ U, and the contraction of C' yields a new diagram (22) in which U \ U has one less
irreducible component. Consequently, any diagram (22) which minimizes the number
of irreducible components of U \ U satisfies the additional condition:

(24) No A-vertical component C' of U \ U satisfies (C?)g = —1.

9A curve C C U is said to be A-vertical if it is included in the support of an element of A. If C' is
not A-vertical, we say that it is A-horizontal.
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We choose such a diagram.

Since in (22) we arranged that co ¢ V, 5~!(c0) is entirely contained in U\U. By (24),
no irreducible component of p~!(c0) has self-intersection (—1); it follows (e.g. from part
(d) of 3.13) that p'(00) is an irreducible curve; let us use the notation F,, = p~*(c0),
then Fo, € A, s0 (Fx)? = 0. Moreover, the vertex Fy, of the dual graph §(U,T \ U)
has a unique neighbor in this graph, namely, H. Thus, by blowing-up U at a point
Q of the curve F,, and then shrinking'® the strict transform of F.,, we may replace
the diagram (22) by another one in which the self-intersection number of H has either
increased by 1 (if Q € F. \ H) or decreased by 1 (if @ is the point F, N H); moreover,
this operation does not change the number of irreducible components of U \ U, so the
new diagram still satisfies (24). It follows that we may choose a diagram (22) which
satisfies (24) and in which we have (H?); = 0. We fix such a diagram until the end of
the proof. Note:

(25) Each irreducible component C of U \ U satisfies (C?)g # —1.

Indeed, if C' is an irreducible component of U \ U then either C = H , in which case
(C*g =0, or C is A-vertical, in which case (C?)g # —1 by (24). So (25) is true.

In view of (23) and of the fact that (H?)z = 0, we may consider a birational mor-
phism 7' : U — Fy = S as in 3.12, with exc(n’) equal to the union of all A-vertical
curves in U disjoint from H. Composing 7', if necessary, with an automorphism of
S, we arrange 7. (A) = L and 7/(H) = A (recall that the notations S, L, A, F' were
fixed at the beginning of section 6). We claim that there exists an automorphism 6 of
S = P! x P! such that the morphism 7 = 6 o7’ : U — S still satisfies m,(A) = L and
m(H) = A, and moreover makes the diagram

(26) U——=S
g %
IP)l
commute. Indeed, the condition 7/ (A) = LL implies that the two morphisms U%Fl
p

determine the same pencil on U (namely, A), and hence that they differ by an auto-
morphism 0; of P! (§; 0p; o’ = p). Let 6 = id : P! — P!, then 6 = (6,,0,) has
the desired property. We have w(F,,) = F' by commutativity of (26), and exc(n) is of
course equal to exc(m'), i.e., is the union of all A-vertical curves in U disjoint from H.

Let K be the cluster on S such that 7 is the blowing-up of S along K, i.e., U 5 S
is the same as Sx — S. Thus FK = I and AK = [

Recall from 3.6 that the set & = ¢~!(Sing U) is the support of an SNC-divisor of U;
in particular, it is a union of complete curves; so € is closed in U and is therefore the
support of an SNC-divisor of U. As (U\U)N & = @, the set B = (U \ U) U & is the

10By 3.13(e), shrinking the strict transform of F., does yield a new diagram (22).
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support of an SNC-divisor of U. We claim that (K, B) € P. To see this, we have to
verify the following conditions:

(i) all minimal elements of K are points of S\ (F'U A);
(i) FKUAK C B C m (FUAUG, U---UG,), for some finite subset {Gy, ..., G,}
of L;
(iii) each irreducible component C' of B satisfies (C?)g, # —1.

The set of minimal elements of K is precisely the center of 7. Since exc(7) is disjoint
from F,, U H, it follows that the center of 7 is disjoint from F' U A. So (i) is clear.

The inclusion FX U AX C B is clear. To prove (i), we have to show that if C' is an
irreducible component of B then m(C') = A or there exists G € L such that 7(C) C G.
Note that this is clear if C'= H or C' C exc(w). If C' C € then C' is a A-vertical curve
in U disjoint from H (since it is disjoint from U \ U), so C' C exc(r) and we are done
in that case. So we may assume that C C U \ U,C+ H, and C ¢ exc(m); then C is
A-vertical and 7(C) is a curve, so 7(C) = G for some G € L, and we are done proving
(ii).

In the last paragraph we noted that € C exc(m). It follows that each irreducible
component C' of & satisfies (C?)z < —1, and that if (C?)z = —1 then C'is a contractible
vertex of the dual graph of € in U; such a vertex cannot exist by part (iii) of 3.6, so
in fact we have (C?)z < —2 for every irreducible component C of €. So, to prove (iii),
we may assume that C' is an irreducible component of U \ U; then (C?)g # —1 follows
from (25). So (iii) is proved, and consequently (K, B) € P.

There remains to show that the elements (U, p) and (Uk, By, p(k,p)) of € are equiva-
lent. To see this, we follow the definition of (Uk, gy, p(x,p)) given in 6.5.

First note that the fact that U is connected at infinity implies that U \ Uis a
connected component of B; so By, = U \ U and the “€” of the present argument is
equal to the “€” defined in 6.3. Let @ : S — Sk be the contraction of &, then (see

6.5) m = g : Sk — S factors as Sk AN Sk AN S, for some 7. Since o and & are
the contractions of € in U and U respectively, and since U is an open subset of U,
there exists an open immersion U < Sk which makes (I) a commutative square, in
the following diagram:

(27) U

™ P

Sk Sk S P!

i j () JJ’
U 4 v

g

qQl

ol

d

Note that the image of U < Sk is the complement of 7(B,,), and that the image of
V — P! does not contain the point co; so, in order to prove that [U, p] = \Uik.B)s P(K,B))
it suffices to verify that diagram (II) commutes, in (27) (compare (II) with 6.5.1(1)).
Clearly, commutativity of (II) is a consequence of the following assertions:

(iv) o is an epimorphism;

(v) the square (I) is commutative;
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(vi) the “external square” (LII) is commutative, i.e., pjoTogGoi=jopoo.
In fact, only (vi) needs to be explained: commutativity of (26) gives p; o T oG = p,
and p o o = p by definition of p; so (vi) is simply the fact that (22) is a commutative
diagram.

Since (iv—vi) are true, (II) is commutative and hence [Uk, gy, p(x,5)] = [U, p|- O

7. PROPERTIES OF (K, B) AND OF Ug,p)

Throughout this section, varieties are over an algebraically closed field k of charac-
teristic zero, and S,IL, A, F' are as in 6.2.

The purpose of section 6 is to define the map P — €, (K, B) \Uk,B), P(k.B))s
and to show that it is surjective (see 6.7). In the present section, our aim is to study
how the properties of the surface Uk p) are related to those of the data (K, B). We
consider the following properties of Uk p):

® U(K,B) = A2 (m 71),
o Uk p) is affine (in 7.4);
e Uk,p) \ Sing Uik, py has trivial canonical class (in 7.11).

7.1. Lemma. Let (K,B) € P.
(a) K =@ if and only if Uk,p) =V x Al for some open subset V' of P! such that
V # P Moreover, if these conditions hold then B has |[P'\ V| + 1 irreducible
components and AU F C B.
(b) Uik,py = A% if and only if (K,B) = (&, AUF).

Proof. (a) If K = @& then Definition 6.3 implies that B = AU F, U--- U F, (for

some distinct Fy,...,F, € L, where F' € {Fy,...,F,}) and that Ugp = S\ B. So

Uik,p) =V x At where V is P! minus n points, and B has |P'\ V| + 1 components.
Conversely, suppose that Uy py = V x Al where V is P! minus ¢ points, ¢ > 1.

Then
0

v1
(28) >

Vq :
is an element of G [Uk,p)), and G(Sk, Bs) (which is pictured in (21)) is also an
element of Goo[Uk,p)], by 6.6. So (21) and (28) are equivalent weighted graphs, and
consequently ¢ = 0 in (21). This means that Bs, = AK U FEK U ... U FX for some
Fi,...,F, € L, where F;Nmin K = & for all ¢; consequently, exc(mx) C Sk \ Boo. The
fact that Uk p) is nonsingular implies that & = @; so B = B, and Sk \ B = U(k,B), S0
Sk \ B is affine and hence cannot contain a complete curve. Since exc(mg) C Sk \ Boo,
it follows that exc(mx) = @, so K = @.

(b) If (K, B) € P satisfies U gy = A?, then (a) implies that K = @, that B has

2 irreducible components, and that AU F C B; so B = AU F. The converse is
trivial. g
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7.2. Remark. By 7.1, exactly one element (K, B) of P satisfies Uy gy = A% So 6.7
implies:

up to equivalence 6.1, A% admits exactly one surjective morphism

A? — Al with general fiber A
This is “Rentschler’s Theorem” [19]. (To recover Rentschler’s formulation, one uses
the well-known correspondence — cf. for instance 2.3 of [10] — between A!-fibrations
and kernels of nonzero locally nilpotent derivations.)

7.3. Notations. (1) Given a cluster K on S, define
L) = { G € L | G contains some minimal element of K }.
(2) Given (K, B) € P, define K(B) = {P € K | EE C B}.
Regarding affineness of Uk gy, we have the following fact.
7.4. Lemma. Let (K,B) € P. Then Uk py is affine if and only if
(%) forall P e K\ K(B), EXNBy.+#o.
Moreover, if Uik ) is affine then

(a) the surface Sk defined in 6.5 is projective;
(b) GX C B for all G € L.

Proof. Let the notation be as in 6.5 and take U = Uk p) to be the complement of
7(Bs) in Sk

Consider P € K\ K(B). Then EX Z &, so0 7(EX) is a complete curve in Sg. Since
@ restricts to an isomorphism from a neighborhood of B, to a neighborhood of 7(By),

G(EE)cU < EKNB,=2.

So it is clear that if U is affine then (x) holds.
Conversely, suppose that (k) holds. Let us first show that

(29) any irreducible curve C in Sk meets 7(By,).

Let C' be the unique irreducible curve in Sk such that o(C) = C'; observe that C' ¢ &
because 7(C') is one-dimensional. There are two cases. (i) If 7x maps C to a curve
then mx (C)N(AUF) # @, s0 CN(AKUFE) £ &, s0 CNo(Bo) # @. (ii) If mx maps
C' to a point then C' = Efg( for some P € K; either P € K(B), in which case C' C B,
$0 C' C By, 50 CN7(By) # I, or P € K\ K(B), in which case C N5(By) # @ by
(%). This proves (29).

Let us say that a Weil divisor D € Div(Sk) is positive if D is effective, D # 0,
supp(D) is included in the nonsingular locus of Sk, and each irreducible component C
of D satisfies (C'- D) > 0 in Sg. Observe that if D is positive and C' is an irreducible
curve included in the nonsingular locus of Sk and satisfying C' N supp(D) # @ and
C ¢ supp(D), then nD + C'is positive for n > 0 large enough.
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Consider the curves F, A C Sk defined by A = 7(AX) and F = o(FX). Then the
divisor A + F is positive. In view of the observation made in the preceding paragraph
and of the fact that 7(B.,) is connected, it follows that there exists a positive divisor
D satistying supp(D) = 7(Bw). The fact that D is positive together with (29) imply:

(C'- D) > 0in Sk, for all irreducible curves C' C Sk.

So D is ample by Nakai’s criterion. It follows that U = Sk \ supp(D) is affine and that
Sk is projective. So () implies that U, p) is affine and that (a) is true.

Finally, suppose that Uk p) is affine (or equivalently, that (*) holds) and consider
G € Lk). Choose a minimal element ) of K such that ) € G, and a maximal element

P of K such that P > Q. Then P € K\ K(B), so E{D( N Bo # @ by (%), and this
implies that G* C By.. So if U p) is affine then (b) holds. O

7.5. Notation. Py = { (K, B) € P | the surface Sk \ B has trivial canonical class }.

Our next objective is to describe the set Py, and this is achieved in 7.11. We are
interested in Py because of:

7.6. Lemma. For any (K, B) € P, there holds
(K,B) € Py <= U,p) \SingUk, py has trivial canonical class.
Proof. Follows from 6.6. U
If T is a subset of a group G, we write (T') for the subgroup of G generated by T.

7.7. Lemma. Let (K,B) € P and let < be a total order on K extending the natural
order. Then (K, B) € Py if and only if

(30) Qxmlx € ({ Qrp)lk, | GeTl'}),

where:

= {G el | GK C B and some minimal element of K lies on G}
K(B)={PcK | BfcB)

K¢ is defined in 4.9; 1k and 1k, are defined in 4.16

Q = Q(K, =) and Qg(p) are defined in 4.10.

Proof. Let (K,B) € P and let mx : Sk — S be the blowing-up of S along K. Then
(K, B) € Py if and only if Sk \ B has trivial canonical class, if and only if
(31) RSk S B)

where kg, € Cl(Sk) denotes the canonical class of Sk and B denotes the subgroup of
Cl(Sk) generated by the irreducible components of B. Note that!!

B=({FX,A}Uu{G" | GeT, Y U{EK | Pe K(B)}),

HWe use the same notation for a divisor D € Div(Sk) and for its linear equivalence class D €
Cl(Sk).
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where we define I'y = {GE]L | GK CB} We have I' C T'y, and if G € I'y \ T" then
GK is linearly equivalent to F [ ; so the above equality simplifies to

(32) :<{FK,AK}U{GK|G€F}U{EP | P e K(B) }).

Let G € I'. As G is linearly equivalent to F', the total transform (cf. 4.8)

G =GR+ Y ey er(@Ep =G5 + Y peie, Ep

of GG is linearly equivalent to F* = FK , SO we have

GK = FK — > peke Ef.f (equality in Cl(Sk)).
In view of (32), this gives
(33)  B={({FK,AK}U{ Y. Ep | GET}U{ES | PEK(B)}).

Recall that the divisor class group CI(S) is a free Z-module and that {F, A} is a
basis of it; also, Cl(Sk) is a free Z-module with basis {F*, AKX} U{FEEK | P e K }.
Any D € Div(9S) is linearly equivalent to aF' + bA for some a,b € Z. It follows that, for
any D € CI(S), the total transform D belongs to the subgroup of Cl(Sk) generated
by F* = FK and A" = AKX and so belongs to B. In particular, if kg € CI(.S) is the
canonical class of S, then ES €B. As kg, =R + D pex EK (cf. 4.8), condition (31)

is equivalent to Y p. Ep € B; as Cl(Sk) = (FK,AX\No({EE | Pe K }), it follows
that (31) is equivalent to

(34) Spex Ep € ({ Ypex, Ep | GET}ULES | PeK(B)}),

where each Eﬁ and each EX is to be interpreted as an element of C1(Sk).

Choose a total order < of K which extends the natural order and write KX =
{P,...,P,} such that P, < --- < P,. Note that (34) takes place in the sub-
group of Cl(Sk) generated by {E]ID(I ey E’Ilgi } (which is a free abelian group with basis
{Epl, . ,E}{L}) Using coordinates with respect to the basis {Eg, . ,E][fn}, we see
that statement (34) is equivalent to Q1x belonging to the subgroup of Z" generated
by all Qlg, such that G € I' and all 1;p} such that P € K(B); and this is equivalent
to Qg (p)1x being a linear combination (over Z) of the columns Q k(B) 1K, such that
G €T. So we are done. O

Recall the meaning of S* from the introduction of section 4.

7.8. Notation. Given P € 5% let Gp denote the unique element of I which passes
through the least element of the cluster Kp = {;E eS*|xz<P }

7.9. Definition. Each point P € S* (where S = F, as before) determines a tableau
T(P) as follows. Let Gp be as in 7.8. Then (S5, Kp, Gp) satisfies condition (x) of 4.13,
so a tableau T'(S, Kp,Gp) is defined. We set T'(P) = T'(S, Kp,Gp), and we note that
T(P) # 1. Note that T'(P) = T, (P) where T, (P) is defined in 5.4.
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7.10. Remark. Let P € S*. Then P is a proper point of S if and only if T'(P) = (})

More generally, the condition “T'(P) = (i) for some ¢ > 17 is equivalent to P € K¢,.
(These claims follow from 4.14(b)).

7.11. Proposition. Let (K,B) € P. Then (K,B) € Py if and only if the following
conditions are satisfied:
(i) For each P € K\ K(B), T(P) is an exact tableau;
(ii) for any P,Q € K\ K(B), if Gp = Gg then 0T (P) = 0T(Q);
(iii) GK C B, for all G € Lik)-

Proof. For any P € S*, define the integers a(P), b(P) by
h h
a(P) = é(ci+pi—1) and b(P)=]]a,
i=1 =1
where the notation is defined by T(P) = (% = 2+). Then a(P) > 0, b(P) > 0,
dT'(P) = a(P)/b(P), and T(P) is exact if and only if a(P)/b(P) is an integer.
Let (K,B) € P. Define a map q : K x K — N by stipulating that Eg =
> pex 4(P, Q)EX for all choices of (P,Q) € K x K. Note that if ¢(P,Q) # 0 then Q
belongs to the cluster Kp = { reS* | x<P } Choose a total order < extending the
natural order <, write the elements of K as P; < --- < P, and consider Q = Q(K, <).
Let P € K and G € L. Then P = P, for some ¢ € {1,...,n}, and the i-th row Q;
of Q(K, <) satisfies

1 fG=G
(35) Qilx =a(P) and Qilg, = b(P)5gP, where (58}3 = {O 11 P
else.

Indeed,
QilK = Z Q(P7 Q) = Z q<P> Q) = Q*(KP)]‘KP = CL(P),

QEK QEKp
the last equality by part (c) of 4.18, and

Qilk, = Z q(P, Q) = Z q(P, Q).

QK¢ QeKpnKg
IfG 75 Gp then KP N KG = @ and Qi]-KG =0. IfG= Gp then ZQEKPOKG q(P, Q) =
Q.(Kp)Ll(k,), = b(P), again by part (c) of 4.18. Thus (35) is correct.
Suppose that (K, B) € Py. Then, by 7.7, there exists a family (mg)

such that

(36) Qrple =Y meQrm)li,-
Ger

Let P € K\ K(B); then P = P; for some i, and the row Q; is present in Qg (p).
Considering that row in (36) and using (35) gives

a(P) = mab(P)0G, = b(P) Y madg,,

Ger Ger

cer Of integers
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so T(P) is exact. As a(P) # 0, it follows that Y. madG, # 0,50 Gp € ' and
G
0T(P) =Y madg, =me,.

Gel
So (i) and (ii) hold, and moreover Gp € I (so GE C B) for each P € K \ K(B). This
last condition implies that (iii) holds. Indeed, consider G € L(k). Then there exists
P € K satisfying Gp = G, and we may choose this P to be a maximal element of
K. Then (EX)?2 = —1 in Sk, so the fact that (K, B) € P implies that EX ¢ B, i.e.,
P e K\ K(B). Then GK = G% C B, so (iii) holds.
The converse is left to the reader. U

Let us reformulate 7.11 as follows:

7.12. Corollary. Consider a normal surface U which is connected at infinity and which
admits a dominant morphism U — Al whose general fiber is an affine line. Then
there exists (K, B) € P such that U = U ). Moreover, given any such (K, B), the
condition
U\ Sing U has trivial canonical class

15 satisfied if and only if the following conditions hold:

(i) For each P € K\ K(B), T(P) is an exact tableau;

(ii) for any P,Q € K\ K(B), if Gp = Gg then 0T (P) = 0T(Q);

(iii) GX C B, for all G € L.

Proof. Let f : U — A' be the morphism given in the assumption, let V = f(U), and let
p:U — V be f regarded as a morphism from U to V. Then (U, p) € €, so 6.7 implies
that there exists (K, B) € P such that [Uk gy, p(x,p)) = [U, p|. Then U = Uk p).
Consider any (K, B) € P such that U = Uk p). By 7.6, the condition “U \ Sing U
has trivial canonical class” is equivalent to (K, B) € Py, which is equivalent to (i-iii)
by 7.11. 0

8. PAIRS (K, B) SATISFYING Uk gy € D (k)

We continue to assume that varieties are over an algebraically closed field k of
characteristic zero. See the introduction for the definition of the class ® (k) of surfaces.
The aim of this section is to prove result 8.4.

8.1. Lemma. Let (K,B) € P and suppose that either (K,B) = (&,A U F) or the
following conditions hold:

o L) is a singleton {G'}
e K=K _ B B
e B=FKUARUGK U (Upeg EF), where

K' = {x € K | = is not a mazximal element ofK}.
Then Uik,p) € D(k).
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One can give a direct proof of the above fact, but that is somewhat tedious. Instead,
we deduce the result from [4, 5.4.5]. Alternatively, if k = C then we could derive it
from [12, 4.10] and [14, 3.10].

Proof of 8.1. Let the notation be as in 6.5 and take U = Uk g to be the complement
of 5(Bw) in Sk. If (K,B) = (,AUF) then Uy p) = A? by 7.1, so Ug,p) € D(k).
Assume that (K,B) # (&,A U F). Then the assumption on (K, B) implies that
condition (x) of 7.4 is satisfied, so Uik py is affine and Sk is projective (where Sy is
defined in 6.5). Moreover, U p) is the complement of 5(By) in Sk, (By) is the
support of an SNC-divisor D of Sk, each irreducible component of D is a rational curve
and the dual graph of D in Sk is &9 = for some n > 2. Now Theorem 5.4.5 of
[4] implies in particular the following statement:

Let X be a normal projective rational surface and D an SNC-divisor of
X all of whose irreducible components are rational curves. Suppose that
X \ supp(D) is affine and that the dual graph of D in X is 9L 3
where n > 2. Then X \ supp(D) € D (k).

Moreover, it is clear that this assertion remains true if, in its statement, we replace the
graph 91 by &9 " So we obtain Uk.p) € D(k). O

8.2. Lemma. Suppose that (K,B) € Py is such that Ly is a singleton {G} and
K¢ € K(B). Then K = Kg.

Proof. Consider the set of tableaux © = { T'(P) | P € K\ K(B) }. Since K¢ € K(B),
some T € ¥ satisfies 6(T) = 1 (pick Py € K¢ \ K(B); by 7.10, T(P) = (}) for some c,
so 2.3 implies that 07 (F) = 1).

Note that Gp = G for all P € K. So, in view of 7.11, we have 6(7") = §(7") for all
T,T" € ¥.. By the first paragraph, 6(T) =1 for all T € X.

Let P be a maximal element of K. Then (EX)2 = —1 in Sk, so EX ¢ B (because
(K,B) € ), so P € K\ K(B) and consequently T(P) € Y. By the preceding
paragraph, 0T(P) = 1; by 2.3(a), it follows that T'(P) = (i) for some ¢; then 7.10
implies that P € K. Hence, all maximal elements of K belong to Kg. As K is a
subcluster of K, it follows that K = Kg. O

8.3. Lemma. Suppose that (K, B) € Py is such that K # @ and such that the dual
graph of By is a linear chain. Then Lk is a singleton {G}, the set {H el | HEK C
B} is equal to {F,G}, and K = K.

Proof. As in 6.4, let Fy, ..., F,,C1,...,C; denote the distinct elements of {H el |
HE C B} where F;Nmin K = @ and C; Nmin K # &. Then AK has n+t neighbors
in the dual graph (21) of By; consequently, n +t < 2. We have L(x) = {C1,...,Cy}
by 7.11, so t > 1, because K # @. We have n > 1, because F G {F\,...,F,}.
Consequently, n = 1 = t. We change the notation and write L(x)y = {G}; then
{HelL | HX C B} ={F,G}.
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There remains to show that K = K. In view of 8.2, we may assume throughout:

(37) Kq C K(B).
We show that (37) leads to a contradiction, and this will complete the proof. First
note that K¢ # @ (because G € L(k)) and consequently K¢ has a maximal element.
Let P be any maximal element of Kg; then P € K (B) by (37), so EX is an irreducible
component of B; moreover, Ef.f N GK # & because P is a maximal element of K.
As GX is not a branch point of the dual graph of B, it follows that K has only
one (hence exactly one) maximal element. As K¢ is a cluster, it must then be totally
ordered by the natural order. In particular, K has a unique minimal element, so K
has a unique minimal element; let P, € K be that element.

Note that for each P € K, the tableaux T (P) (cf. 5.4) and T'(P) (cf. 7.9) are in
fact equal: Tg(P) = T(S, Kp,G) = T(P) where Kp = {z € K | < P}. We claim:
(38)  There exists P € K\ K(B) such that the tableau T'(P) is one of the following:

(a) T(P) = (*) for some p,c such that 1 <p < ¢

(b) T(P) = (Zc’jlv) for some p, ¢, N such that N > 1,1 <p<ec.
We prove this by applying result 5.5 to (K, G, P, Z), where we define Z C S to be
the union of the Eg for all ) € K satisfying Eg C Bs. As B, cannot contain a
(—1)-curve (cf. 6.3), Z is a proper subset of 7" (P;); so condition 5.5() is satisfied. As
B, = FEUAEK UGK U Z is a linear chain, GX U Z too is a linear chain and hence
condition 5.5(ii) holds. Condition (37) implies that Eg C B, so 5.5(iii) holds. If P is
a maximal element of K¢ then K¢ = {P}, so (GX)2 = —1 in Sk, which contradicts
(K, B) € P; so 5.5(iv) holds. The fact that (K, B) € P also implies that 5.5(v) holds,
so (K, G, Py, Z) satisfies all hypotheses of 5.5. By that result, there exists P € K such
that T(P) is as described in (38), and such that EXN(GKUZ) # @ and EX ¢ GEUZ.
This last condition implies that E}g( ¢ B,so P € K\ K(B). This proves (38).

Observe that if T'(P) is as in part (a) of (38) then p # 1 (if p = 1 then P € K¢, so
(37) implies that P € K(B), a contradiction). Then it follows from 2.3 that, for any
P satisfying (38), T'(P) is not an exact tableau. Consequently,

(39) There exists P € K \ K(B) such that T'(P) is not an exact tableau.

This contradicts 7.11 and hence completes the proof that (37) is impossible. The proof
of the Proposition is complete. O

Refer to 3.5, 4.9 and 6.2 for the notations G [U], K¢ and Lx).

8.4. Proposition. Let (K, B) € P and let U = Uk p). Suppose that
(a) U is affine;
(b) some element of G[U] is a linear chain of the form
q > 0, x is any integer and wi, . ..,w, € Z are such that w; < =2 for all i;
(¢) U\ Sing(U) has trivial canonical class.

Then U € D(k).

w,
¢ z 9 _ - where
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Proof. Let (K, B) € P, let U = Uk py, and suppose that (a), (b) and (c) are satisfied.
If K = @ then, by 7.1, U =2 V x A! where V is P! minus ¢ points, ¢ > 1. So the
weighted graph (28) belongs to G [U]; by assumption (b), it follows that ¢ = 1, so
U = A? and hence U € D(k). So we are done in this case.
From now-on, assume that K # @. In view of 8.1, it suffices to show that the

following conditions hold:

(d) Lk is a singleton {G'}

(e) K = KG

(f) B=FKUASXUGK U (Upeg EE), where

K' = {x € K | z is not a maximal element of K }

As S\ B= U\ SingU by 6.6, Sk \ B has trivial canonical class; thus (K, B) € Py.
It follows from assumption (b) that every minimal element of G,.[U] is a linear chain;
hence G(Sk, B ) is a linear chain by 6.6, so all hypotheses of 8.3 are satisfied. That
result implies that (d) and (e) hold, and that { H € L | HX C B} = {F,G}; so, to
complete the proof, it only remains to show that K \ K(B) is equal to the set max K
of maximal elements of K. We have

(40) {Pe K | EENGK # @) =maxK C K\K(B)C {Pec K | EEnB,. # 2},

where the equality follows from K = K¢, the first inclusion from (K, B) € P, and the
second inclusion from condition (%) of 7.4 (which must hold, since U is affine). The
fact that { P € K | EENGK + @} C K\ K(B) implies that B, = FEUAKUGK,
so in fact we have { P € K | EgﬁéK#Q}:{PEK | Eﬁ(ﬂBw#Q},soall
inclusions in (40) are in fact equalities. In particular we have max K = K \ K(B). So
(f) holds, and the proof is complete. O

9. SURFACES WITH TRIVIAL MAKAR-LIMANOV INVARIANT

Let us begin by making a list of the facts that we need for proving the main results.

9.1. Definition. Let R be an integral domain and an algebra over a field k. We say
that R is a complete intersection over k if it is isomorphic to a quotient

KXy, Xl (fre o0 f)

for some n,p € N, where (f1,..., f,) is a prime ideal of k[ X1, ..., X,,] of height p. If R
is a complete intersection over k, we also call Spec R a complete intersection over k.

9.2. Lemma. Let X be an affine variety over an algebraically closed field k. If X is a
complete intersection over k, then X \ Sing(X) has trivial canonical class.

Proof. Apparently, this is a well-known fact. Being unable to find an appropriate
reference, we give some indications of how to prove it.

Let p,¢ € N and fi,...,f, € k[Xy,...,X,4,] some polynomials. Consider the
k-algebra A = k[X1,..., X,4q)/(f1,-.., fp), the ideal J of A generated by the p x
p minors of the jacobian matrix (0f;/0X;), and the open subset U = X \ V(J) of
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X = Spec A. Consider the sheaf of Ox-modules (2% /k)~ associated to the A-module
QY = A? Q4 /x, where Q4 i is the sheaf of differentials of A over k. Then we leave it
as an exercise to show that there exists an A-linear map ¢ : Q% K A with image J
and such that, for eaclilvp € U, the localized map ¢, : (2 /k)P — Aﬂ is bijective. This
means that ¢ : (Y ;) — Ox restricts to an isomorphism (25 ,) ‘U >~ Ox|y. Note
that, in this generality, it may happen that U = @. However, if we now assume that
(fi,-.., fp) is a prime ideal of height p, then V(J) = Sing(X) and (Qj/k)N}U is the
canonical sheaf of U = X \ Sing(X), so X \ Sing(X) has trivial canonical sheaf. [

9.3. Lemma. Let R be an integral domain and a complete intersection over a field k.
If R 1is regular in codimension one, then R is normal.

Proof. Since R is a complete intersection, it is Cohen-Macaulay and hence satisfies
Serre’s condition (S3). As R is a noetherian domain which is regular in codimension
one and satisfies (53), it is normal. (Prop. 18.13 of [11] and Theorem 39 of [16].) O

9.4. (Cor. 4.11 of [15]) Let R be a two-dimensional'* integral domain and a finitely
generated algebra over a field k of characteristic zero. If ML(R) = k then R is regqular
in codimension one.

9.5. (Lemma 3.7 of [7]) Let R be an integral domain containing a field k of characteristic
zero. If R is normal and ML(R) = k, then for any field extension K of k we have:

K ®y R is an integral domain and ML(K ®y R) = K.

9.6. (Theorem 2.3 of [7]) For an algebra R over a field k of characteristic zero, the
following conditions are equivalent:

(a) R € D(k)

(b) ML(R) # R and there exists a field extension K/k such that K @y R € D(K).

9.7 (Theorem 2.20 of [10]). Let U be a normal affine surface over an algebraically closed
field k of characteristic zero. Then ML(U) = k if and only if the following conditions
are satisfied:

e U 1is rational and completable by rational curves
e some element of Goo[U] is a linear chain of the form . where
q >0, x is any integer and wy, . ..,w, € Z are such that w; < =2 for all i.

0 T w1

Theorems 9.8 and 9.9 may be regarded as the main results of this paper. The proof
of 9.8 makes use of the framework developed in sections 6-8, but note that 6.7 and 8.4
are the only results from earlier sections which are used here. The reader should also
keep in mind that, in 9.8 (resp. in 9.9), we view D (k) as a class of surfaces (resp. of
algebras). See the introduction for the definition of (k).

9.8. Theorem. Let U be an affine surface over an algebraically closed field k of char-
acteristic zero. Then the following are equivalent.

12%We mean Krull dimension.
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(a) U € D(k),
(b) ML(U) =k and U is a complete intersection over k;
(¢c) ML(U) =k, U is normal and U \ Sing U has trivial canonical class.

Proof. 1t is well known that if U € ©(k) then ML(U) = k; as U is also a hypersurface
of A3 it is a complete intersection; so (a) implies (b).

Suppose that U satisfies (b). By 9.4, U is regular in codimension 1; so 9.3 implies
that U is normal. By 9.2, U \ Sing U has trivial canonical class. So (b) implies (c).

Finally, suppose that U satisfies (c). As U is a normal affine surface such that
ML(U) = k, it is well known that there exists a surjective morphism p : U — Al whose
general fiber is an affine line (see for instance 2.3 of [10]). Then (U, p) € € and, by 6.7,
there exists (K, B) € P such that [Ux gy, px,5)) = (U, p); then Uk py = U. Result 9.7
implies that U satisfies hypothesis (b) of 8.4, so U satisfies all hypotheses (a—c) of 8.4;
so U € ©(k) by 8.4. O

9.9. Theorem. Let R be a two-dimensional integral domain which contains a field k
of characteristic zero. The following conditions are equivalent.

(a) R € D(k)

(b) ML(R) =k and R is 3-generated as a k-algebra

(¢c) ML(R) =k and R is a complete intersection over k.

Proof. The implications (a) = (b) = (c) are well known and easy to see. We prove
that (c) implies (a). Suppose that R satisfies (c) and let K be the algebraic closure of
k. By 9.4, R is nonsingular in codimension 1; so 9.3 implies that R is normal. In view
of 9.5, we obtain:

() K ®k R is a two-dimensional integral domain, ML(K ®yx R) = K and K ®y R
is a complete intersection over K.

Then U = Spec(K ®x R) satisfies condition (b) of 9.8. By that result, we obtain
U € D(K), or equivalently

K®cRe @(K)
Since ML(R) = k # R by assumption, 9.6 implies that R € ©(k). O

REFERENCES

[1] M. Alberich-Carraminana, Geometry of the plane Cremona maps, Springer, 2002.

[2] M. Artin, Some numerical criteria for contractability of curves on algebraic surfaces, Amer. J. of
Math. 84 (1962), 485—496.

[3] T. Bandman and L. Makar-Limanov, Affine surfaces with AK(S) = C, Michigan Math. J. 49
(2001), 567-582.

[4] J. Blanc and A. Dubouloz, Automorphisms of A'-fibered affine surfaces, preprint, 28 p., 2009.

[5] D. Daigle, On polynomials in three variables annihilated by two locally nilpotent derivations, J.
Algebra 310 (2007), 303-324.

, Classification of linear weighted graphs up to blowing-up and blowing-down, Canad. J. of

Math. 60 (2008), 64-87.

, Affine surfaces with trivial Makar-Limanov invariant, J. Algebra 319 (2008), 3100-3111.

(6]

[7]



COMPLETE INTERSECTION SURFACES WITH TRIVIAL MAKAR-LIMANOV INVARIANT 39

, On a class of affine surfaces that admit a nontrivial G4-action, in preparation.
D. Daigle and P. Russell, Affine rulings of normal rational surfaces, Osaka J. Math. 38 (2001),
37-100.

, On log Q-homology planes and weighted projective planes, Canad. J. of Math. 56 (2004),
1145-1189.

D. Eisenbud, Commutative algebra with a view toward algebraic geometry, Graduate Texts in
Mathematics, vol. 150, Springer-Verlag, 1994.

H. Flenner and M. Zaidenberg, Normal affine surfaces with C*-actions, Osaka J. Math. 40 (2003),
981-1009.

M. H. Gizatullin, On affine surfaces that can be completed by a nonsingular rational curve, 1zv.
Akad. Nauk SSSR, Ser. Mat. 34 (1970), 778-802.

S. Kaliman H. Flenner and M. Zaidenberg, Uniqueness of C* and C, -actions on gizatullin sur-
faces, Transform. Groups 13 (2008), 305-354.

R. Kolhatkar, Singular points of affine ML-surfaces, Osaka J. Math. 48 (2011), 633-644.

H. Matsumura, Commutative Algebra, second ed., Mathematics Lecture Note Series, Ben-
jamin/Cummings, 1980.

M. Miyanishi, Curves on rational and unirational surfaces, Tata Inst. Fund. Res. Lectures on
Math. and Phys., vol. 60, Tata Inst. Fund. Res., Bombay, 1978.

, Open algebraic surfaces, CRM monograph series, vol. 12, Amer. Math. Soc., 2001.

R. Rentschler, Opérations du groupe additif sur le plan affine, C. R. Acad. Sc. Paris, 267 (1968),
384-387.

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF OTTAWA, OTTAWA, CANADA
K1N 6N5

E-mail address: ddaigle@uottawa.ca

E-mail address: rkolh090Quottawa.ca



